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The magnetic excitation spectrum of the ferromagnet NdA12 has been studied at 4.2 K by neu-

tron inelastic scattering. Three acoustical, three optical branches, and partly a fourth optical

branch have been resolved. Crystal-field and exchange parameters have been obtained by analyz-

ing the results in terms of a pseudoboson theory that includes all ten levels of the free-ion ground
state of Nd3+. A good description of the observed excitation energies and intensities is obtained.
The reliability of the model parameters is supported by internal consistency checks and by compar-
ison with various physical properties of NdA12. The interatomic exchange parameters exhibit a

Ruderman-Kittel-Kasuya-Yosida-like qualitative behavior.

I. INTRODUCTION

Considerable improvement has been obtained in re-
cent years in understanding the magnetism of rare-
earth (R) metals and intermetallic compounds where
crystal-field effects are important. ' ' The basic idea is
that only 4f electrons of the RE ion contribute a mag-
netic moment and that these f electrons are well local-
ized. Insofar as magnetic properties are concerned the
interaction of the 4f electrons with the surrounding of
the RE ion can be represented by an electrostatic po-
tential (crystal field) which produces a Stark splitting
of the free-ion multiplets. For the high point sym-
metry of the RE site only a small number of parame-
ters is necessary to describe the splitting. 4 In the case
of magnetic interactions one has to add to the crystal
field an exchange term which is usually assumed to be
of Heisenberg type. In the single-ion approximation
the exchange interaction is treated by an effective field
which produces a splitting of the crystal-field split 4f
levels. Any transition in the single-ion scheme
corresponds to a spin-wave-like elementary excitation
when including the total exchange interaction. (For
brevity we refer to this type of excitations as spin
waves or magnons throughout the article. ) A pseu-
doboson theory' has been developed by various au-
thors to calculate the strength and the dispersion of
these excitations from the poles of the dynamic mag-
netic susceptibility p(q, ~).

The interpretation of several neutron inelastic-
scattering experiments shows that the pseudoboson
theory is very useful to obtain an overall understand-
ing of spin waves in RE intermetallic compounds.
For pure RE metals the situation is not quite clear
since in principle a large number of crystal-field
parameters has to be taken into account and there is
no good argument to put one of these parameters to
zero. ' The situation is also complicated in the case
where local and band magnetism appear at the same
time as it is observed, e.g. , in HoosqTbo ~2Fe2. '

Although the experimentally determined magnon
dispersion curves in RE metallic solids could be un-
derstood in several cases in terms of the pseudoboson
theory there is almost no case where the used pararne-
ters are sufficiently reliable to obtain an unambiguous
interpretation and a check of the internal consistency
of the applied model. It is therefore interesting to
measure the spin waves in a relatively simple system
in which several dispersion branches can be observed
and described by a small number of fit parameters. In
the present paper we show that NdA12 is to a good ex-
tent such a material.

NdA12 has the MgCu2 Laves phase structure in
which the Nd'+ ions have a cubic point symmetry. "
Since the Al ions are assumed to carry no magnetic
moment the magnetic lattice is of the diamond type.
Magnetic properties of NdA12 have been investigated
intensively. The first magnetization measurements in-
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dicated that NdA12 is ferromagnetic, " in agreement
with susceptibility and neutron-diffraction experi-
ments. " The most reliable value for the Curie tem-

perature is obtained from specific-heat'4 and single-

crystal elastic constants" both giving T~ =77.2 K.
Detailed magnetization measurements on single cry-
stals in high fields reveal (100) as the easy direction
of magnetization, ' " in agreement with Knight-shift
results. ' NMR measurements are interpreted in

terms of a negative conduction-electron polarization at
the Al sites. '9 (For a detailed discussion of NMR
results see Sec. IV.) Preliminary neutron- inelastic-
scattering experiments on single crystals of NdA12

measuring the magnon dispersion in the (110) (Ref.
12) and (001) (Ref. 17) direction of reciprocal space
have been reported recently. The results of Ref. 17
show that at least three acoustical and three optical
dispersion branches can be resolved.

In the present work we undertake a detailed and
rather complete study of the spin ~aves in NdA12 at
4.2 K. In Sec. II we give a short description of the ex-
perimental procedure and we present the results. In
Sec. III the experimental results are interpreted in
terms of the pseudoboson theory using an isotropic
Heisenberg exchange interaction and a cubic crystal
field. In Sec. IV we discuss the results and we evalu-
ate the interatomic exchange parameters. We also
compare our results with earlier studies of NdA12 and
other RA12 compounds. In Sec. V we draw some con-
clusions that may be allowed on the basis of the
results of this work.

volumes of the single crystals ranged from 0.4 to 0.7
cm, and the total sample volume amounted to 2.1

cm . The resulting mosaic spread of the sample was

about 30'. The measurements were done at 4.2 K.
The majority of the measurements were made with

magnon wave vectors along the three principal sym-
metry directions around the (111), (002), and (220)
reciprocal-lattice points. In NdA12 there are two neo-
dymium ions per unit cell, so that the spin-wave spec-
trum is separated into optical and acoustical branches.
We are able to distinguish between optical and acoust-
ical modes through the magnon structure factor (see
Sec. III). We can observe in the (220) Brillouin zone
only the acoustical spin-wave branches and in the
(002) zone only the optical spin-wave branches, while
in the (111)zone both the acoustical and the optical
structure factors are nonzero. Figure 1 shows energy
spectra of neutrons scattered from NdA12 observed at
the center of the acoustic zone (220), the zone boun-
dary (003), and the center of the optical zone (002).
The magnetic origin of the observed peaks has been
confirmed by measurements at different momentum
transfers, and the mode assignments were made by
comparing the observed spin-wave energies and peak
intensities with the values calculated from the model
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The NdA12 compound was prepared from 99.9% Nd
and 99.999% Al in a water-cooled silver crucible by
melting the stoichiometric composition using the in-
duction method. Single crystalline cylinders with the
axes parallel to (110) were obtained by the Czochral-
ski method from a tungsten crucible heated in a
radio-frequency field. Typical impurity concentrations
were of order of 0.1 at.% and the density of the cry-
stals was 98.6% of the theoretical density. The mosaic
spread of the crystals was about 20'

~

The experiments were carried out using a triple-axis
spectrometer at the reactor Diorit, Wurenlingen. The
constant-momentum-transfer (constant Q) mode of
operation was used throughout with variable incident-
neutron energy. The scattered neutron energy was
kept fixed at 5 meV (cooled beryllium filter in front of
the analyzer) for excitation energies «2 meV and at
15 meV (pyrolytic-graphite filter in front of the
analyzer) for excitation energies &2 meV. The (002)
planes of pyrolytic-graphite crystals were used as
monochromator and analyzer. The specimen consist-
ed of four cylindrical single crystals of NdA12 aligned
so as to have identical crystallographic orientations
with a [110]axis normal to the scattering plane. The
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FIG. 1. Energy spectra of neutrons scattered from NdA12

at 4.2 K observed in measurements at the centers of the opti-
cal (002) and acoustical (220) zones and at the zone boun-
dary (003). The lines denote Gaussian functions adapted to
the experimental profiles by the least-squares method. The
branch labels are assigned on the basis of the model calcula-
tions.
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(see Sec. III). Direct phonon scattering did not dis-
turb the observed energy spectra, since the phonon
peaks were less intense than the magnon lines by an
order of magnitude at least. At (002) four optical
spin-wave modes are observed, while the energy spec-
trum taken at (003) exhibits only three spin-wave
modes. Three acoustic spin-wave modes appear in the
energy spectrum taken at (220). Here, the J mode is
strongly contaminated by the elastic line. In order to
resolve the energy gap of the J branch completely,
measurements have been performed with increased
energy resolution. The result is shown in Fig. 2.

The spin-wave dispersions of NdA12 determined in
the present experiments are shown in Figs. 3, 4, and
5. Three acoustical and three optical spin-wave
branches are resolved. A fourth branch has only been
observed close to the optical zone center, because. its
intensity is strongly decreasing by going to the optical
zone boundary and to the acoustical zone. The
acoustical and optical branches of each spin-wave
mode are degenerate at the zone boundary for the
(001) and (110) direction by symmetry.

III. ANALYSIS OF RESULTS

T T r
acoustic optic

k z z z
V T T

Li t I 2. .. 1L
0 02 04 06 08 1 08 06 04 02 0

(qiq..„)~,

FIG. 3. Magnon dispersion curv|;s of NdA12 at 4.2 K for
wave vectors along (001). The lines represent the best fit to
the pseudoboson model.

exchange coupling between the total angular momen-
tum operators J is of simple Heisenberg type:

X,„=—X J(Rk —Rj) Jk Jj
k&l

We describe the Hamiltonian of the spin system of
NdA12 as the sum of crystalline electric-field and ex-
change interaction terms:

X =X,f+K,„.

—X g(R —R„)J J„
m pdn

—gg(Rt —R )Jk J
k, m

(3)

For the polar axis along the cube edge (easy direction
of magnetization) the crystal-field term has the form

X f X B4(04' + 504') +84(0' 2104') (2)
i-k, m

where B„are crystal-field parameters and O„are
Stevens operator equivalents. ' We assume that the

where the summation indices k, l and m, n refer,
respectively, to the two interpenetrating face-
centered-cubic sublattices of the diamond lattice built
by the rare-earth ions. Equation (1) is solved by the
pseudoboson method' in which the magnetic excita-
tion spectrum is given by the poles of the dynamic
magnetic susceptibility
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FIG. 2. High-resolution energy spectrum of neutrons scat-
tered from NdA12 at 4.2 K observed in a measurement at the

center of the acoustical (220) zone. The lines and the branch
label are as in Fig. I.

0 02 04 06 08 1 0.8 06 0.4 02 0
(q/q, „)tip

FIG. 4. Magnon dispersion curves of NdA12 at 4.2 K for
wave vectors along (110). The lines are as in Fig. 3.
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For each transition la) lb) defined by the single-
ion dynamic susceptibility [Eq. (5)] we obtain one
acoustical and one optical dispersion branch
corresponding to the upper and lower sign in Eq. (4),
respectively. 8(q) is real, while 8'(q} is complex be-
cause the vector joining sites on diit'erent sub)attices is
not a lattice vector. For the particular case of wave
vectors q along &110) and &001) 4'(q) is real.

In the analysis of the observed spin-wave spectra
one has to perform an intensity calculation in order to
identify uniquely the various transitions. The
diN'erential neutron cross section for spin-wave
scattering is given by"

0 0.2 0.4 0.6 0.8 1 0.8
'lq/qmax]»&

I I I

06 OL 02 0 d cr ——'F'(Q) [1 ~ cos(r.p+ fb)]dO des kp

FIG. 5. Magnon dispersion curves of NdA12 at 4.2 K for

wave vectors along (111). The lines are as in Fig. 3.
x Im[X"(q, oz) + —,[X '(q, pf}+X (q, pf}])

with

x**(q, oI) - xp'(cp)

x [1 —2[/(q) ~ lzl'(q) l]Xp'(pf)] ', (4a)

x (q. of) =xp (pz)

x(1 —Q(q) ~ lg'(q)l]xp (~)} ',
(4b)

(g p,g)'xo'(~)-

„X &a IJ.I b) &b IJBla )
a ~b E, —Eb + +o

1 I

E, Eb
& exp — -exp—

AT AT

x (n(pz}S(ao —of+ lrc )

+ [n(pz) +1]S(pp —pf —g»I) [

xx&(q —r —q},

8'(q) - lg'(q) lexp(id) . (10)

where the upper and lower sign refers to the acoustical
and optical spin-wave branches, respectively. kp k~
and ~p, e~ are the wave numbers and energies of the
incoming and scattered neutrons, respectively, F(Q)
is the magnetic form factor, n (pz) the Bose occupation
number, p the vector joining a Nd ion in one sublat-
tice to its nearest neighbor in the other sublattice, and
qh denotes the phase angle determined by

J(q) - $8(K» —Kf)
k pal

xexp[iq (R» —RI)],

(S)

(6a)

8'(q) = $8(K» —K )
k, m

xexp[iq (R» —R )] . (6b)

la), lb) and E„E,are the single-ion eigenfunctions
and energy eigenvalues of Nd'+ in NdA12 which are
obtained by diagonalizing Eq. (1) in the molecular
field approximation:

~If ~cf gi»BHmf g Jfz

ln general qb is not zero nor a multiple of e, except
for q in the &110) and (001) direction.

A least-squares fitting procedure based on the Ham-
iltonian (1) as described in the preceding paragraphs
has been applied to the observed spin-wave energies
of NdAl2. The fitting parameters were 84, 84, 8(q)
and lg'(q) l. In a first step the fit was carried out for
each wave vector q -—,nq, „(n -0, 1,..., 5) separate-

ly, where q,„ is the wave vector at the zone boundary
for the three symmetry directions. Besides 8(q) and
l4'(q) l we obtained for each wave vector q a set of
single-ion parameters 84, 84 and 4(0) +8'(0). The
mean values of these parameters are

84=(—9.9 ~0.2)x10 meV,

8 (4.0 0.1)x10 5 meV,

J(0) +8'(0) -0.37 ~ 0.01 meV .
with the molecular field

H (f2/gP, )[fiB{0)+0'(0)l &J,) . (s)
In no case a deviation from these mean values of
more than 69o was observed. The deviations are even
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is a strong support for the internal consistency of our
interpretation. The single-ion parameters are within

experimental error in very good agreement with the
results of earlier inelastic neutron measurements"
which gave B4 = —1.0X10 ' meV, B6 =4.0x10 ' rneV
and J(0) +4'(0) =0.372 meV. From the single-ion
parameters of NdA12 we calculate the molecular field
Curie temperature to be Tc q= 63 ~ 3K which is con-
siderably lower than the most reliable experimental
value of Tc =77.2 K. However, a discrepancy of this
order of magnitude is expected due to the failure of
molecular field theory near the phase transition.

With the knowledge of the single-ion parameters
B4, B6 and $(0) +4'(0) various magnetic properties
can be calculated in the molecular field approximation.
For a comparison of such calculations with experiment
detailed data are available for the single-crystal bulk
magnetization, '6" for the sound velocity, "for the
magnetostriction, "for the low-temperature ground-
state wave function obtained by means of polarized
neutron diffraction, "for the specific heat' and for the
susceptibility. " The latter, however, does not provide
a sensitive test of our model and will not be further
discussed, since crystal-field effects do not significantly
influence the paramagnetic susceptibility of NdA12 ~

The single-ion parameters of NdA12 have been used
to calculate the magnetization as a function of mag-
netic field applied in the (001), (110), and (111)
directions using a two-dimensional mean-field
theory. ' The calculated values are in good agree-
ment with the experimental data. '6 Similar results
have been obtained in a less rigorous analysis of the
single-crystal magnetization of NdA12 including a dis-
cussion of magnetostrictive effects." On the basis of
a point-charge model the authors calculated a second-
order crystal-field parameter B2 = —2.4x10 ' meV due
to a tetragonal magnetostrictive distortion of 5=10 '.
Although it is merely a rnatter of luck whether one
can obtain good crystal-field parameters from a point-
charge calculation it is interesting enough that the
analysis of elastic constants of NdA12 in terms of mag-
netoelastic coupling parameters" leads to a value of
~82~ =2.8X10 ' meV for 8 =10 '. On the basis of
these findings one might be inclined to take a second-
order crystal-field term into account in Eq. (2) to im-
prove the agreement between calculated and observed
spin-wave energies. However, test calculations show
that a value of B2 at least an order of magnitude
larger than the above mentioned number is necessary
to obtain some improvement. The same is true also
for the bulk magnetization calculations. Therefore it
seems to us more likely that other effects are the
predominant sources for the small residual discrepan-
cies in the magnon dispersion curves and in the mag-
netization.

From elastic scattering of polarized neutrons mag-
netization density maps have been obtained for
NdA12. " From these data the low-temperature

single-ion ground-state wave function of Nd'+ in

NdAlq could be determined to be P 0.885~ t )
+0.451~ —) —0.112~ ——) which is in reasonable

7
agreement with Q =0.877~ 2 ) +0.478~

2 ) +0.043~ —
2 )

obtained from the present work.
The single-ion parameters of NdA12 have been used

to calculate the magnetic specific heat. ' The agree-
ment with experiment' is satisfactory although the
calculated values are shifted towards lower tempera-
ture because of the discrepancy between the
molecular-field Curie temperature and the experirnen-
tal Tc.

Qualitative information on the crystal-field parame-
ters of NdA12 has been obtained from NMR measure-
ments. From the easy direction of magnetization of
NdA12 the signs of B4 and B6 could be predicted" in
agreement with the present work.

Beside the single-ion properties which are a probe
for the electrostatic field and the mean exchange field
we obtain from our experiments detailed information
about the exchange forces via the dispersion of the
spin waves. Since our experiments yield results in re-
ciprocal space, it is illuminating to transform g(q) and
J'(q) of Eq. (6) into real space and to evaluate intera-
tomic exchange parameters. In the calculation we ad-
just first the exchange parameter between the nearest
neighbors. %e then include successively higher-order
neighbors each time varying also the n —1 foregoing
parameters when including the n th parameter. By
this procedure we obtain ten interatomic exchange
parameters as given in Fig. 8.
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FIG. S. Interatomic exchange parameters 4(R) of NdA12

at 4.2 K as a function of distance R. The line represents the
best fit of the RKKY theory to 4(R).
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FIG. 11. Intensities of neutron groups due to spin-wave

scattering in NdA12 at 4.2 K along (110}.The lines and the

intensity normalization are as in Fig. 10.

With the help of the interatomic exchange parame-
ters 4(R) and Eq. (6b) we calculate the real and ima-

ginary part of J'(q) along (111) of which only the ab-

solute can be directly obtained from experiment. The
resulting phase angles Q [defined by Eq. (10)] are
shown in Fig. 9.

In order to check the wave functions obtained from
the applied pseudoboson theory we compare the inten-
sities calculated from the cross-section formula (9)
with the intensities of the observed neutron groups.
All the factors resulting from instrumental and resolu-
tion effects are taken into account. The results are
shown in Figs. 10, 11, and 12, where the intensity
scale corresponds to the residues of

Im(X*'(q, ~) + —,[X (q, ~) +X (q, ~)]}.

The calculated values and particularly the intensities
for the (111) direction using the phase angles d given
in Fig. 9 are in reasonable agreement with experiment.
This serves as another strong support of the con-
sistency of our model. sin(2kFR) —2kFR cos(2kFR)=A

(2kFR)'
(»a)

It is interesting to compare the interatomic ex-
change parameters (Fig. 9) with the predictions of the
Ruderman-Kittel-Kasuya- Yosida (RKKY) mechanism
describing the interaction in terms of an exchange po-
larized free electron gas." We do not expect to
understand the exchange mechanism in terms of this
theory in detail because a complicated compound like
NdA12 is not likely to have a sea of free conduction
electrons. However, since the RKKY mechanism is
currently used in the interpretation of various magnet-
ic properties it is worthwhile to discuss this point in
detail for the case of NdA12 since the present work
provides so detailed information.

For angular momentum J in a free electron gas of
density N/ V, Fermi wave vector kF, Fermi energy af,
and interaction parameter j between localized spins
and conduction-electron spins we obtain"

8(R) = Af(2kFR)
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FIG. 10. Intensities of neutron groups due to spin-wave
scattering in NdA12 at 4.2 K along (001}. The lines represent
the values calculated from the cross-section formula. The
results for the intense J mode at the optical zone boundary
are used to normalize the intensities.
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FIG. 12. Intensities of neutron groups due to spin-wave
scattering in NdA12 at 4.2 K along (111}.The lines and the
intensity normalization are as in Fig. 10.
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with

3(g —l) j (N/V) 'kF

8n ~p-
(11b)

g„a"+~ R„an+~/(rn) g (12)

The main qualitative features of 4(R ) are the strong
decrease with increasing interatomic distance R and
the oscillatory behavior. The best fit of Eq. (11) to
4(R) (assumed to be isotropic) is obtained for
kF 0.50 A. ' and A =2.78 meV and is drawn as a
continuous line in Fig. 8. We see that the RKKY
function gives a qualitative description of the intera-
tomic exchange parameters evaluated from the spin-
wave data. However, the quantitative agreement is
not good, and a Fermi wave vector of kr -0.50 A, ' is
very small for an ordinary metal if a free electron gas
is assumed. Indeed, if we believe that the Nd and Al
atoms in NdA12 contribute each three electrons to the

-iconduction band we obtain k~ =1.60 A '.
In this context a comparison with NMR work on

NdA12 is of interest in which a negative conduction-
electron polarization is reported. ' This result can be
related to the Fermi wave vector kF since in the
RKKY theory the conduction-electron polarization is
proportional to X„f(2kFR»), where R» is the distance
between a given Al site and the kth RE ion. From
NMR measurements on NdA12 values for the Fermi
wave vector of k~ 2.10 A ', and kq 1.5 A ',
were derived. Beside the discrepancy in Fermi wave
vector k~ we obtain from the present work a positive
conduction-electro' polarization when evaluating the
appropriate sum. Apparently a consistent quantitative
interpretation is not possible within the framework of
the RKKY theory.

Finally a comparison of the results of NdA12 shall
be given with measurements on other isostructural
ferromagnetic RA12 compounds where a reliable
evaluation of data exists. For the crystal-field parame-
ters B4 and 86 this is done in Table II. We give also
the reduced crystal-field parameters

where a is the lattice constant, (r") the relativistic
free-ion radial integral" and X„ the reduced free-ion
matrix element. We note that the reduced crystal-
field parameters A4a' and A6a' for different R A12
compounds vary by only 20 k and 30 k, respectively,
which could be the uncertainty of the radial integrals
(r") used in the calculation. The value of A6a' for
TbA12 is rather small. However, the magnetization is
not very sensitive to B6 so that B6 contains a large er-
ror when deduced from experiment.

In the simplest model the exchange parameters
scale with the de Gennes factor (g —l)'. However,
this is only a very rough rule, and by comparing the
Curie temperatures T~ of all R A12 compounds it can
be shown that the rule is wrong by a factor of 4.
Nevertheless it is interesting to compare the g(q) and
4'(q) of NdA12 and TbA12 for which reliable exchange
parameters exist. This is done in Fig. 6. The amazing
feature of the functional behavior of J(q) of TbA12 is
its similarity to the corresponding curves of NdA12.

V. CONCLUSIONS

We investigated a magnetically ordered RE system
~here the number of parameters necessary for the in-
terpretation of the spin-wave spectra is suSciently low
and the experimental results suSciently detailed to al-
low for a rigorous test of the pseudoboson theory. In
fact we could carry out a straightforward interpretation
supported by various internal consistency checks and
by detailed comparisons with independent measure-
ments. We therefore conclude that the pseudoboson
theory in its simplest form (cubic crystal field and iso-
tropic Heisenberg exchange) is the appropriate ap-
proach to understand the spin waves in NdA12 at low
temperature.

Beside accurate crystal-field parameters we give also
the detailed behavior of the exchange parameters in
reciprocal and in real space. A quantitative interpreta-
tion of these data in terms of an RKKY interaction
mechanism leads to unsurmountable difficulties. We

TABLE II. Crystal-field parameters of ferromagnetic RA12 compounds.

Compound

PrA12

NdA12

TbA12

HoA1&

ErA12

84
(10 4 meV)

44

-38

-10

-10.6
-9.9

3.0
-0.69

1.10

~6
(10 6 meV)

-88

-54

40

55

40

0.25

0.64

-1.3

A4a'

(104 meV A)

55

48

37

39

36

43

42

54

A6a7

(106 meV A)

-4.3
-2.7
-3.9
-5.3
-3.9

-1.6
-4 4

-6.3

Ref.

38

16

12

27

present

work

38

39

40
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therefore conclude that in NdA12 (and probably in all

other ordered magnetic materials) a quantitative
understanding of the exchange interaction cannot be
obtained in terms of the simple RKKY theory. This
means also that results obtained from NMR measure-
ments using this theory cannot give reliable results.
Nevertheless, our experiments show that the function-
al behavior of the exchange parameters is qualitatively
consistent with the RKKY theory. However, the phy-

sical meaning of the leading parameters in particular
the Fermi wave-vector should not be taken too litera-

ly.
A comparison of the reduced crystal-field parame-

ters of NdA12 with isostructural ferromagnetic 8 Alq

compounds shows that they are very much the same
for all compounds where a detailed evaluation of
parameters is available. Comparing the behavior of

the exchange parameters of NdA12 and TbA12 we see
from Fig. 6 that the exchange functions J(q) are very
similar, whereas P'(q) are different.
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