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The spin polarization of an electron moving nonrelativistically through a potential barrier V(z),
with also a constant uniform magnetic field (0,0,B) applied, is calculated using the WKB approxi-
mation for the z dependence of the wave function. It is found that, in a classically allowed region,
the polarization precesses at fixed angle 8 about the magnetic field, with phase angle the same as a
classical particle with a magnetic dipole moment. The particle penetrates through the barrier with
no change in the phase of the precession but with a discontinuity in 6.

I. INTRODUCTION

Several groups have recently made measurements
of the spin polarization of electrons that are field emit-
ted from magnetic materials in the presence of an
external magnetic field.!™ This type of experiment
gives new and valuable information about surface and
bulk properties of the material.

Some aspects of the theoretical background for the
experiment are still under development. The change
of polarization as the electron moves through the
external electric and magnetic fields after leaving the
material is reasonably well understood. Eckstein and
Miiller* made a numerical analysis of that problem for
electrons initially polarized parallel to the magnetic
field with consideration of off-axis variation of the
magnetic field. Also Schmit and Good® treated that
problem analytically for arbitrary initial polarization
but neglecting the off-axis variation of the field. What
happens to the polarization as the electron passes
through the surface is not so well established; this is
the subject of the present paper.

As a reasonable model for first investigation of the
problem, one can picture the electron with a definite
polarization emerging from the bulk of the material
and impinging on a potential barrier at the surface.
There is thus a barrier penetration problem in the
presence of the external magnetic field. As shown
below, this situation can be analyzed completely using
the WKB approximation for the dependence on the
coordinate normal to the metal.

The results are as follows: In an allowed region the
electron polarization precesses at constant angle 6

about the magnetic field, with phase angle the same as
that of a classical magnetic dipole. The barrier pene-
tration takes place with no change in phase angle but
with a discontinuity in 8. With the electric and mag-
netic fields typically used in field-emission experi-
ments the discontinuity in 6 is small and the electron
jumps through the barrier with very little change of
polarization.

II. HAMILTONIAN

The Hamiltogian for the electron in potential V and
magnetic field B is

H=37-%+V+1ged B , m

where #=p+eA, g =2.0023..., and & are the Pauli
matrices. Units are chosen in such a way that factors
of m, ¢, and #do not appear.The symbol e indicates a
positive number so the electron charge is —e.

The scalar potential is considered to be a function of
z, the coordinate normal to the metal, only and to
have the form indicated in Fig. 1. The magnetic field
is constant in space and time and is perpendicular to
the surface. It is of the form (0,0,B), where B may be
positive or negative, and a convenient vector potential
is (—%By,%Bx. 0). With these specializations the
Hamiltonian becomes

H= %‘[5' 6+%eB (xp, —yp,) + -:l—esz(x2 +y?)
+V(2) +%ge8<r, . )
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FIG. 1. Potential model for the surface of the material.

III. INTEGRALS OF THE MOTION
The operators

Xo= %x —p,/eB (3a)

Yo=3 +pi/eB (3b)

commute with the Hamiltonian of Eq. (2) and lead to
a separation of the variables in the problem. These
operators were originally introduced by Johnson and
Lippmann’ and their usefulness in constant-magnetic-
field problems is well known.®! We will also make use
of the operators

R =x¢ +y¢ . 4
A=7mllx —x*+ @ —yp)? , (5)
Lz=xPy—ypx . (6)

They commute with H and are connected by the rule
A=mR$ +Qm/eB)L, . @)

The classical interpretation of these operators is as
follows: Consider the XY projection of the orbit of a
classical particle governed by the Hamiltonian of Eq.
(2), the spin term disregarded. All the above quanti-
ties are constants of the motion. The projection is a
circle with center at (xg,yo) and with area 4. If L, =0
the circle passes through the origin, if L,/eB > 0 the
origin is inside the circle, if L,/eB < 0 it is outside.

The Hamiltonian has an especially simple form in
terms of the area operator

H= (eZB2/21r)/T+%p}+ V(z) +%geBo', . (8

The operators H, R{, L., and o, all commute with
each other so we can consider simultaneous eigen-
functions of all of them. Let

Hy=Ey , (9a)
R¢y=[Qn+1)/e|B|ly , (9b)
Ly=m(B/|B)¢ , (9¢)
op=xy . (9d)
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By introducing cylindrical coordinates (r, ¢,z) in Egs.
(9b) and (9¢), one establishes the ranges of the quan-
tum numbers

n=01,2,..., (10a)
m=—n—-n+1,—-n+2,.., (10b)

and finds that the r, ¢ dependence of the wave func-
tion is of the form

v ~pﬁ/ze—p/zL”(E)(p)e,ﬁ¢ , an

where p==%e|B|r2 and L™ is the associated
Laguerre polynomial in the notation of Magnus,
Oberhettinger, and Soni.’ All that remains is to get
the z dependence and for it Egs. (7), (8), and (9a)
lead to

-92—'12'—+2[E— V(z)—e|B|(n +ﬁ+-;—)q: %geB]¢=0 ,
0z

(12)

where the upper (lower) sign is for spin up (down).

IV. BARRIER PENETRATION
The standard WKB result, connecting a wave in-

cident from the left to a wave transmitted to the right
(as in Fig. 1) is'®

U!_;exp[—ifzap(z’) dz’]—*-—‘/%exp'\—ﬁblp (z') |dz’ ‘
xexp[szp(z')dz'] . (13)

In this application p is given by
p(D)=RIE-V(@) —e|B|(n+7 +3)
* ;geBl)'? (14)

the positive root to be taken in the classically allowed
regions. Here a and b are the left and right turning
points, such that p(a) =p(b) =0. There is also a
reflected wave on the left-hand side which is disre-
garded in Eq. (13).

An expansion for small values of ;%geB will be
made in order to isolate the spin effects in the prob-
lem. One finds, for example, to first order that

szP dz' = f;ﬁ dz' -l—gergzipi—l , as)

where p is defined by



72)=RIE-V(Z)—e|B|(n+m +%)”|/2 16)

and b is the turning point for p, such that p(b)=0.
Although p, a, b are different for different spin orien-
tations and might be given a = subscript, p, a, b are
independent of spin eigenvalue. The above expansion
is justified because, in the present units and for a field
of 10* G, LgeB is about 10~ whereas E — V (z),
corresponding to an energy of a few eV, is about 107>,
This kind of expansion of p(z) itself would not be
valid near the turning points but Eq. (15) applies well
as long as z is far from the turning points since then
the expansion is governed by the ratio of %geB to a
representative value of p 2 far from the turning points.
With this type of expansion made for all the integrals
Eq. (13) becomes

a '
aexp Ii%geB f ii—-
p

1 [ [ ]
—=¢exp|—i pdz
5o,

Bexp

a ]
—i%—geB f !i—
z
p

b z
- —\}—E—exp[—-fa |7 dz’lexp[i fE Edz’]

For the complete wave function one must also include
as overall factors, e™'# and the function of r and ¢
given in Eq.(11).

V. CONNECTION BETWEEN POLARIZATIONS

As is well known, any two-component state
Y= [i;l 19)
is polarized in a specific direction § where the spherical
polar angles (0, ¢) of the unit vector § are given by
tan0e'® = y,/¢; . (20)
The state is polarized in the sense that
§-oy=y . 1)

From the ratio of the components in Eq. (18) one can
find the direction of polarization on the two sides of
the barrier.
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“dr'

p

b L b dy’
L |7 dz +78€Bfﬁ‘—5—|

% exp [fza_ﬁ dz' + ia;-geB fz
p

1
——=¢€Xp
N

b4 ¥4 '
X exp [i f’; 5dz’;i%ge8 fsgé . Qan
V4

The difference between p and p is disregarded in the
p~'72 factor.

This result holds for spin-up and spin-down states,
(}) and (9), say. A state of arbitrary polarization but
definite energy E and quantum numbers n, m can be
formed by taking a linear combination of the spin-up
and -down results with coefficients & and 8. The con-
nection for such a state is evidently

. ) .
4 ' z '
aexp —%geB f_ r%l]exp [—i%geB fE ii—
. a\p p

(18)

,‘%geB f_ dz’
P
p

b g
LBexp %geB fa rTfI]exp

L

As a convenient notation, let (8,, ¢,) and (8,, ¢,) be
the polarization directions of the incident and
transmitted beams and let

Bla= lan%ﬂoel¢0 . (22)
The results for the polarization are

0,=6, , (23a)
ag.

6, =do—+geB [ L (23b)
=D
b '
tan-;—(), =tan%00exp -;-geB fa T‘i’f—l , (24a)
¢/ =do+LgeB f,, 4 (24b)
14

Interpretation of these results is as follows: As the
electron moves in the positive z direction in an al-
lowed region, the polarization keeps a constant angle
with the magnetic field and precesses in the right-hand
sense about the field with phase angle ¢ given by
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%geB fdz'/ﬁ. In the transition through the barrier
the phase angle does not change, ¢,(2) =¢,(5), but

the angle with the field changes according to Eq.
(24a).

VI. DISCUSSION

The precession of the polarization in a classically al-
lowed region coincides with the precession of a classi-
cal electrically charged magnetic dipole. For such a
system the internal angular momentum varies accord-
ing to

4G - —LgedxB. (25)

This means that & keeps a constant angle 8 with the
magnetic field and precesses in the right-hand sense
about B with phase angle

b= —;-geBI . (26)

The position of the dipole is determined by the equa-
tions

X =—eyB , (27a)
y=exB, (27v)
. dV

- 7
z iz (270

First integrals of the system are

x=—eB(y —yg) , (28a)
y=eB(x —xq) , (28b)
LGP+ 4+ +V=E, 9)

where xq, Vo, E are the integration constants. Evi-
dently x” +y° is also an integral and

2 +y =eBU(x —x0)? + ( —yo)?]
=e!B’ 4 [m , (30)

where A is the area of the XY projection of the orbit.
Equations (29) and (30) combine to give

P=p2, (31)

where 5(z) is defined as in Eq. (16) except with 4 in
place of the eigenvalue (2m/e|B|)(n +7 +3). The

time is therefore given by f dz/p and the phase angle
by

¢= %geB f ip_z- 32)

in agreement with the quantum-mechanical resuit.
An estimate of the importance of the discontinuity
in @ can be made by considering the triangular barrier

-V, forz <0,

—eez forz >0 33)

V(z)= [
Here € is the size of the electric field applied outside
the metal surface. The integral is found immediately
to be

bz’ _ (29)' (34)
7 |p| ee
where ® =—F and the B term inside p is disregarded.
The exponent in Eq. (24a) amounts to (B/e) 2®)!/2.
Typically in a field emission experiment B, €, and ®
correspond to 10* G, 107 V/¢m, and § eV, in which
case the exponent is about 107>, The formula

[; '
6,=6,+ %geB sin@, f_ d%

7 |p]
is the first-order approximation to Eq. (24a) when the
exponent is small.
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