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Experimental investigations of the magnetic properties of dilute alloys of the rare-earth solutes Tb, Dy,
Ho, Er, and Tm in the nonmagnetic hosts Lu, Y, and Sc have been performed. These measurements, which

include and supplement earlier published results, have been analyzed and crystal-field parameters for all

these 15 alloy systems deduced. The consistency of the parameters was confirmed by a variety of magnetic

measurements, including neutron spectroscopy. Crystal-field parameters have also been derived for the ions

in pure magnetic rare-earth metals and their alloys using the results for the dilute alloys supplemented with

paramagnetic measurements up to high temperatures on the concentrated systems. Mean values and standard

deviations of the higher-order crystal-field parameters for all Y and Lu alloys are 840»»'P = 6.8 +0.9 K,
86+y = 13,6~0.7 K, and 86+y = (9.7 +1.1)860»»'y. These values —with the inaccuracies somewhat

increased —are expected to be representative also for the magnetic rare-earth metals. For rare-earth ions in

the Sc host the values 84+P = 9.9 +1.9 K, 8,0»»'y = 19.8+1.5 K, and 86+y = (9.4 ~0.9)8&0»»'y were

deduced. 820»»'a is a host-sensitive parameter which has the average values of —102.7, —53.4, and 29.5 K
for rare-earth ions in Y, Lu, and Sc, respectively. There is also evidence that this parameter varies with the
solute. B,ga for ions in the pure magnetic rare-earth metals and their alloys shows a linear variation with

c/a ratio characteristic of each ion. The results indicate a contribution from anisotropic exchange to the

high-temperature paramagnetic anisotropy of approximately 20% for Tb, Dy, Ho, and Er, and

approximately 10% for Tm.

I. INTRODUCTION

Crystal-field parameters for a number of dilute
alloys of heavy rare earths in the nonmagnetic hcp
rare-earth-like metals Y, Lu, and Sc have been
published earlier. ' ' The parameters were de-
duced by fitting theoretical expressions for the pa-
ramagnetic susceptibilitie"- t "» the experimental re-
sults at low fields. As demonstrated for Y-Dy by
neutron spectroscopy, ' errors in some of the
published parameters may exist due to the effects
of magnetic ordering on the susceptibility in the
hard direction at low temperatures. The correct
paramagnetic susceptibility can however be ob-
tained from isothermal magnetization curves as
the slope of the linear range following the initial
high slope range, as discussed and demonstrated
in Ref. 6. In the present work the earlier published
measurements of the initial susceptibility have
been corrected. Furthermore similar measure-
ments and corrections have been performed on the
remaining binary alloys of Tb, Dy, Ho, Er, and
Tm in Y, Lu, and Sc. The paramagnetic sus-
ceptibilities of these 15 alloy systems have been
analyzed, and the crystal-field and molecular-field
parameters for each alloy deduced. This complete
set of data offers the possibility of a study of var-
iations of parameters with host and with rare-
earth solute. The parameters deduced for each
alloy and certain common parameters, character-
istic of each host, were compared to a variety of
earlier published measurements. ' ' These include

magnetization measurements in different crystallo-
graphic directions over a wide range of tempera-
tures and fields, experiments on the basal-plane
magnetic anisotropy and neutron spectroscopy.

To obtain the crystal-field parameters also in
the magnetic rare-earth metals Tb to Tm, mea-
surements up to high temperature of the para-
magnetic susceptibilities were performed on these
metals. The results of these measurements com-
bined with the results of the study of the dilute
alloys allow a reliable estimate of all crystal-field
parameters in the heavy-rare-earth metals and in

alloys between them. The results were compared
to paramagnetic measurements on the Tb-Ho,
Tb-Er, and Dy-Ho alloy systems.

II. EXPERIMENTAL TECHNIQUES

Single crystals were prepared using the re-
crystallization method described in Ref. S. Sam-
ples for magnetization measurements were 2-4-
mm spheres formed by spark cutting. (A suitable
method for preparing samples with almost ideal
spherical shape is described in Ref. 10.) The sam-
ples were oriented using x-ray Laue techniques.

The initial susceptibilities of the dilute alloys
were measured using the Faraday method, for
which a sensitivity sufficient for measuring these
small magnetic moments could be obtained. The
Faraday magnetometer' used for the early mea-
surements had superconducting coils for producing
the main and gradient fields. Later measure. -
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ments were performed on a similar Faraday mag-

netometer but with copper coils embedded in

liquid nitrogen for producing the fields (B
= 1.5 T). The strict proportionality between the
fields and the currents through the copper coils is
convenient for the initial susceptibility measure-
ments.

Magnetization measurements up to 6 T were per-
formed on a 5-Hz vibrating-sample magnetometer""
and magnetization measurements up to 37 T on the

University of Amsterdam high-field magneto-
meter. ~

A 169-Hz vibrating-sample anisotropy meter"
was used for sensitive measurements of the basal
plane anisotropy. In this instrument the sample
was rotated around the vertical c axis, and the
horizontal magnetic moment M, perpendicular to
the horizontal magnetic field was measured as a
function of crystal rotation angle (t). The sixth-
order 1'ourier component M~, , of M, (P) was com-
pared to theoretical values.

The intensity spectrum of the energy of scattered
neutrons with fixed wave-vector transfer and fixed
incident energy was measured on a triple-axis
spectrometer' at RisfI.

Measurements up to 700 K of the paramagnetic
susceptibility of concentrated rare-earth metals
and alloys were made with a Foner-type vibrating-
sample magnetometer"'" mounted in an electro-
magnet. Measurements along all directions in a
crystal plane could be performed by a simple rota-
tion of the sample holder. An anisotropy of less
than 0.2% in this plane could be detected.

III. THEORY

The Hamiltonian appropriate for interpretation
of these experiments consists of crystal-field,
Zeeman, and exchange terms

X XQF+ X z+X

The crystal-field Hamiltonian per magnetic ion
is written as the one-particle potential

cr Q VGF( f)
f

The sum runs over all electrons in the ion. For
rare-earth ions (in their ground configuration) in
the hcp structure only the following terms con-
tribute to the crystal-field potential:

Vcp(y) = (21r)'~'(-', )'~'V2Q(r)F2(e, @)+(2v)' '(16/2~2)V, O(&}V,'(8, 0}
+ (2v)' '22/(v26 )' 'V (r)V'(8, y)+ (2v)' '[22/(6006)' '] VI(r)[ Y'(8 y)+ Y' '(8 y)]

The coordinate system is chosen with the x, y,
and z axes along the crystallographic b, a, and

c axes, respectively.
When the charges giving rise to the crystal field

are entirely outside the 4f ion

V, (r)=&, r' . (4)

For the heavy-rare-earth ions, in the tempera-
ture ranges studied, contributions from the higher
multiplets in the LS ground-state term were found
to be negligible. Within the basis

~
J,M~}

3Ccv B2002(J -
)—+B4004(Z)+B~OOOB(J )+B~806(J),

(5)

The exchange interaction is treated in the mo-
lecular field approximation. For the dilute alloys
the exchange interaction is written

X,„=gz p, ~ J ~ X ~ M, (8)

where M is the magnetic moment per rare-earth
ion and X is the molecular-field tensor containing
the two parameters X, (= X„„=X„„}and X„(=X„).

The calculation of the zero-field susceptibility„
magnetic moment, and basal plane anisotropy
using the Hamiltonians (1), (5), (V), (8) is de-
scribed in Refs. 2 and 3.

For the concentrated rare-earth metals and al-
loys the exchange Hamiltonian is assumed to be of
the isotropic Heisenberg form":

where 0", (Z} are the Stevens operators. " The
connection to (2) is given by K„=—Q 6'(R —R„)S 'S„. (9)

(V, (r)}4~=f ~ft,~(r)~'V, (r)r'dr= ' . (6)
1

&2=&, &4=P, and o.~=y are reduced matrix ele-
ments (the Stevens factors"}.

Yhe Zeeman Hamiltonian is

Xz=gz pa J 'H ~

Using (5), (7), and (9), the following formulas for
the paramagnetic susceptibilities of a disordered
binary alloy are derived in the molecular-field ap-
proximation:

1/X., n, .= 1/Xi..+ &., n, .
where
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FIG. 1. Reciprocal susceptibilities for Lu-0.48-at. %
Dy. Data used for determining the parameters: ~, O.
Uncorrected experimental data (from Ref. 4): ~. The
solid curves are calculated using the parameters in
Table I. The dashed curves are calculated using the
average crystal-field parameters in Table II and the
exchange parameters y& = 0 andy~( = -0.5 x10 (A/m)/p~.
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and d ~= —-', b,, Terms of order (1/T}' and higher
are neglected. Indexes 1 and 2 refer to the two
components, c is the concentration, y= J(J+1),
8(0)=Z„8'(A„), and k is Boltzmann's constant.

IV. RESULTS FOR DILUTE ALLOYS

An example of susceptibility data used for the
extraction of crystal-field and exchange param-
eters is shown for Lu-Dy in Fig. 1. The sus-
ceptibilities in the c direction at low temperatures
have been determined from isothermal magnetiza-
tion curves as illustrated in Fig. 2. The dashed
lines are drawn through points at higher fields for
which the theoretical susceptibility is approxi-
mately constant (as can be verified from the de-
duced parameters). The slopes of the dashed lines
are expected to be the correct paramagnetic sus-
ceptibility. ' The susceptibilities determined in

Q3~6
E

0
o 4
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2

10 20 30
H(10 Aim)

40

FIG. 2. Magnetization vs field for Lu-0.48-at. %%d Dy
(experimental data from Ref. 4). The slope of the dashed
lines gives the paramagnetic susceptibility. Below 4.2
K this susceptibility cannot be obtained with reasonable
accuracy (accuracy +69& at 4.2 K). The full curves are
calculated using the average crystal-field parameters in
Table II and the exchange parameters y~ = 0 and y„=-0.5
x10& (A/m)/p&.

this way deviate drasticaQy from the initial sus-
ceptibQities as shown in Fig. 1. These deviations,
which are attributed to ordering phenomena, are
found to be large for all Dy alloys, smaller for
Tb and Ho alloys and negligible for Er and Tm al-
loys." The corrected susceptibilities are analyzed
using the Hamiltonians (1), (5), (7), and (8}. In
the general case the parameters to be adjusted
were B«, B«, B«, B«, X„, X„and the effective
concentration c of the rare-earth solute. The num-
ber of parameters could however be reduced and

unique crystal-field parameters could be found for
all the alloy systems. X„and X, turned out to be
so small that they could be set equal to zero with-
out changing the crystal-field parameters by an
amount greater than the final quoted uncertainties.
This is valid except for Y-Tb and Lu-Tb for which
X, could be set equal to zero but ~, had a signifi-
cant nonzero value. The concentration and for
most of the alloys, also B20 could be determined
independently from the high-temperature data.
The concentration could be determined from the
slope of the 1/X curves and B„from the difference
I/X. —I/X.

For alloys with Dy, Ho, or Er all crystal-field
parameters could be deduced. Within the ac-
curacy of its determination the ratio B,JB«was
the same for these nine alloy systems. The mean
value (B,JB«}=9.7 +1.1 is very close to the value
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TABLE I. Values of fitted parameters ~ Blp, B4p, and B6p are deduced for fixed ratio B66/B6p ——-'. A simultaneous fit

of B2p B4p Bep and Bp6/Bep for alloys with Dy, Ho, or Er gives approximately the same values of B2p, B4p, and Bep

and the Bp6/B6p values given in the table. The accuracy of the latter is approximately 15% for all the alloys. The mean-

square deviation S is calculated excluding data below Tp—- 6 K. [Tp—- 1.2 K in the (hard) b direction for Y-Tm and in the

(hard) c direction for Sc-Tm. The data below 12 K for these alloys and directions could not be satisfactorily fitted,
probably due to the high concentrations used. ]

c nominal c fit
Alloy (%) (%)

106y~10PS'(%)B /+ (K) B /p (K) B6p/Y (K) B66 ep g to I"

Y host
Tb
Dy
Ho
Er

Tm

p. 148
0.134
0.923
0.142
0.307
1.75

p.167
0.137
0.997
0.142
0.307
1.61

88+15
-115+ 12

91.6+ 10

-111+13

112+15

4.5 +2.5
7.55+3.5
7.4+2

13.5 ~6

11.8,4

13.1 +3
11.6+2.5

12.0 +3

13.0 + 6.5 15.1 + 7.5

8.2
10,3

0.7 ~ 0.3
-0.3 + 0.1

0

0.43
1.9
1.8
2.0
2 ~ 3
3.8

Lu host
Tb
Dy
Ho
Er
Tm

Sc host
Tb
Dy
Ho
Er
Tm

p 544
(0.557)
0.950
0.553

0.510
0.530
1.025
0.520
1.96

0.649
0.476
0.989
0.553
1.020

0.561
0.562
1.025
0.520
1.96

52+ 8
57.1+7
46.5+ 5
55.7 +7
56.8+ 6

-31.0+4
-29.9 +3
-20+8

29+3
30+4

4.1 +4
13.6+

6.3+3
9.6 +2
3.4 +2

13.4+5
14.6 ~4
11.7+4
8.2,'
4.8 + 3.5

9.5g 5
+12

21.8+35

12.9 +1
16.1+2

17.9+4

24.4'5
20.9+ 3
14.8+4

,18.1 + 2

23.4 +4
e

9.0
9.6

10.4

9.6
8.5

10.2

0.7+ 0.15
0.2 + 0.1

0
0
0

0.1+0.1
0
0
0
0

0
0
0
0

0.15+0.15

1.0
2.1
1.4
2.0
1.6

0.9
2.1
2.7
2.3
3.6

77 given for ideal c/a ratio in the rather general
superposition model. " Owing to this fact this
ratio mas kept fixed in the analysis of susceptibil-
ity data for alloys with Tb and Tm for which a fur-
ther reduction of parameters was necessary.

The normalized mean- square deviation

mas used as a fitting criterion. The terms in S
were weighted according to an error in 1/X pro-
portional to I/y.

In Table I the results for all the alloys used for
determining crystal-field parameters are sum-
marized. The errors in the parameters have been
estimated from their variation when (a) data below
a cutoff temperature To were excluded with To
varied in the range 4-12 K (this procedure was
adopted to estimate from the analysis the effects
of ordering at low temperatures); (b) the concen-
tration and B2p mere varied within the limits de-
termined from high-temperature data; (c) non-
zero molecular-field parameters were included
in the fit; (d) B«and B«were fitted independently
and with a fixed ratio B«/B«= '-,'.

Significant enhancements of the concentrations
of Tb alloys and smaller, but still significant, en-
hancements for some Dy and Ho alloys are ob-
served. These are equivalent to enhancements of

B2() a
(K)
—100-

„Y-host

~ Lu-host

I T ' Sc-host

Tb Dy Ho Er Tm

FIG. 3. Crystal-field parameters B2p/n plotted for
each host as a function of rare-earth solute. The hori-
zontal lines represent mean values for each host.

the g factor and are believed to be due to conduc-
tion electron contributions to the magnetization.

In Figs. 3-5 the crystal-field parameters B, /a,
are plotted as a function of rare-earth solute. For
a fixed host, B, /a, is approximately constant and
no tendency for a variation proportional to (r '),
as would be expected from Eqs. (4) and (6) is ob-
served. ((r ') decreases from Tb to Tm with a
variation compared to the Tb values of 14, 25, and
36% for &r'), &r'), and (r'), respectively. ") The
study of dilute alloys with light-rare-earth so-
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FIG. 4. Crystal-field parameters B4p/P plotted for
each host as a function of rare-earth solute. The hori-
zontal full lines represent mean values for each host.
The horizontal dashed lines represent the mean value
for both Y and Lu hosts.

I I I I t

Tb Dy Ho Er Tm

FIG. 5. Crystal-field parameter B6p/y plotted for each
host as a function of rare-earth solute. Within the ac-
curacy of its determination the crystal-field parameter
B66 equals

8 B6p, as described in the text. The hori-
zontal full lines represent the mean values for each host.
The horizontal dashed lines represent the mean values
for both Y and Lu hosts.

lutes, "which have much larger mean radii, also
indicate that the B, /a, are, to a good approxima-
tion, independent of (r '). In Table II mean values
and standard deviations are calculated for the pa-
rameters for each host. A considerable variation
of B20/n for different hosts is observed while B4J
P, B«/y, and B«/y are approximately the same in
Y and Lu and slightly larger in Sc.

The parameters in Tables I and II were compared
to a variety of different experiments. No signifi-
cant difference of higher-order parameters from
the average values for a particular host were de-
tected for any alloy. As shown in Fig. 3, B»/o
for Ho solutes is significantly smaller than the aver-
age value. Variations of parameters with solute may
therefore occur and the uncertainties in Table II
may be increased to cover the results in Figs. 3-5.

First the parameters in Table II were compared
to the susceptibility data for the alloys in Table I
and for alloys with varying concentrations. '" The
largest deviations were observed for all alloys with
Ho and for Lu-Dy, Fig. 1. These deviations stem
from the difference between the average values and
fitted values of B»/o. for the alloys with Ho, Fig.
3, and of B«/y and B,Jy for Lu-Dy, Fig. 5. The
latter differences may not be significant. The
average parameters reproduce the accurate b-

axis susceptibilities and the low-temperature fea-
tures in the c-axis susceptibilities better than the
fitted values even though the mean-square devia-
tion S is somewhat larger.

Magnetization and basal plane anisotropy mea-
surements are well described by the average pa-
rameters except for Tb and Dy alloys at low tem-
peratures. Generally there are only small dif-
ferences between earlier published parameters

Metal B2pl & (K) B«/q (K)

Y —102.7+5.7 7.1+1.2 12.2 + 0.4

Lu -53.4+ 2.3 6.5 + 1.6 14.1 +1.2

-29.5+0.9 9.9 + 1.9 19.8+ 1.5

TABLE II. Average crystal-field parameters for rare
earth diluted in Sc, Y, and Lu. Within the uncertainty
of its determination the parameter B66 equals —B6p. The

8inaccuracies are standard mean deviations.
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FIG. 6. Magnetization vs field for Lu-0.553-at. % Er
(experimental data from Ref. 4). The curves are cal-
culated using the average crystal-Geld parameters in
Table II neglecting exchange.

IO-

I

Y-0898 at '/. Oy
T=42 K

and the average parameters deduced here, and
therefore the theoretical magnetization and basal
plane anisotropy curves in Refs. 2-7 are only
slightly modified. For Lu-Dy, and Y-Dy, "' the
corrections to the susceptibilities have caused
large changes in the parameters and data for these
alloys will therefore be given as examples here.

The deviations at low temperatures in the mag-
netization of Lu-Dy, Fig. 2, are characteristic

for Dy solutes. Alloys with less tendency for
ordering show only small deviations even at low
temperature as illustrated for Lu-Er in Fig. 6.
Magnetization measurements on Y-Dy up to high
fields are shown in Fig. 7 compared with the theo-
retical curves. For increasing fields in the c di-
rection an approximate

~
J,J,) =

~
~&, —I& ) state is

lowered from about 80 K above the ground state.
In the hexagonal crystal field this state is mixing
with the ground state changing this from mainly

~
J,J,) = ~'-,', ——') to mainly ~'-,', —P) at fields

above 150 x10' A/m. This accounts for the abrupt
increase in the c-axis magnetization.

The basal plane anisotropy, which is found to be
very sensitive to ordering, is well described at
higher temperatures for all alloys. Large devia-
tions between experimental and theoretical data
are however observed at lower temperatures for
Tb and Dy alloys as illustrated in Fig. 8 for Y-
0.141-at.% Dy.

Finally the validity of the average crystal-field
parameters are supported by neutron spectroscopy
experiments. "' All neutron transitions predicted
theoretically for the alloys studied with neutrons
have been observed experimentally as shown in
Table III.

V. RESULTS FOR PURE METALS
AND CONCENTRATED ALLOYS

The study of dilute alloys, supplemented with a
study of the pure metals Tb to Tm in the para-
magnetic phase, allows a reliable estimate of the
crystal-field parameters in these magnetic metals.
The higher-order parameters for rare-earth so-
lutes in Y and Lu hosts are approximately the
same. Mean values and standard deviations of
these parameters for all Y and Lu alloys are 84O/

lid
7

E0 6
O

O
I

Q.

c 4

E
O

3

200

100—

50-
Cl

m
I

CD

20-
E
O

10-

5-

H(10 W/m)

300

FIG. 7. Magnetization vs field for Y-0.898-at.% Dy (ex-
perimental data from Ref. 7). The solid curves are cal-
culated using the average crystal-field parameters in
Table II and the exchange parameters in Table I {which
are independent of concentration up to 1%).

75
I I I I I I

10 15
5 20 30

H (10 A/mj

FIG. 8. Perpendicular basal plane sixth-order com-
ponent vs field and temperature for Y-0.141-at.% Dy.
The full curves are calculated using the average pa-
rameters in Table II and X~ = 0. The dashed curves
illustrate the effect of a 209' decrease of B66.

40
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TABLE III. Transitions from the ground state to higher lying states observed in neutron

spectroscopy experiments {Refs. 6 and 8). The theoretical values are calculated using the av-
erage parameters and the standard mean deviations in Table II ~ The theoretical values in pa-
rentheses are calculated using the fitted parameters in Table I.

Alloy
Neutron transitions

predicted theoretically (K)
Neutron transitions

observed experimentally (K)

Y-Er

Lu-Er

Sc-Er

13.3 ~ 0.4
{14.4+ 1.9)

27.4+ 0.6
(26.9 +4.4)
49.3+0.9
{51.9+6.6)
64.4+2.2

(67.6+16.9)

25.1 + 1.9
(28.0+ 3.0)
43.3 + 3.0
{48.7+4.5)

32.2+2.5
(29.7+ 3.2)
52.3 +3.5

(48.0 +4.5)

15.4+ 2.3

26.7 + 1.2

46.4+ 2.3

60.3+ 6

24.8 + 0.5

46.4+ 6.2

29.7+ 0.7

51.6 + 1.0

p=6.8 +0.9 K, B«/y=18. 6+O.V K, and B«/y
= (9.7 +1.1)B«/y. These values —with the inac-
curacies may be increased to cover values
for the specific solute in both Y and Lu-
are expected to be valid also in the metals Tb to
Tm. This is due to the fact (a) the metals Tb to
Tm are very similar to Y and Lu and have lattice
parameters and conduction bandwidths" lying be-
tween those for Y and Lu; (b) B«/p, B,jy, and

B„/y are approximately independent of whether the
4f shell is empty (Y) or filled (Lu); (c) B«/P, B«/
y, and B«/y are insensitive parameters as can be
seen by comparison of the value for Y and Lu to
those for Sc (Sc is significantly different from Y and
Lu both with respect to lattice parameters and con-
duction bands"). Point (c) suggests that these pa-
rameters may also be representative for the light-
rare-earth metals.

B2O/a is a host-sensitive parameter. Simple
theories predict a variation of B20 with lattice con-
stant with the c/a ratio as the dominant factor.
Experimentally an approximately linear variation
of B»/a with c/a ratio of the host is observed for
Lu, Sc, and Y hosts as illustmted in Fir . 9.
Owing to the similarities of Lu dnd Y to the metals
Tb to Tm preliminary estimates of B»/n in these
metals may be obtained from the dashed line in
Fig. 9 drawn between the points for Y and Lu.
Deviations between these values of B»/n and the
correct values may be expected since Y is not a
rare-earth metal and B»/n is a sensitive param-
eter.

-150

B»/o
(K)

-100

T=300 K

-50
Tm

Er
Ho

II
Yoy

1.57

Tb Lu

1.58

Se.
1.59 1.60 c/a

FIG. 9 --" «1-field parameter B20 jn plotted as a
function of c/a i..'to of the ho~~. Points with error bars
are average values for rare-earth solutes in Y, Lu, or
Sc uncertainties in Table II have been increased. The
dashed line is drawn through the points for Y and Lu.
The full lines are estimates of B20/n for a specific
rare-earth ion in Lu or in concentrated heavy-rare-
earth metals or alloys.

Correct values of B»/n could however be ob-
tained from measurements of the paramagnetic
susceptibility up to high temperatures of the pure
rare-earth metals. Typical susceptibility data are
shown for Dy in Fig. 10. The reciprocal suscepti-
bilities vary linearly with temperature (except
close to T„) for all the heavy-rare-earth metals.
Above T„ the difference ~1/y, —1/X,

~

is a de-
creasing function of temperature for all metals
as illustrated in Fig. 11. (Below T„ the tempera-
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FIG. 11. Difference between reciprocal initial suscep-
tibilities vs temperature for the heavy-rare-earth met-
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FIG. 10. Reciprocal initial susceptibilities of Dy. The
left-hand and bottom scales refer to the two curves on
the left-hand side, while the top and right-hand scales
refer to the two curves on the right-hand side.

100

ture dependence of )1/X, —1/Y, ~

is not simple due

to complicated magnetic ordering and magneto-
strictive effects.") Effective values of B„/n which

include possible contributions from anisotropic ex-

change can be derived from the data in Fig. 11.
The values B;,"/n at 300 K are given in Table IV.
Comparison to the preliminary estimates of B»/n
indicate that contributions to 1/)(, —1/X, from
anisotropic exchange is rather small (30% in Tb
and smaller in Dy to Tm). The linear variation
of 1/X, —1/)(, in Fig. 11 is interpreted as due to a
linear variation of lattice parameters with tempera-
ture. " Since the overall changes of 1/)(, —1/)(, are
larger than the contributions from anisotropic ex-
change the temperature coefficient dB„/dT can to

TABLE IV. Crystal-field parameters at T= 300 K for the pure rare-earth metals. The para-
meter B66 equals (9.7+1.1) Bsp. Bpg is determined from 1/g~ —1/y& for the pure metals. d(B2p/
n)ld(cia) = [d(Btzln)ldT)dT/d(cia) d(Bto/n)ldT is d. etermined from the measurements in

Fig. 12 and similar measurements in the temperature range 300-400 K published in Ref. 26.
(The uncertainties cover results for both types of measurement except for Dy in which effects
of higher-order parameters are significant at 300-400 K. The values in the table for Dy are
therefore deduced from the data in Fig. 12.) dT/d(c/a) is derived from lattice parameter mea-
surements on Tb, Dy, Ho, and Er in Ref. 25 tdT/d(c/a) for Tm is an extrapolated value]. In
estimating the inaccuracies for Bto/n the individual values of Btzln for rare-earth solutes in

Lu have been included. Mean values of B40/p and B60/Y in Lu and Y calculated for each mag-
netic rare-earth impurity separately are quoted. The values in parentheses assume no varia-
tion of these parameters with rare-earth solute.

Metal

Betf /~
(K)

2 d(82 pl+)
dT

d(ap plo. )
d(c/a)
(104 K) (K)

B4o/P
(K)

Bede
(K)

Dy

Ho

Er

Tm

-99+4

—100+4

-81+4

124+ 6

-107 ~8

6.8 + 2.5

4.2+1.7

2.7+1.2

7.4 +2.5

10.2 +2.1

0.84+ 0.31

0.25 + 0.09

0.13+0.06

0.30 + 0.10

0.35+0.07

81'13

81,p
+15

+'7-69 )4

+ 1 t)—92 (2

4.4 + 2.1
(6.8 + 0.9)
9.1+3.0

(6.8 + 0.9)
7.1+1.7

(6.8+ 0.9)
9.9 + 1.8

(6.8 + 0.9)
4.2 + 1.9

(6.8 + 0.9)

11.5 + 2.8
(13.6+ 0.7)
16.2 + 2.4

(13.6 + 0.7)
12.7 + 0.9

(13.6 + 0.7)
14.8+ 1.7

(13.6 + 0.7)
17.3+3.5

(13.6 + 0.7)



16 CRYSTAL FIELDS IN Sc, Y, AND THK HEAVY-. . . 1209

T=300 K

~E

C)

50 100

at. % Ho in Dy

FIG. 12. Difference between reciprocal initial suscep-
tibilities versus concentration for the Dy-Ho alloy sys-
tem. The solid curve shows the theoretical crystal-
field predictions. Contributions from higher-order pa-
rameters have been included as a perturbation [these
parameters contribute 0.055 &&10 (A/m}/pz to 1/Xc
-1/X~ at 300 K in Dy].

a good approximation be determined from Fig. 11.
From dB,JdT determined in this way and from
published lattice parameters" the slope d(B»/a)/
d(c/a) of the variation of B,Jot with c/a can be
derived for each rare-earth metal. These slopes
are expected to be approximately constant within
the narrow range of c/a values in Fig. 9 as also
indicated by the results in Fig. 11. The rare-
earth metals Tb to Tm are very similar to I u and
have lattice parameters which deviate less than
3% from those of Lu. B,J'n in Lu is therefore ex-
pected to be representative for the parameter in
Tb to Tm except for differences due to c/a ratio.
Curves for B»/n vs c/a for each rare-earth
metal can now be drawn as shown in Fig. 9. B»/

n in the pure rare-earth metals derived from
these curves are collected in Table IV. Compari-
son to B;,"/n in the table indicates a contribution
from anisotropic exchange to this parameter of
approximately 20%%d for Tb, Dy, Ho, and Er and
may be smaller for Tm.

The crystal-field parameters B»/n can be
checked by paramagnetic measurements on inter
heavy-rare-earth alloy systems. The c/a ratio
is expected to vary linearly across these alloy
systems as reported for Ho-Tb." Using Eq. (10)
with B»/a for each component obtained from Fig.
9, the variation of 1/y, —1/y, over the alloy sys-
tems can be derived. In Figs. 12-14 experimental
and theoretical data are compared for the alloy
systems Ho-Dy, Tb-Ho, and Tb-Er. The agree-
ment is good in all cases, taking into account the
expected contribution from anisotropic exchange
of approximately 20% of the experimental anisot-
ropy. For the Ho-Dy alloy system the variation of
c/a ratio is small resulting in an approximately
linear variation of 1/y, —1/y, over the alloy sys-
tern. For the Tb-Ho and Tb-Er alloy systems the
different values of d(B»/n)/d(c/a) for the two com-
ponents give rise to the characteristic nonlinear
variation, which is also shown by experimental
data.

The higher-order parameters in the heavy-rare-
earth metals and alloys (given in Table IV) cannot
be checked with sufficient accuracy by paramag-
netic measurements, due to the high ordering
temperatures. However the approximately linear
variation of 1/~, -1/X, in Fig. 11 for Tb, Ho, Er,

T= 300K

2l

ing

t i

E

O
T

I

T=300 K

50
at. % Ho in Tb

100
0 50

at. % Er in Tb
100

FIG. 13. Difference between reciprocal initial suscep-
tibilities vs concentration for the Tb-Ho alloy system.
The solid curve is the theoretical crystal-field predic-
tion.

FIG. 14. Difference between reciprocal initial suscep-
tibilities versus concentration for the Tb-Er alloy sys-
tem. The solid curve is the theoretical crystal-field
prediction.
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and Tm and the small deviations from linearity for
Dy are consistent with the theoretical crystal-field
predictions.

VI. CONCLUSION

The research reviewed in the present paper has
led to a determination of the crystal-field interac-
tions on the magnetic heavy-rare-earth ions Tb,
Dy, Ho, Er, or Tm in the following systems: the
unmagnetic hosts Sc, Y, and Lu; the magnetic
rare-earth metals Tb, Dy, Ho, Er, and Tm; and
inter-heavy- rare-earth alloys.

The deduced crystal-field parameters for the
rare-earth ions in Sc, Y, and Lu (Table I) de-
scribe consistently the results obtained in many
different experiments. These include measure-
ments of the temperature dependence of the low-
field susceptibility and medium field (6 T) mag-
netization, high-field (38 T) magnetization mea-
surements at 4.2 K, experiments on the basal plane
anisotropy, and inelastic neutron scattering experi-
ments. All of these experiments were performed
on many alloy systems. Measurements on alloys
of different concentrations revealed no dependence
on concentration of the crystal-field parameters.
The parameters for rare-earth solutes in a par-
ticular host show no significant dependence on
solute in the case of B4O/P, B»/y, or B«/y It.
turns out that the average parameters in Table IIare
in satisfactory agreement with all the above experi-
ments. Discrepancies between experimental and
theoretical results which exist for some alloys at
low temperature indicate effects of magnetic
ordering. This ordering, the anisotropic molecu-
lar-field parameters, and the conduction-electron
contributions to the g factor and to the saturation
moments (Fig. 2) are of interest for the study of
exchange interactions. Further experimental and
theoretical investigations of these phenomena would
be of interest.

The remarkable insensitivity of the higher-order
parameters B«/P, B«/y, and B«/y to the host in-
dicates that the values of these parameters for a
specific magnetic rare-earth ion in Y and Lu give

a reliable estimate of the values in the pure mag-
netic rare-earth metal (Table IV). Since B„/p,
B«/y, and B«/y seem to be the same in all
Y and Lu alloys, average values quoted in pa-renthesess

in Table IV, may give a more accurate
estimate of these crystal-field parameters in the
pure rare-earth metals. These values are ex-
pected to be valid also for inter-heavy-rare-earth
alloy systems.

B»/n is sensitive to the host as well as to the
solute. B»/n for a specific rare-earth ion in Tb,
Dy, Ho, Er, Tm, or Lu or in alloys between these
is determined by the c/a ratio of the metal or al-
loy (Fig. 9). B,J'a in these metals and alloys ac-
counts for approximately 80% of the paramagnetic
anisotropy (Table IV and Figs. 12-14). The crys-
tal-field interactions thus account for the char-
acteristic variation of the paramagnetic anisotropy
in the heavy-rare-earth alloy systems and across
the heavy-rare-earth series (especially the large
difference between the anisotropy for Ho and Er).

The crystal-field parameters determined in the
present project are of importance for the quantita-
tive understanding of the physical properties of
the heavy-rare-earth metals and alloys. Of theo-
retical interest is the lack of variation of the
crystal-field parameters with the 4f radii, (~ '),
and the characteristic c/a dependence of B»/a
for each rare-earth ion. These results, which are
not fully consistent with present with present theo-
ries of the crystal fields in the rare-earth metals,
point to the need for further first-principles cal-
culations.
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