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The magnetization M and electrical resistivity p have been measured at 0 & H & 135 kG and 1.2 & T & 27
K for the transition metal hcp Zr containing Mn at concentrations 520 & c & 3100 ppm. The primary results

are (a) the measurements confirm earlier indications that Mn displays a localized magnetic moment when in

solution in hcp Zr and suggest a Kondo temperature T„&1,0 K; (b) both the high-H saturation
magnetization and the low-H susceptibility show that the spin S associated with Mn in Zr is 2.0 + 0.2; (c)
the impurity magnetization )5M =M{alloy)-M(Zr) obeys the Blandin-Souletie-Tournier scaling
h, M/c = F(H/c, T/c), suggesting the dominance of a long-range oscillating Ruderman-Kittel-Kasuya-
Yosida (RKKY)-like moment-moment interaction, as appears to exist in the more widely investigated non-
transition-metal-host spin glasses; (d) the behavior of the resistivity, susceptibility, and reversible
magnetization indicates that spin-freezing temperatures To(c) (if such exist in Zr-Mn) are below the present
1.2-K temperature limit; (e) the high T & To, high H & k~T/gp. ~, Larkin-Khmel'nitskii (LK) prediction
h, M(LK) = h, M, (1 —Ho/H) (b, M, is the impurity saturation magnetization, Ho ~ cVO Vp is the RKKY
coefficient) does not account for the {i) T-dependence of h, M, (ii) relatively low fields 40 & H, - 130 kG (at
520 & c & 3100-ppm Mn) required for saturation of the impurity magnetization at 1.2 K; (f) fits of the
measured A, M(H) to the theoretical hM(LK) at H & H„c& 1690-ppm Mn, yield Vo ——2.7 X 10 "ergcm'
and hence an exchange parameter

~ jaxxg =0.5 eV; (g) at c = 520-ppm Mn, AM(H) is close to the free-

spin Brillouin magnetization and p(H, T) can be fit to single-impurity theory: (i)
hp(T, H = 0) =p(alloy) —p(Zr) to the Hamann-Fischer formula with T„&1.0 K, {ii) the spin-component
magnetoresistance Sp, (H & H, ) to the Beal-Monod and Weiner third-order perturbation formula with an
exchange parameter J = —0.2 eV. In general, the present work indicates that localized-magnetic-moment

(S, T„,J ) and high- T & To spin-glass {BSTscaling, Vo, J«„„)behavior of Mn in the transition-metal hcp
Zr is rather similar to that of Mn in the noble metals. However, the present observations of relatively low
fields H, required for saturation of the impurity magnetization suggest cutoffs on the order of H, (c) in the
internal molecular-field distribution and do not appear to agree with current T & To theory. It is unclear
whether the disagreement is a general property of metallic spin glasses, or is peculiar to transition-metal host
systems or to alloys (such as the present) with relatively short electron mean free paths which might cause
some damping of the RKKY oscillations.

I. INTRODUCTION

Several groups'~ have recently reported the re-
sults of high-magnetic -field magnetization studies
on non-transition-metal hosts such as Cu, Ag, Au,
and Zn, containing dilute additions of magnetic
impurities at concentrations and temperatures
where the magnetization is influenced by interac-
tions between well-defined magnetic moments
localized on the impurities. For such "spin glass-
es,""'the observed isothermal impurity magnet-
ization &M =M(alloy) -M(host), as a function of
applied magnetic field H, usually falls well below
the free-spin Brillouin-function magnetization

with nonsaturation even up to experimental (H/T) ~
limits of about 60 kG K '." However, it has been
found' ' that nM(H, T) is in at least approximate
accord with theoretical predictions" "based on
the indirect interaction of localized magnetic mo-
ments through the conduction electrons by means
of the s -d Ruderman-Kittel-Kasuya- Yosida (RKKY)
potential. t'" Furthermore, the observed nM(H, T)
generally scales approximately'~'~' with concen-
tration c as

&M/ Fc(T/c, H/c),

where, for a given alloy system, E is a function
whose form does not depend upon c. Blandin, "
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Souletie, and Tournier" (BST) have shown that
Eq. (1) follows rather directly from a random-
molecular-field H model'" which assumes a
long-range oscillating RKKY moment-moment
interaction potential V„~r'. "BST scaling" con-
trasts sharply with the expected scaling

definitive comparison with theories of magneti-
zation"'" and magnetoresistance'" "behavior.
In a subsequent paper, "we shall report a some-
what similar study of the rare-earth-moment
system Zr-Gd.

4M/c= f(T/T&, H/H&) (2) II. SPECIMENS

for a solution of single impurities' '" interacting
only with the conduction electrons, where T, and

H, = ksT—,/ps characterize the strength of the mo-
ment-conduction-electron interaction (e.g. , the
Kondo or localized-spin-fluctuation temperature
and field).

It is of considerable interest to extend high-H
magnetization studies in the spin-glass regime to
a variety of transition-metal-base systems in
order to better understand magnetic interactions
in more complex materials where the applicability
of the s-d model or the related" Anderson band-
mixing model" is questionable. " Aside from
"giant moment" magnetization studies on exchange-
enhanced Pd-"'" and Pt-" base alloys, and recent
work on Mo-Fe,"very little information has thus
far been published. In addition, it is of value to
interrelate 4M(H, T) behavior with the character
of the conduction-electron-localized-moment in-
teraction as indicated by measurements of elec-
trical resistivity p(T) and magnetoresistivity
5p(H)/p(H= 0) on the same specimens as employed
for the ~M(H, T) measurements.

In the present paper, "we report the results of
low-temperature 1.2» T» 27 K measurements of
magnetization, resistivity, and magnetoresistivity
in applied magnetic fieMs up to 135 kG on the
transition metal Zr containing dilute additions of
Mn at concentrations 0.052~ c—0.31 at.% (520
= c ~ 3100 ppm) ~ The presently available (H/T)
= 112 kG K ' has allowed saturation of the local-
ized-moment magnetization, thus allowing more

The bcc (p) phase of Zr is stable from the melt-
ing point down to about 860 C,"at which point it
transforms martensitically to the low-tempera-
ture-stable hcp (n) phase. '4 Above the n pboun-d-

ary there is extensive solubility of Mn in bcc Zr,
but below the &-P boundary, the equilibrium solu-
bility of Mn in hcp Zr is severely restricted, and
is probably less than 0.5 at.%. However, as dis-
cussed" with respect to the rather similar Ti-base
systems, dilute metastable hcp solid solutions
can be formed by quenching the alloys to room
temperature from the bcc-phase field, since at
low enough solute concentrations the martensitic
P to n transformation apparently goes to comple-
tion above room temperature. Reasonably direct
evidence for this interpretation is provided by
studies" of Curie-Weiss behavior in the low-mag-
netic-field impurity susceptibility y, =-X(alloy)
—y(host) of both quenched and annealed dilute al-
loys in the Ti-Mn system. Since Mn displays"'"
a low-temperature localized magnetic moment in
hcp but not bcc Ti, it can be inferred from the
X, (c) measurements that hcp solid solutions of
Mn in Ti are formed by quenching from the bcc
phase at solute concentrations c ~ 0.2 at.%. [Here
and below (where required to avoid confusion) c, is
the concentration in at.%, cf the concentration in
atomic fraction, c„the concentration in parts
per million. j In a somewhat similar way, the
present saturation magnetization ~M (c) and
low Hsusceptibilit-y X, (c) study (Secs. IV B and
IVC) shows that hcp solid solutions of Mn in Zr

TABLE I. Electrical resistivity in zero applied magnetic field.

Specimen
designation '

(2)
Cpggg

Chemical From premelt
analyses weights

(ppm) (ppm)

(4) (5)

p(77 Ig p(4.2 Q p(77 K) -p(4.2 Ig
(pQ cm) (pQ cm) (p, Q cm)

(6)

u(4.2 @
p(77 Q-p(4. 2 Q

(7)

Zr No. 1
Zr-520 Mn
Zr-900 Mn
Zr-1690 Mn
Zr-3100 Mn

0 ' ~

520 +26
900 +45

1690 + 84
3100+155

~ ~ ~

500
1000
2000
4000

7.22
8.27
8.66
9.18

11.13

1.32
2.39
2.74
3.29
5.12

5.90
5.88
5.92
5.90
6.01

0.224
0.407
0.462
0.558
0.853

7.7
8.0
8.5
9.4

Zr-c~~ Mn designates an alloy vrith c~~ parts per million of Mn.c~:Mn concentration in parts per million; c =10 c~ =10 c& where c, and c& indicate Mn concentrations in,
respectively, at. 'fo and atomic fraction.

Tm~: temperature at the resistivity ~~~imum as read from Fig. 3.
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FIG. 1. Photomicrographs representative of (a) "pure" Zr specimen Zr No. 1, (b) Zr-520 ppm Mn, (c) Zr-900 ppm Mn,

(d) Zr-1690 ppm Mn, (e) Zr-3100 ppm Mn.

are formed by quenching from the bcc phase at
solute concentrations c ~ 0.31 at+0.

Crystal-bar "iodide process" Zr, produced by
Foote Mineral Co. , was utilized in the present
study. A typical purity of 99.8 wt% (exclusive of
Hf at =2000 ppm) was claimed by the manufacturer.
A spectrographic analysis" of a piece from the
particular bar used for the present specimens
indicated impurity levels (in ppm) of Fe: 96; Cu:
13; Ti: &40; Co: &60; Ni: &75; Mn: &70; Cr:
&40. Fortunately, the apparent possible 3d-ele-
ment contamination is not particularly serious
here because y, (= 10& T(=300 K) measurements
show that Fe" and Co,"do not display localized
magnetic moments in hcp Zr, and" Cr displays
only a weak saturation moment of about 0.2 p,~.
The Mn was purchased from Gallard Schlesinger
and was of nominal purity99. 99 wPO.

The alloys were consolidated under two-thirds
of an atmosphere of "gettered" Ar in a laboratory
arc-furnace utilizing a water-cooled copper hearth
and a tungsten electrode. Each button was melted
at least six times, with an inversion after each
melt to promote homogeneity. For comparison
with the alloys, a "pure" Zr button was also arc
melted in a similar way from the same starting
Zr bar, and specimen Zr No. 1 (Table 1) was
machined from the button. The resistivity ratio

bC
OJ

4
II

2'

0 I i l

Gl 0.2
c (atomic %)

I

G3

f ~ I

G8
III-

G6
hC

II

0.4 ~
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02 ~
II
I-

FIG. 2. Electrical resistivity at 4.2 K, p(T=4.2 K),
and the normalized electrical resistivity at 4.2 K,
p(4.2 K)/fp(77 K) -p(4.2 K)l vs Mn concentration &, all
at zero applied magnetic field.

of this specimen was p(273 K)lp(4. 2 K) = 30.1.
Because of the possible loss of Mn due to its

high vapor pressure, and because relatively high
weight losses occurred during the arc melting,
pieces from the Zr-Mn alloy buttons were chem-
ically analyzed" for Mn content using a colorimet-
ric technique with an accuracy of = +5%. Both the
nominal concentrations as calculated from the
starting weights and the chemically indicated con-
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centrations are listed in Table I. Since the chem-
ically indicated concentrations appear to be con-
sistent with the measured saturation magnetiza-
tions &M (Sec. IV 8), we have assumed these
concentrations to be the true concentrations.

Sections of the arc-melted buttons adjacent to
the sections cut for the specimens (Table I) were
examined under a light microscope. The micro-
graphs, shown in Fig. 1, all show an o'-Zr "plate-
let" structure, typical of pure Zr which has been
quenched from the P-phase field. "

Specimens were machined directly from the
arc-cast buttons to a cylindrical form with hemi-
spherical ends (so as to approximate ellipsoids
of revolution), length =21 mm, diameter =1.5 mm,
and demagnetizing coefficient4' D = 0.010. Such

geometry permits both magnetization and resis-
tivity measurements. The specimens were sub-
jected to a slow chemical etch, so as to remove
an =0.13-mm surface layer and thus reduce sur-
face impurities and strains induced by the machin-
ing

Figure 2 and Table I show zero-H electrical re-
sistivity data for the specimens. In Fig. 2, the
upper curve shows the normalized resistivity
P(T = 4.2 K)gp(T = 77 K) —p(T = 4.2 K)], which is
independent of specimen geometry and potential-
lead spacing. The lower curve shows the residual
resistivity p(T= 4.2 K) with +5% vertical error
bars reflecting primarily the geometric uncer-
tainty in the potential lead separation and the
average cross-sectional area (A} between the po-
tential leads. " The horizontal error bars reflect
the +5% uncertainty in the chemical analyses. The
nonlinearity of the curves at low c has been ob-
served in other systems""'" and may be associ-
ated with impurity-impurity interactions. How-
ever, we cannot rule out the possibility that non-
linearity and scatter in the data of Fig. 2 reflect
variations in the non-Mn impurity levels or in
defect structures due, e.g. , to slight variation in
the arc-melting procedures employed in consoli-
dating the different alloys.

A series of Zr-Mn specimens was also fabri-
cated by sequentially arc melting, cold swaging,
annealing, quenching, and then etching. However,
both magnetization and residual resistivity mea-
surements indicated that less Mn was retained in
solution in these specimens, and that some im-
purity pickup may have occurred during the pro-
cessing. Therefore, only data for specimens
machined directly from the arc-cast buttons are
discussed in the present paper.

III. APPARATUS AND METHOD

The magnetization data were obtained by mea-
suring the flux change when a specimen was moved

between two balanced series-opposition-wound
search coils as previously described, "except
that the earlier zero-restoring-torque galvano-
meter was replaced by an electronic voltage inte-
grator (Thomas-Skinner, Model No. 7385). The
output of the integrator was recorded on a time-
base strip-chart recorder. The recorder deflec-
tion 5 produced by translation of the specimen be-
tween the two coils was directly proportional to
&Q/R where &Q was the total flux change in the
search coil system and R was the total resistance
in the search coil circuit consisting of R„the
integrating resistor, and R,(H), the search-coil-
system resistance. The deflection was corrected
for the paramagnetic deflection due to the empty
beryllium-copper specimen holder (directly pro-
portional to H and =8% of the deflection due to the
specimen Zr No. 1 at 4.2 K) and for the measured
H dependence of the search-cail resistance R, (H)
(normally a 1.5% correction at H= 135 kG). The
corrected deflection 6, was then directly propor-
tional to the specimen magnetization M in the
spatially (+0.02% over the length of the coil sys-
tem) and temporally (+0.01% over the time of the
measurement) homogeneous applied field H. A
calibration for each specimen of diameter d was
obtained from a linear plot of 5,/H vs d2 as mea-
sured" for superconducting specimens (with
lengths and diameters very similar to the present
specimens) in the perfectly diamagnetic Meissner
state (B=0) of known magnetization M= -H/
4v(1 -D), where D is the specimen demagnetizing
coefficient.

With the voltage integrator at maximum gain,
the overall magnetometer sensitivity was such
that 5,(mV) = 30M (G). For specimens with M& 1
G, measurements were usually made with re-
duced integrator gain (to reduce drift) such that
5,(mV) = 3 M (G). With this setting, 5 could gen-
erally be read and reproduced to = +4% at M = 1 G
and =+0.5% at M=5 G. Some of this scatter may
have been due to paramagnetic impurity particles
in the He." For a given specimen 8-12 deflec-
tions were usually measured and averaged at each
(H, T) so as to reduce the random error. Abso-
lute M values may be in error by = +10%%u() due to
approximate systematic errors of +6%%uo in the cali-
bration procedure, +1% in the specimen holder
correction, and +3%%uo in the determination of the
average specimen cross-sectional area" sensed
by the search coils.

The cryogenic and magnetic systems, as well
as the electrical resistivity measuring apparatus
and method, were rather similar to those de-
scribed earlier. "~' Data at H& =20 kG were nor-
mally obtained with a low residual H= 10 G, 55-kG
Nb-Zr superconducting solenoid, "while data at
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IV. EXPERIMENTAL RESULTS

A. Electrical resistivity in zero applied magnetic field

Figure 3 shows zero-H electrical resistivity
versus T curves for the "pure" Zr specimen, Zr
No. 1 (labeled 0 ppm Mn), and for the Zr-Mn
alloys of the present study. The measurements
were made with a relative precision (for a given
specimen} of about +0.05%, employing a standard
dc four-lead technique, "an adjustable-heat-leak
probe, "'"and a Cu-to-Au (0.07-at. /0 Fe) thermo-
couple thermometer. " The salient features are
the following.

(i) No resistance minimum is observed in the
"pure" Zr specimen Zr No. 1 suggesting that pos-
sible 3d-impurity contamination either in the
starting or processed Zr does not give rise to
localized magnetic moments of sufficient magni-

I I I I zr + c(ppm) Mn
I I

5.IO—

333—
3IOO

327—
2.78—

2.72—
2.42—

1690

900

2.58—
l.34—

520

I.30—

I I I I I I I I I l I I I I l

0 5 IO l5

FIG. 3. Zero-& electrical resistivity p vs & for var-
ious concentrations of Mn in Zr. The curve marked
"0" is that for the "pure" Zr specimen Zr No. 1.

H& 20 kG were normally obtained with a 140-kG,
Nbpn, superconducting solenoid~'~' (Intermag-
netics General} with a 2.125-in. -diam bore, a
field homogeneity of better than 0.1% over a 3-
cm-diam spherical volume, and a Cu-wire mag-
netoresistive field sensor. The latter was cali-
brated and axial field profiles were measured with

a nominally 0.1/o accurate null-deflection rotating-
coil gaussmeter (Rawson Model No. 829S) which

had been calibrated against the proton NMR fre-
quency in glycerine.

tude to perturb the present p(H, T) or M(H, T) mea-
surements.

(ii) Resistivity minima in the range 7-10 K are
observed in the Zr-Mn alloys indicating that local-
ized magnetic moments are associated with Mn

when in solution in hcp Zr. This is consistent with

earlier measurements' on a Zr-2000 Mn alloy
(henceforth the designation A —c„Bwill be used
to indicate c, of 8 in A) which displayed Curie-
Weiss behavior in the low-H impurity susceptibi-
lity X; (=10&T& 300 K), a resistivity minimum

at T= 8 K, and negative magnetoresistance. The
temperatures T „atthe resistivity minima are
listed in Table I, column 7.

(iii) Apeak in p(T, H=0) is observed for Zr-3100
Mn at T ~=2.0 K. Such peaks are typically ob-
served in alloys containing localized magnetic mo-
ments in the present concentration range and are
commonly ascribed" to the influence of localized-
moment-induced random internal molecular ex-
change fields H . Such fields act with progres-
sively greater effectiveness as the temperature
is lowered (H /T increased) to freeze out spin-
flip scattering of conduction electrons from the
moments, and thus counter the negative dp/dT
associated with Kondo or localized-spin-fluctua-
tion single-impurity effects.

Studies of non-transition-metal base spin-glass
systems' indicate that the maximum in p(T) usually
occurs at a temperature T „somewhat above the
"spin-freezing temperature" T„atwhich a cusp
in the low-H impurity susceptibility y, occurs.
The data of Fig. 3 thus suggest that the present
investigation covers only the high-T& T, regime,
as is also borne out by the (a) absence of irrever-
sibility'" in the low Hmagnetizati-on (Sec. IV B},
and (b) absence of deviations from Curie-Weiss
behavior' in the measured y, (1.2 —T —4.2 K) of
Zr-1690 Mn (Sec. IV C}.

Figure 4 shows a semilog plot of &p/c vs T for
the Zr-Mn alloys, where &p=—p(alloy) —p(Zr No. 1).
The irregularities apparent at T& 9 K probably
reflect departures from Matthiessen's rule. The
failure of the &p/c curves to superimpose shows
that, with the possible exception of Zr-520 Mn,
the data of Figs. 3 and 4 do not represent the sin-
gle-impurity regime. The departure from single-
impurity behavior might have been expected on the
basis of comparison with other localized moment
systems ' ~ ' at similar concentrations. The ap-
parently anomalous =6% elevation of the &p/c
curve for Zr-3100 Mn above that for Zr-1690 Mn
is within the combined error of the measurement
of n p/c: +5% for each alloy because of geometri-
cal uncertainties which influence &p,"and +5%
for each alloy because of the uncertainty in the
chemical analysis determining c.
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FIG. 4. Semilog plot of the specific impurity resisti-
vity ~/~ =- [p(alloy) -p(Zr No. 1)]/& vs T for various
concentrations & of Mn in Zr. The inset shows the slope
L [ Eq. (13)] of the ~ /& vs ln & curves vs .

A linear fit to the Zr-520 Mn data of Fig. 4
yields

sp(1.2 «T ~ 5.8 K)/c = K+ L lnT,

with

K= 2.1 nQ cm/ppm,

1.9 x10 ' nQ cm/ppm.

(3)

(4)

(5)

The inset of Fig. 4 shows L vs c and suggests that
Eq. (5) approximates the single-impurity limit Lo
obtained by extrapolation to c= 0. [The fact that
&M(H) for Zr-520 Mn (Sec. IV 8) is close to the
free-spin Brillouin magnetization also suggests an
approach to the single-impurity limit. ] Equation
(5) may be compared with the apparent single-
impurity values (L, in 10 ' nQ cm/ppm followed

by the c„ofthe specimen measured in paren-
theses): Au-Mn, -1.2(25) (Ref. 51); Ag-Mn,
0.72(57) (Ref. 45); Cu-Mn, -3.5(75) (Ref. 52);
Zn-Mn, -20(23)." According to current theory, '4

Lo is influenced by the non-exchange impurity
scattering potential V. Thus L, can be used in

only a very rough way" to estimate the exchange
interaction potential Zp of relevance to the zero-H
resistivity. "

Merely suggestive four-parameter fits of np(T)/
c is given by the Hamann-Fischer formula" (which
included nonexchange scattering) to Eqs. (3)-(5)
can be obtained. Assuming a constant ratio A,/
A~ of non-d-wave to d-wave nonexchange scatter-
ing of 0.5, fits can be obtained with the following
triads of T», p~„/c (nQcm/ppm), and 5„;0.001
K, 3.5, 38';0.01K, 3.2, 40', 0.1 K, 3.0, 41', 1.0 K,
2.9, 42'." Here p»„/c is the unitary limit for d-
wave scattering, 5„is related to V through the
relationship tan5„=»N(0)V [N(0) is the density of

states], and T» is the Kondo temperature. These
values may be compared with the parameters
p~„/c=2.0nQcm/ppm, 25.7' ~ 5„~39.5', 0.03 ~AD/

A, ~ 0.89, and 0.88 ~ T~ ~ 34 K, implied by more
legitimate fits" of the same equation" to &p(T)/c
data over many decades of T for various noble-
metal hosts containing Fe and Cr impurities. The
exchange parameter J, enters the expression for
ks T» = e» exp[-I/I J, IN(0)], where»» is the Fermi
energy and Jp Jpcos 5 Using" E~= 8.2 eV and
interpreting N(0) as a bare density of states" N, (0)
=0.26 single-spin-states eV 'atom ', the T»(J,)
and J (8,5„)equations, together with the present
fit-determined pairs (T», 5„)indicated above yield

I J, I
=0.33, 0.40, 0.49, 0.60 eV (6)

(for, respectively, T»=0.001, 0.01, 0.1, 1.0 K),
as derived from the &p(T, H=0) data. Since the
fits are relatively insensitive to T» and the &p(T,
H = 0) data for Zr-520 Mn may not adequately ap-
proximate the single impurity limit, the J, values
of Eq. (6) constitute only order-of-magnitude es-
timates at best, but are nevertheless within a
factor of 4 of the J values estimated from the mag-
netization [Eq. (28)] and magnetoresistance [Eq.
(35)]. More definitive studies with lower Mn con-
centrations, higher purity starting Zr, and lower
measurement temperatures would be desirable for
a proper assessment of the single-impurity re-
gime.

The positive curvature of the &p/c vs InT curve--
for Zr-520 Mn in Fig. 4 at 6 ~ T ~ 9 K suggests
that the curve may represent the high-T side of a
Kondo step' with T~& 1 K. This assessment is
consistent with the lack of deviation from Curie-
Weiss behavior in the impurity susceptibility of
Zr-1690 Mn at 1.2~ T —4.2 (Sec. IVC), and with
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the relatively low exchange interaction parameters
J= 0.2-0.5 eV indicated by the magnetization and the

magnetoresistance (Sec. V).
Table 0, , column 10, compares the present only

roughly gauged T~&=1.0 K value for Zr-Mn with

T~ values as estimated by other workers for non-
transition-metal hosts containing Mn.

8. Magnetization

Figure 5 shows M(H, T = 1.2 K) for the Zr-Mn
alloys and M(H, T = 4.2 K) for the "pure" Zr speci-
men Zr No. 1 (labeled 0 ppm Mn). The linearity
of M(H) for Zr No. 1 is consistent with the absence
of resistivity minimum evidence (Fig. 3) for 3d
localized moments and also indicates that f-shell
moments, which may affect M (and the magneto-
resistance} without producing a resistivity mini-
mum in Zr,"are essentially absent. The presently
measured 4.2 K volume susceptibility X

=M/H-
= 9.0 && 10 ' emu/cm' (dimensionless") = 1.2 && 10~
emu/mole (using V = 13.88 cm'/mole" ) is some-
what higher than the literature values for poly-
crystalline Zr (all in 10 ' emu/mole): X(T= 20 K)
= 1.11,"X (T = 0 K}= 1.1,"X (T = 20 K) = 1.06." The
latter value is calculated from anisotropic X = 1.4V

and X,=0.86 as measured for a Zr single crystal,
assuming random crystallite orientations so that
X = (3)X„+(~ )X, where II and & mean, respectively,
parallel and perpendicular to the hexagonal crystal
axis. It is possible that a degree of preferred
crystalline orientation (H parallel to hexagonal
axis) exists in the present arc-cast specimen so
as to account for the present relative high X(Zr)
value.

Figure 6 shows the Mn-induced impurity mag-
netization i&I(H, T = 1.2 K) = M(alloy) -M(Zr No. 1).
We have assumed that M(Zr No. 1) is independent
of T in the range 1.2~ T~4.2 K and have utilized
the 4.2 K curve of Fig. 5 for M(H, Zr. No. 1) at all
T ~ 4.2 K. The curves of Fig. 6 show that as Mn
concentration increases, the 8 required to satu-
rate ~ increases, until at 3100-ppm Mn the
saturation field H, = 130 kG (H,/T = 108 kG/K).
Such reluctance of localized moments to saturate
in high (H/T) has been observed in both the mo-
ment-moment interaction regime' '""and in the
apparent single-impurity regime" ~ ~ at T&=T,
and H & =H„where moment-conduction-electron
interaction inhibits free-spin behavior "'"

The apparent slight negative slope in dM(H, T
= 1.2 K) for Zr-900 Mn at H& 80 kG also appears
at higher T = 2, 4 K and is probably an artifact of
the measurement. Since AM=-M(alloy) -M(Zr No.
1), the discrepancy could be accounted for by (a)
a combined 8% error in the determination of the
average cross-sectional areas of the Zr-900 Mn

S[&M,(fit)] = 1.96+ 0.2, (9)

where the error limits reflect primarily the +1+o
uncertainty in the absolute M determination (Sec.
111). Equation (9) may be compared with the

S[X,(high T)]= 1.75, (10)

indicated by previous X, (=10& T& 300 K) measure-
ments on a nominal Zr-2000 Mn specimen, which
yielded a 3.5p, ~ saturation moment from a Curie-
Weiss-law fit; with the S[X,(low T)]= 2.00 indicated
by the present X, (1.2 T 4.2 K) measurem—ents on
Zr-1690 Mn [Eq. (14a)]; and with the value

S[free 3d' ion (Mn")] = ~.

The relatively low value of Eq. (10) may be due
to an overestimate of the Mn concentration which
was based" on the premelt weights. According
to the Anderson" model, the differences between
Eqs. (9), (10), (13), and Eq. (11) may be attribu-
ted to band mixing of the d-shell ionic states.

and Zr No. 1 specimens (although a combined
maximum 6% error is estimated"), (b) a difference
in preferred crystalline orientation of Zr-900
Mn and Zr No. 1 such that the Zr susceptibility is
less in the former. Effect (b) would cause a nega-
tive slope in &M(H, Zr-900 Mn) above the H re-
quired to saturate the Mn moments in Zr-900 Mn.
A Mn-induced decrease in the Zr susceptibility
(due, e.g. , to conduction electron spin polariza-
tion, or changes in the shape or filling of the Zr
d-band) such as to give the negative slope seems
unlikely in view of the absence of negative slope
in the other Zr-Mn specimens. In order to avoid
possible confusion and misinterpretation, the
negative slope M(H) data for Zr-900 Mn have not

been shown in Figs. 9, 10, and 17.
Figure 7 shows 4M,„(T=1.2 K) vs c, for Zr-Mn

alloys. The flatness of the high-H CM(H) curves
of Fig. 6 suggests the identification of ~M,„with
the saturation magnetization

c M „=ngS p~ = (N, V„'cz)gS ps, ,

where n is the volume density of solute atoms, g
is the Lande splitting factor [we make the usual
assumption throughout this paper that for Mn in
metallic solution the orbital contribution L is
quenched so that J=S (where L, J, and S are, re-
spectively, orbital, total, and spin angular mo-
mentum quantum numbers)], pa is the Bohr mag-
neton, N, is Avogadro's number, and V is the
molar volume. From Eq. (I),

S = (bM /cf)[V„/(N,gps}]. (8)

Insertion of the measured slope &M /c&= 1.58
&& 10' G from Fig. I into Eq. (8), along with" V
= 13.88 cm'/mole for hcp Zr yields a best fit
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in good agreement with the free-spin Brillouin
magnetization. Similar agreement has been ob-
served' for a Au-54-Mn specimen at H» 50 kG,
and 1.7» T» 4.2 K. Such free spin behavior might
be expected at T» T„T»T, (or at H»H„H
»H, ) where T, and H, =-ksT, /ps characterize
the strength of the impurity moment-conduction
electron interaction and T, and H, characterize
the strength of the moment-moment interaction.

(b) For c~ 1690, the approach of the magnetiza-
tion curves to saturation with increasing (H/T) is
slower than indicated by the free-ion Brillouin
curves —an effect which becomes more prominent
as c is increased. This suggests net antiferro-
magnetic interactions which increase with c.

(c) For c~ 1690, the approach of the magnetiza-
tion to saturation with increasing H/T becomes
progressively slower as T is reduced. This fea-
ture appears to be generally characteristic of
localized moment magnetization in both the mo-
ment-moment interaction' ' and single-impurity
(T&=T,)86 regimes. In the former case such be-
havior is apparently due to the more effective
locking of moments by internal fields H at lower
T (higher H /T).

I I I I
f

I I I I

i
I I I I

gSB~ {H,4.0K)

C. Low-H magnetic susceptibility

Figure 11 shows low-H (H~ 6 kG) nM(H) curves
in the range 1.2» T» 4.2 K for Zr-1690 Mn. Such

I 1 I

5 ~nSpaes{H/T), S l.99
t I

Figure 10 shows &M/c plotted as a function of
H/c at nearly constant T/c. The reasonably good
superposition of data for different alloys on these
curves indicates that BST scaling [Eq. (I)] is rea-
sonably well obeyed. This, in turn, suggests that
(a) the s-d RKICY model presupposed by Eq. (1)
may have some degree of validity for the transi-
tion-metal host Zr, and (b) the present M(H, T)
data reflect primarily the influence of an oscillating
long-range RKKY-type moment-moment interaction
rather than a predominance of some near-pair
coupling" or single-impurity coupling only to the
conduction electrons. The minor influence of
near-pair coupling (which might be especially im-
portant if chemical clustering"" had occurred)
is also indicated by the present absence of mag-
netization remanence and low-H hysteresis in
either the magnetization or magnetoresistance
(Sec. IVD). Such effects have been observed in'
Cu-Fe and '"Cu-Mn in the present c range. Re-
cently BST scaling has also been observed" in the
transition-metal-host Mo-Fe system at 0.84» c
—1.42-at.% Fe.

X2
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c 0 I I I I
I
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c gSB {H, 1.2K)
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pm) Mn
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00 ppmMn

90

oo 50 100 l50
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FIG. 8. Impurity magnetization in Bohr magnetons
per Mn atom JI/Iq vs applied magnetic field & for the Zr-
Mn specimens containing 1690- and 3100-ppm Mn. For
comparison, the Brillouin-function magnetizations
gSB, (&/&) for S= 2 are also shown.

p ~ I I l

4o 6O 80 IOO 120

H/T (kGK-I)
FIG. 9. The impurity magnetization &M(H, Q vs H/&

for various concentrations & of Mn in Zr. For compari-
son, the Brillouin-function magnetizations &g SggB~(&)
are also shown.
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low-H data at closely spaced T intervals were not

obtained for the other specimens. The lower-H
linear sections of the curves (extended by dashed
lines} define the low Hi-mpurity susceptibility

)(, —= lim„o(&M/H).
Figure 12 shows X,

' vs T for Zr-1690 Mn, where

y, (T}values have been obtained from Fig. 11 as
indicated above. The data fit a Curie-Weiss law

1 3k (T -8}
X& ng'[S(S+ 1)]u&

' (13)

yielding the low-T susceptibility derived values

S[y, (low T)]= 2.00,

8[x&(low T)]= -0.37 K.

(14a)

(14b)

Zr+c (ppm) MnCO

I
gJ

E g~ ni
CL I

l5 ~ 0
g N th

I
cu

lO-I5-~-
O LA

I
x 590—15—rV

o-5-Io-IS

I I

(T/cP

(Io-4K/ppm)

6.8+ sv

Equation (14a) is in good agreement with the S
= 1.96 of Eq. (9) derived from a best fit to the
saturation magnetization data.

The low-H impurity susceptibility X, was also
measured at T =4.19 K for the other Zr-Mn al-
loys, yielding values listed in Table II, column

11, and plotted in Fig. V. The linearity of these
points suggests that B is not markedly c depen-
dent, although the accuracy of the present data
and the possibility of a weakly c-dependent S
(Table II, column 6) do not allow us to rule out

the possibility that B fx- c as suggested by theory"'"
for T»B. Assuming, for the moment, that B is

a constant 8, for all the alloys, Eq. (13}yields

[S(S+1)]= 3k (T -8,)g 'p '(y, /n).

Insertion of T = 4.19 K, B,= -0.37 K, g= 2, and

the best fit y, /n= 1.10 x 10 "cm' from Fig. 7

yields

S[y&(low T, fit)] = 2.01,

in good agreement with Eqs. (9) and (14a).

D. Magnetoresistance

Figure 13 shows longitudinal magnetoresistance
curves 5p(H)/po for the pure Zr specimen Zr No. 1
and for the Zr-Mn alloys at T=1.4, 4.2, 2V K.
Here 5p(H)=—p(H) —p(H=O), p, = p(H=O)—, and "lon-
gitudinal" means that H is aligned parallel to the
measuring current and to the longitudinal axis of
the specimen. The experimental method"~' as
applied to the present specimens allows a relative
precision, for a given specimen, of about 3x 10~.
The salient features of these curves are the follow-
ing

(i) Zr-Mn alloys display negative magnetoresis-
tance indicative"" of interaction between conduc-
tion electrons and magnetic moments localized on
Mn atoms. (The curves of Fig, 13 are consistent
with earlier observations" of negative magneto-
resistance at H ~ 30 kG, T = 1.2 K for a Zr-2000 Mn
specimen. ) Such negative magnetoresistance is
commonly attributed'0' ' to the H-induced freeze-
out of spin-flip scattering of conduction electrons
from localized moments.

1.2—

I.O

0.8

'30.6

0—5 —IO

0—5

I I

0 20 40 60 80 IOO

H/c (G/ppm)

FIG. 10. Demonstration of the Blandin-Souletie- Tour-
nier scaling &M/& =&(&/&, &/&). The specific impurity
magnetization &M/& is plotted vs the "reduced" applied
field &/&, at various nearly constant values of the "re-
duced" temperature &/&.

0.4

0.2

00 2 4
H (ke)

FIG. 11. Low-H impurity magnetization 6M vs applied
field H for the Zr-1690-ppm-Mn specimen at various
temperatures T in the 1.2-4.2 K range. The low-H
linear slopes determine the impurity susceptibility X; P').
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FIG. 12. Reciprocal impurity susceptibility g; vs 2'

for the Zr-1690-ppm-Mn specimen. The data fit a
Curie-Weiss law X~ =&/(&-8) with 0= -0.37 K and
& such that $=2.00 f Eq. (14a)] as discussed in the text.

FIG. 14. Kohler plot of the magnetoresistance for the
"pure" Zr specimen Zr No. 1. The logarithm of the
normalized magnetoresistance ~p&/pop is plotted vs the
logarithm of the normalized applied field &/p.

(ii) The negative magnetoresistance becomes
more prominent as T is reduced, as is commonly
observed in (a) the single-impurity regime, "~~'
and (b) the moment-moment interaction re-
gime~'"" at T& T ) Tp (see Sec. IVA3), where
internal molecular fields H are less effective in
locking the moments.

The problem of the separation of the localized-
moment-induced "spin-component" magnetoresis-
tance ()p, /p, from the normal positive magneto-
resistance ()p„/pp due to Lorentz-force bending
of conduction-electron orbits can be trouble-
some.""However, the problem is less severe
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l690~51 CO
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'
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'

I
'

I

'
I

'
I

'
I

~520
900
I690
3IOO &~

-IO
O

CL.

~ -20

+IO'—
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520~P-~ W
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H(SG)

FIG. 13. Normalized magnetoresistance &p/p 0 vs
applied field H at various temperatures & and for various
concentrations + of Mn in Zr. Here 4p =—p(+ -p(&=0)
and p, =—p(&=0).

-20 I 690
T I 4K ~~— 3IOO

I ) I I ) I

0 20 40 60 80 IOO I 20 I 40
H(kG)

FIG. 15. Normalized spin-component magnetoresis-
tance ~p, /p, vs applied field & at various temperatures
T and for various concentrations & of Mn in Zr. Here
tip, /p, has been separated from the total magnetoresis-
tance ~p/p() of Fig. 13 by means of the Kohler plot, Fig.
14, as discussed in the text.
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0.8
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Cg

~~0.6

0.4
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H/T (kGK ')

80 F00

FIG. 16. Absolute value of the spin-component magne-
toresistance Q, vs 0/& at various temperatures & and
for various concentrations & of Mn in Zr.

in the present case because (a) the nonmagnetic
residual resistivities of the present Zr-Mn a,lloys
are relatively high [=1 pQ cm (Table I, column 4
and Fig. 2) due to the relatively impure (=2000-
ppm Hf) host Zr] so that 5p„/p, is relatively small,
(b) at lower T and higher c, 5p, /p, is large in
comparison with 5p„/po, and thus the latter can be
satisfactorily approximated from a Kohler plot"
of the magnetoresistance data for the "pure" Zr
specimen Zr No. 1.

Figure 14 shows such a Kohler plot of Iog(5p~/
p»)vs log (H/p»} for specimen Zr No. 1. Here sub-
script "p" stands for "pure." Although not strictly
correct, ""we assume the validity of a "Mat-
theissen's rule for magnetoresistance" such that
for the Zr alloys

(16)

Thus the normalized spin-component magneto-
resistance is taken to be

5p,(H) 5p(H} 5p~ H H

~o Po Pop ~op ~o

where 5p(H)/p, is the total measured magnetore-
sistance (Fig. 13), and the subtracted normal-
state magnetoresistance component 5p~/p» of Eqs.
(16), (IV) can be read directly from the Kohler
plat of Fig. 14. The break in the Kohler-plot line
at (H/p»}s = 10"= 40 ko/pQ cm between low-H

[5p/p, ~(H/p, )"]and high-H [5p/p, ~ (H/p, )"]re-
gions is characteristic'4 of many polycrystalline
materials and may signify the onset of the high-H
(&or» 1) regime where the magnetoresistance is
determined by the topology of the Fermi surface,
rather than the scattering processes. Therefore,
Eq. (I'1) may be less reliable at H/p, (H/p—»}e.

Figure 15 shows 5p, (H)/p, for Zr-Mn alloys
where the separation of the spin component 5p, (H)
has been effected by means of Eq. (17). Curves
in the uncertain H/po~ (H/p»)3 region have been
shown as dashed lines. Comparison of the spin-
component 5p, (H)/p, curves of Fig. 15 with the
total magnetoresistance 5p(H)/po curves of Fig.
13 (these two figut'es are drawn with the same
scales and placed adjacent with abscissas aligned
for easier comParison), shows that for Zr-1690
Mn and Zr-3100 Mn at T ~ 4.2 K, 5p„/p,» 0.2 5p, /
p„sothat small errors in 5p„/p, associated with
the present inexact"" Kohler treatment are not
too important. On the other hand, for Zr-520 Mn
at T ~ 4.2 K, 5p„/p, approximates 5p, /p, so that
the latter is less reliable than in the more concen-
trated alloys. The Hurd-Alderson'4 iterative cor-
rection to the present Kohler treatment shifts
the derived (5p,

~
by =8% or less in the presently

investigated specimens.
Figure 16 shows ~5p,

~

vs H/T, which may be
compared with its magnetization counterpart &M
vs H/T of Fig. 9. It is evident that

~
5p,

~
(H/T) is

quite similar to &M(H/T): (a) the fields H, re-
quired for saturation are about the same; (b) for
c~ 900 ppm, both scale as H/T; (c}for c ~ 1690
ppm, the departure from H/T scaling increases
with c; (d) for c~ 1690 ppm, the low Tcurves-
fall below the high-T curves. Such similarity is
not unexpected in view of the usual

~
5p,

~

- (4M)'
observed in both the single-impurity" and impur-
ity-impurity-interaction"'" "regimes.

Figure IV(a) shows -5p, /c vs M~ for Zr Mn al-
loys. Departure from the

~
5p,

~

~M,'relationship
is especially apparent at the lower concentrations
c~ 900 ppm. The specific spin-component mag-
netoresistance at constant M~ is c dependent in a
direction opposite to that which might have been
anticipated from results on Au Fe alloys, "where
moment-moment interactions at c= 1100, 1900-
ppm Fe appear to decrease

~
5p,

~

/c at constant
H from its apparent single-impurity value.

V. COMPARISON OF EXPERIMENT AND THEORY

A. Magnetization

According to the high-temperature T& T, theory
of Larkin and Khmel'nitskii, "'"the approach to
saturation of the impurity magnetization 4M is
T independent and given by"
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~ ~

(-(2Mb) ' c(a) (pa8/Mn atom)
0 4 8 I2 I6 20

l I I I f

0.4

H»nV, /gita [for Zr: H(kG)

» 2.3 x 10"c„V,(erg cm')].

(»)
Here V, is defined by the HKKY expression (appro-
priate for kyar» 1)

0.5 V„(r)= Vg cos(2krr)]/r', (22)

0.2 0.5

E
O. l

0

I

0.2

0.4

0.5

0.2

O.I O.I

0 4 , 8 I2 . I6
Mb (p8/Mn atom)

FIG. 17. Specific spin. -component magnetores istance
Q~/& vs two different functions of the impurity magneti-
zation Mq. (a) bottom, the square of the impurity mag-
netization; (b) top, the Heal-Monod and Weiner (Ref. 30)
"freeze out factor" A(n) =M) fl+2Msc(a)] as indicated
in Eqs. (31) and (32) of the text. For & —1690 ppm the
measured values of Mz (&, &=1.2 K) have been slightly
adjusted by linear-in-& interpolations between 1.2- and
2.0-K data so as to correspond to the temperatures
indicated in the graph at which the magnetoresistance
was measured. For ~ —900 ppm, Mq (&, &=1.4 K) is as
specified by the Brillouin magnetization Mpp
=g88» (0,1.4 K) with S(900 ppm) = 1.80, S(520 ppm) = 1.83,
since these functions are shown to fit the data in Fig. 9.

&M =ngS)is[1 —2(2S+ 1)nVc/3gitsH], (18)

provided that (a) the moments are well defined,
e.g. ,

T» Tr or H»H»= ksTr/)ts;—
(b) &M(H, T) is measured in the high-H regime

H» ksT/ggs[H(kG)» I.4 T(K)] (20)

and

where k~ is the Fermi wave vector.
Figure 18 shows &M vs H ' for Zr-Mn alloys in

the (H, T) range 1.2~ T~4.2 K, 20~H~ 135 kG.
The linear T-independent approach to saturation
predicted by Eq. (18}is not obeyed.

(a) The &M(H ') curves bend over at the lowest
H ' (highest H) in accord with the Brillouin func-
tion (c~ 900 ppm) or intermediate (c «1690 ppm)
between Brillouin-function and Larkin-Khmel'nit-
skii [Eq. (18)] behavior. This same type of de-
parture from Eq. (18) has also been noted' for the
relatively low V, (Table II, column 8) Au-Mn al-
loys at c~521ppm, 1.2~T~4.3 K, and 23~H
~ 50 kG, although such alloys at higher c~ 1005
ppm displayed linear &M(H ') in the same field
range. The present results suggest that it might
be worthwhile to examine Au-Mn, ' as well as al-
loys examined at H» 50 kG,"4at higher H in or-
der to check for a possible general breakdown of
the linearity prediction of Eq. (18).

(b) The &M(H ') curves are not T independent.
A similar lack of T independence has been ob-
served in many non-transition-metal-base alloys'~
and has been attributed to nonsatisfaction of Eq.
(19)' or Eq. (20).'

Since, in the present alloys it appears that satu-
ration is virtually complete at H~ 135 kG, it seems
unlikely that the failure of Eq. (18) can be attri-
buted to nonsatisfaction of the high-H conditions of
Eqs. (20), (21). However, Eq. (19) may not be
well satisfied since, for T~ as high as 1.0 K, the
H range 20-135 kG of Fig. 18 is such that H& H~
=15 kG.

Although the Larkin et al." theory does not
seem to account for important features of the
present nM(H '} curves, it may be worthwhile to
apply the theory in a rough way to the alloys for
which c~ 1690 ppm so as to obtain values of V,
and Z~„~which can be compared with similarly
derived values' ' for non-transition-metal base
alloys. Ignoring, for the present, the low-H '
saturating portions of the M(H ') curves for Zr-
1690 Mn and Zr-3100 Mn, the straight lines of
Fig. 18 approximate the curves up to H ' = 3 ~ 10~
G~ (H= 33 kG) and extrapolate to "pseudosatura-
tion-magnetization" values &M = &M(H '-0) as-
listed in Table II, column 7.

Following Smith et al. ,' ' the straight lines of
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FIG. 18. Impurity magnetization &M vs the reciprocal
applied field & ~ at various temperatures & and for
various concentrations & of Mn in Zr. For comparison,
the Brillouin function magnetizations IgSpgB~(&/T) are
also shown. The straight line extrapolations to & ~ = 0
represent behavior in accord with the»g&-0 Larkin-
Khmel nitskii expression for &M(& ') as explained in the
text.

I ig. 18 can be expressed as

&M= t)M [1 —H (n, T)/H],
with

Hc(n, T) =Pke T+ QnVc.

(23)

V, =2.7 x 10 "ergcm' (26)

as listed in Table II, column 8.
A value of the exchange interaction parameter

J„KK~relevant to the HKKY interaction" may be
deduced from the Vo value sinceix, xs.s

V, = (SZ)'(S/2e„)J'R~Y/(2k')'.

Inserting values for Zr: Z=4, &~=8.2 eV, '
k~=1.73x10' cm ',"V, =2.Vx10 '7 erg cm'
[Eq. (26)] into Eq. (2't) yields

( 27)

Comparison of Eq. (16) with Eqs. (23), (24) shows
that

Q = 2(2$+ 1)/Sgt(B. (25)

Figure 19 shows H,/c vs T/c for the Zr-Mn al-
loys. A linear relationship is obtained as ob-
served by Smith' ' but contrary to other experi-
mental (Ag Mn) and theoretical'c work. Linear
extrapolations to T/c= 0 yield

FIG. 19. "Reduced" slope &0/& [see Eq. (23)l of
&M(& ) (straight-line fits in Fig. 18) plotted vs the
"reduced" temperature T/& for the Zr-1690-ppm-Mn
and Zr-3100-ppm-Mn specimens. The T/& = 0 intercept
[see Eq. (24)] implies an RKKY coefficient &0=2.7
&10 erg cm as discussed in the text.

I&RKKYI = 0.50 e& . (26)

T» TK or H»H»= kBT/pe, —

6p, /c& = -Svm *V„erg'(2e'ft) '

x (A((Y)[1+ SZg[1.57+ 1n(kBT/2er)]].

—SZSH((Y)),

(29)

( 30)

where V„is the volume per host atom, (2 =gttBH/
kBT, m* is the effective electron mass, 8 =-J /

is the exchange interaction parameter rele-
vant for magnetoresistance, "and all other param-
eters are as previously defined. Equation (30) is

Considerable uncertainty (see Note added
in proof) attaches to this estimate of ZR«Y
because of (a) the apparent breakdown at
low (H ') of Eq. (23) and hence the uncertainty in
the derived V, [Eq. (26)], (b) the use of free-elec-
tron estimates" for Z and kp in Eq. (27), and (c)
the use of a band-structured calculated'0 a~ in Eq.
(27).

B. Magnetoresistance

According to the third-order perturbation ana-
lysis of Beal-Monod and Weiner'c'" (BMW), valid
for
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valid in the single-impurity limit for arbitrary
(H, T), provided that IJ I

is much less than the
nonexchange impurity scattering potential V (as
appears to be the case for most alloy systems in-
vestigated to date"" "). Physically Eq. (30) ex-
presses the magnetoresistance due to (a) H/T in-
duced freeze-out [A(n) factor] of single spin flip
(first Born approximation g' terms) and double
spin flip (Kondo-type second Born approximation
8' terms), and (b) the H/T dependence of the sec-
ond Born approximation scattering amplitude
[B(n)J' term]. Expressing the impurity magneti-
zation &M in terms of Bohr magnetons per Mn

atom, M, =&M/spy =g(S$, the A(n) and B(n) fac-
tors may be written (for g=2)

A(n) = M,'[1+ (2M, ) 'c(n)],

where

—O. I

—0.2

—0.4—
E
CL
CL
W —05—

~ —O. l

—0.2

l'ved

T= 4.2K

I i I i I s l i I i I
l

l
l

l
I

[

J~ =-O.leeV

and

c(n) = coth(-,' n) —(-,
' n)[sinh'(-,' n)] ', (32)

J~ = -O. I8eV

B(n) = [S(S+1) -M,' -(-,'M, }coth (& n)]

x [I,(n) -I,(0)]+ (-,'n)QM, )[sinh'(-,'n)] '

x [I (n) -I (0)], (33)

where I,(n) and I,(n}, the same functions as given
in an earlier treatment, "are presented graphi-
cally"" with I,(0)=I,(0) = -0.432. For n & 10,
I,(n) and I,(n) vary essentially as lnH, which re-
places the ln T of the zero-H Kondo effect.

Insertion of cr, m*, and Vz= V /X„for Zr,"
into Eq. (30} yields

5p, /c= -10.9[PA(n)+ 3ZA'[1.57+ In(ks T/e2z)]A(n)

3''B{n}fnf-l cm/ppm, (34)

where A(n) and B(n) may be determined from the
measured magnetization M, (H, T) in accord with
Eqs. (31)-(33).

If the g' terms of Eq. (34) are neglected, then
Eqs. (31),(34) indicate that -5p, /c should be pro-
portional to A(n) —=M,'[1+ (2M,) 'c(n)] rather than
Mf. Fig. 17(b} shows -5p, /c vs A(n). As in Fig.
17(a), departure from linearity is especially ap-
parent at the lower concentrations c—900 ppm.
The slopes of these curves (dashed lines for c
~ 900 ppm) yield [from Eq. (34}with g'= 0] ~Z g'
=0)

~

=0.26, 0.31, 0.39, 0.39 eV for, respectively,
c=520, 900, 1690, 3100 ppm. However, it is
doubtful that much significance can be attached
to these J values since (a) there seems to be little
justification for ignoring the g' terms in Eq. (34),
and (b) Eq. (34) applies only to the single-impurity
regime where J should be independent of c.

Figure (20} compares the observed specific mag-
netoresistance 5p, /c with the complete Eq. (34)

—0.4— (H. T, J~)

' 0 20 40 60 80 l00 l20
H {kG)

FIG. 20. Specific spin-component magnetoresistance
Q, /& vs applied field & at &=4,2 and 1.4 K for the
Zr-520 -ppm-Mn specimen. The BMW curves show the
predictions of the Beal-Monod and %einer third-order
perturbation theory with insertion of the presently mea-
sured magnetizations Mq(&, Q. The BMW (&=4.2 K)
curve is shown only for &—40 kG because technical
difficulties prevented the accurate measurement of Mq
at higher K The Mq(&, & =1.4) used in the BMW for-
mula is as specified by the Brillouin magnetization
ilfaq =gSB, (&, &=1.4 K) with 8=1.83, since this function
is shown to fit the data in Fig. 9. The dashed portions
of the observed Q, /& curves indicate regions over
which separation of the spin component was effected by
use of the Kohler plot (Fig. 14) atH/pvalues above the
high-H break in the plot of Fig. 14.

for the Zr-520 Mn alloy which most nearly ap-
proaches the single-impurity regime. For the
highest H= 130 kG, where the convergence condi-
tion Eq. (29) is best satisfied, the BMW fit im-
plies

J =-0.17 eV, (35)

which is a factor of 3 less than the J„„„~estimate
of Eq. (26).

The 5p, /c curves as predicted by BMW at T = 1.4
K, H& 40 kG where M, is saturated (Fig. 6) dis-
play a small positive slope as emphasized by
BM|I%wt'. This positive slope is due to the H de-
pendence of the scattering amplitude, "and is also
predicted by an S-matrix calculation, "but the
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detailed physical mechanism which might be re-
sponsible for such a positive slope seems some-
what obscure. 'There is a slightpositive slope for
the observed 5p, (H, T = 1.4 K)/c at H& 115 kG but

refined studies at stiQ higher H appear to be
needed to adequately investigate this aspect.

Figure 21 compares the observed specific mag-
netoresistance 5p, /c with Eq. (34) for the Zr-
3100 Mn alloy in which Mn-Mn interactions are
most prominent, as indicated in Figs. 4, 6, 9,
and 16. The apparent J values indicated by
the BMW fits are not greatly different from Eq.
(35).

VI. DISCUSSION AND SUMMARY

The present work attempts to shed some light on

localized-moment interactions in a transition-
metal host Zr, through the experimental investi-
gation of high-H magnetization and magnetoresis-
tance, low-H susceptibility, and zero-H electrical
resistivity, all performed on the same specimens.
The primary results are as follows:
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FIG. 21. Same as Fig. 20 except that the specimen is
Zr-3100-ppm Mn and the measured Mq (&, &) have been
slightly adjusted by linear-in-& interpolations between
1.2- and 2-K data so as to correspond to the temperature
at which the magnetoresistance was measured.

(a) The resistivity, magnetoresistivity, and mag-
netization measurements confirm the earlier indi-
cations" that Mn displays a localized magnetic
moment when in solution in hcp Zr. The zero-H
resistivity of the most dilute c= 520-ppm speci-
men suggests that the Kondo temperature TI, & 1.0
K, as is characteristic of noble-metal hosts con-
taining Mn in dilute solution (Table II, column 10).

(b) Both the high-H magnetization and low-H sus-
ceptibility show that the spin S associated with Mn

in dilute solution in Zr is 2.0+ 0.2 [Eqs. (9), (14a),
and (15)]. Similar S values are observed in Mn in
solution in noble-metal hosts (Table II, column 6},

(c) The observation of a peak in the zero-H re-
sistivity at T =2 K for Zr-3100 Mn suggests'
that the spin-freezing temperature T, (if it exists
in Zr-Mn) is such that T,(c= 3100 ppm) & 2 K. The
Curie-Weiss behavior of the low-H susceptibility
of Zr-1690 Mn at 1.2» T» 4.2 K indicates that

T,(c=1690 ppm)&1. 2 K. These T,(c) limits sug-
gest that T,(c) in Zr-Mn is lower than that ob-
served in Cu-Mn, ' but possibly similar to T,(c) as
observed in Ag-Mn and Au-Mn. ' Direct measure-
ments of T,(c) in Zr-Mn by means of susceptibility
and specific-heat measurements atT & 1 K are
clearly desirable. " Such measurements, might

also explore a possible confluence of spin-freezing
and superconductive pair condensation at T& T,(Zr)
=0.5 K.

(d) The impurity magnetization aM(T = 1.2 K) in
Zr-cMn alloys saturates at fields 40»H, » 130 kG
(for 520~ c~ 3100 ppm). As far as we are aware,
these are the first observations of magnetization
saturation in relatively concentrated (c & 500 ppm)
spin-glass systems above T,.

(e) The impurity magnetization &M in Zr-c Mn

at 520» c» 3100 obeys the BST""scaling ~
= F(H/c, T/c) suggesting the presence of a long-
range oscillating, RKKY-like Mn-Mn interaction
in the transition-metal host Zr.

(f) The approach to saturation of the impurity
magnetization &M in Zr-Mn differs from that pre-
dicted by the Larkin-Khmel'nitskii ' theory
since (a) the measured aM(H ') is T-dependent
as observed' in non-transition-metal-base al-
loys, and (b) the measured &M(H, T= 1.2 K) satu-
rates as indicated in (d} above instead of ap-
proaching saturation linearly in H ' for 0»H '
«gps/k~T. The present work suggests that cut-
off values in the molecular-field distribution may
exist at (H ) on the order of H, (c) in the Zr-Mn
alloys of this study. It is possible that the present
relatively low H, (c) is associated with the rela-
tively" high residual resistivities (Fig. 2 and
Table I, column 4), since shortened electron
mean free paths could result in a damping of the
RKKY oscillations. '8 If such damping exists it is
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apparently not of sufficient magnitude to destroy
the BST scaling. Systematic studies of H, and
BST scaling as functions of nonmagnetic impurity
doping would be desirable.

The insertion of physically required (H )
cutoffs into random-molecular-field theory has
recently been considered by Klein, Fischer, and
Riess. ' '"'" However, their predicted' magneti-
zation-approach-to-saturation is a low-T-limit
expression for which the cutoff is believed' to be
irrelevant. Their expression apparently agrees
with the observations of Hou and Coles' on Ag-Mn,
but seems to be at variance with the present work
on Zr-Mn and with the measurements of Smith
and co-workers' ' on Au, Ag, Cu, and Zn con-
taining Mn.

(g) The value of the exchange interaction param-
eter (J (=0.2-0.5 eV in Zr-Mn as suggested by
high-field magnetization [Eq. (28}]and high-field
magnetoresistance [Eq. (35)] is probably only of
order-of-magnitude significance. As such it is
comparable to similarly derived values for noble-
metal hosts containing Mn in dilute solution (Table
II, column 9}.

(h) The spin-component magnetoresistance 5p,
of a localized-magnetic-moment metallic system
has been examined, apparently for the first time,
under conditions of impurity magnetization 4M
saturation (Figs. 6, 16, and 20). Concomitant
saturations in 6p, (H) and &M(H) are observed.
Detection of the small positive slope in 6p, (H) pre-
dicted by BMW"" (Fig. 20) under conditions of
magnetization saturation is probably beyond the
resolution of the present experiment. Further
measurements at higher fields in lower-Mn-con-
centration Zr-Mn and Zr-Hf-Mn alloys are planned
to explore this interesting single-impurity predic-
tion.

In general, the present work indicates that the
localized-magnetic-moment and high-T& Tp spin-
glass behavior of Mn in the transition metal Zr
is rather similar to that displayed by Mn in the
noble metals Cu, Ag, and Au. However, a thorough

comparison is prohibited by the dearth of
data for the latter alloys at H& 50 kG. The present
observations of relatively low-H saturation of the
impurity magnetization do not appear to agree
with current T~ Tp theory, "'"but it is presently
unclear whether this type of high-H disagreement
is a general property of spin glasses, or is pecu-
liar to transition-metal-host systems or to sys-
tems with relatively short electron mean free
paths.

It would appear that further high-H measure-
ments over wider T ranges, which encompass
both the frozen- and unfrozen-spin regimes in
many different transition- and non-transition-
metal-host spin-glass systems should be of value
in elucidating the nature of localized-moment
interactions in metals and, more generally, the
"freezing" of random systems. '

Note added in Proof F. W.. Smith (private com-
munication) has pointed out to us that for transition
metals it may be preferable to interrelate V, and
J through the measured electronic specific-heat
coefficient y. Following, for example, A. A.
Abrikosov [Sov. Phys. -Usp. 12, 168 (1969), Eq. (3)]
and using the presently defined symbols and units,
the V,-J relationship may be written J'= 2.23
x10" V, (1+&)(yV ) ', where I+A is the phonon
enhancement factor. Taking 1+A. = 1.41 for Zr
from W. L. McMillan [Phys. Rev. 167, 331 (1968}];
V, from Eq. (26); and y and V as in Ref. 59, we
obtain ]J~= 0.47 eV in agreement with Eq. (28).
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