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Lattice dynamics of fcc helium at high pressures
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The neutron-inelastic-scattering technique was used to measure the phonon dispersion relations in a high-

density crystal of fcc He at 38 K. The crystal was grown at a pressure of 4.93 kbar and a temperature of
38.5 K in a high-pressure sample holder. Its lattice parameter was determined to be 3.915 +0.002 A,
equivalent to a molar volume of 9.03 cm'/mol. The measured dispersion curves were found to be in good
agreement with a recent calculation by Goldman using the first-order self-consistent phonon theory without

short-range correlation functions. The strong anharmonic effects observed in earlier measurements on the

crystals of 21 cm'/mol were found to be much less prominent in this He crystal. The magnitude of the

multiphonon interference effects on the one-phonon intensities is shown to be less than half of that observed

in the low-density crystals. Thermodynamic analysis of the data yielded (P~ = 154 K which indicates that the

ratio of mean amplitude of vibration to the nearest-neighbor distance is 8.6%, as opposed to nearly 30% for
the lowest-density He crystals. The dependence of the phonon energies on volume is discussed with reference

to the earlier work of Traylor et aL on an fcc crystal at 11.7 cm'/mol. Limited measurements were also

made at 22 K to determine the temperature dependence of the phonon energies. Unusually large isochoric
temperature shifts of as much as 15% for some phonons close to the zone center were found over the range
of 22—38 K.

I. INTRODUCTION

The lattice dynamics of solid 'He may be con-
sidered to be reasonably well understood largely
as a result of extensive theoretical activity promp-
ted by the pioneering inelastic-neutron-scattering
studies on the hcp, ' 'bcc, ' ' and fcc phases. ' The
one-phonon response of the crystal when computed
in some of the self-consistent lattice-dynamics
theories gives generally good agreement with ex-
periment, e.g. , the work of Glyde and Khanna'
and- of Horner' on the bcc phase, the work of Gillis
et al. ' on the hcp phase, and particularly the cal-
culation of Horner' on the fcc crystal studied by
Traylor et al.' More details on these and further
calculations are contained in some recent review
articles, e.g. , those of Glyde" and Koehler. "

In addition to the one-phonon response several
new and interesting features of the lattice dynam-
ics of the highly anharmonic solid He emerged
from the neutron-scattering studies: (i) the Q de-
pendence of the observed intensities of the phonon
groups was found to deviate strongly from that of
the one-phonon harmonic-scattering cross sec-
tion; (ii) some phonons measured at equivalent
points in the reciprocal lattice not only had inten-
sities which did not scale as expected but also had
different peak positions, thus apparently destroy-
ing the symmetry of the reciprocal lattice; and
(iii) liquidlike single-particle scattering was ob-
served for large energy and momentum transfers.
A satisfactory theoretical picture has emerged
that describes these observations well. As a con-
sequence of strong anharmonic interactions, multi-

phonon processes are frequently also excited by
neutrons particularly at large Q and for large en-
ergy transfers. If such processes contain a single
phonon as some intermediate state, they will con-
tribute to the single-phonon scattering. These in-
terference effects """can affect the observed
intensity and its peak position as mill be discussed
in more detail below (Sec. IIIB). The single-par-
ticle-like scattering at large Q may then be under-
stood as being a superposition of multiphonon pro-
cesses, since the linewidths indicate lifetimes for
those processes to be determined by col1isions be-
tween nearest neighbors.

Since solid He is expected to become more har-
monic as the crystal is compressed and the equil-
ibrium position of the He atom goes towards the
bottom of the potential well, it was considered of
interest to study the extent to which anharmonic ef-
fects are present in the high-density crystal. In
addition to the study of the interference effects im-
portant information on the volume dependence of
the phonon energies given by the Gruneisen param-
eters may be obtained by reference to the data of
Traylor et al. ' Qualitative comparisons may also
be made with the results on the hcp phase, where
surprisingly the phonon energies of the two experi-
ments at' 21.1 cm'/mol and' 16.0 cm /mol were,
with the exception of one branch, found to scale by
a constant independent of wave vector.

Calculations of the volume dependence of the pho-
non energies should provide a stringent test of
available theories, particularly on the way in which
short-range correlations are treated. Both of the
two standard approaches, i.e., Jastrow functions
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and the T matrix, ""result in too-small values of
the Gruneisen parameter. " Related to this problem
is the question as to the density at which short-
range correlations between the motions of the atoms
are no longer important in describing the lattice
dynamics of He. Horner" has demonstrated that
short-range correlations are important at den-
sities as high as 11.5 cm'/mol, and his calculation'
which includes such effects does appear to give a
better description of the phonon dispersion curves
of Traylor et al. ' at 11.7 cm'/mol than that of
Goldman et al."who used a cutoff of the hard core
of the Lennard- Jones potential.

No information is available at present on another
anharmonic effect, the isochoric temperature shift
of the phonon energies in He. The reason for this
is presumably that the temperature ranges of sta-
bility of the various phases of He at low densities
are very small. This situation is greatly improved
at high pressures, though the available tempera-
ture ranges are still small compared with those of
other rare-gas solids.

In this paper, we describe a study of the lattice
dynamics of a fcc He crystal at 9.03 cm'/mol.
Following the description of the one-phonon re-
sponse of the crystal, we will discuss multiphonon
interference effects, temperature and volume shifts
of the phonon energies, elastic properties, and
zero-point motion in this high-density crystal.

II. EXPERIMENTAL DETAILS

The high-density He crystals used in this study
were grown in a pressure cell at low temperature
and high pressure in a manner most recently des-
cribed in the work on solid Ne." The melting point
of the crystal of 38.5 K and 4.93 kbar was chosen
from the melting curve of Crawford and Daniels. "
Large single crystals which often filled more than
half of the available sample holder volume of -2.5
cm' grew rather easily but frequently changed size
and orientation upon annealing. A large crystal
oriented with a [112]axis approximately vertical
was located after the crystal was cooled to 38 K.
Its volume was estimated from the area of the dif-
fracted beam to be - 1.3 cm'. In order to avoid
the possibility of this crystal breaking up on fur-
ther cooling most of the measurements were done
at 38 K. Later the crystal was successfully cooled
to 22 K, somewhat above the fcc-hcp phase transi-
tion, for limited measurements of the isochoric
temperature shifts of the phonon energies.

Alignment of the [112]zone allows measurements
in the [110]and [111]symmetry directions only.
A second crystal was therefore grown in a later
experiment at the same density as the first to
study the remaining [100]branches. After some
limited measurements were taken on this crystal

in a [T10] zone it was lost in an attempt to move
the Dewar to a different spectrometer. Both crys-
tals had mosaics of approximately 30-min full
width at half maximum (FWHM). The positions of
several Bragg peaks were used to determine the
lattice parameter in both cases to be 3.915+0.002
A, corresponding to a molar volume of 9.03 cm'/
mol.

The measurements of the phonon dispersion
curves were done on triple-axis spectrometers
at the Brookhaven High-Flux Beam Reactor, in
the constant-Q mode of operation using fixed in-
cident energies of 5, 13.7, and 14.8 meV or fixed
final energy of 24 me V. A liquid-nitrogen-cooled
Be filter was used to eliminate higher-order
contamination of the 5-meV incident beam
while pyrolytic graphite filters were used
for the 13.7- and 14.8-me7 beam. Mono-
chromator and analyzer were pyrolytic graph-
ite crystals, the former being cylindrically cur-
ved while the latter was flat. Horizontal-beam
collimations of 20- or 40-min FWHM were used
depending on encl gy and resolution requirements.
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FIG. 1. Typical high-resolutionphonon scans. Solid
lines represent fitted Gaussians.

III. RESULTS AND DISCUSSION

A. Phonon dispersion relation at 38 K

Phonon groups typical of the high-resolution
data used for the determination of the sound vel-
ocities are shown in Fig. 1. The solid line re-
presents a fit to the data by one or two Gaus-
sians with a linearly energy-dependent back-
ground. The peak positions thus obtained were
corrected for slight shifts caused by instrumental
resolution by a procedure most recently des-
cribed by Fujii ef' al." This correction amounted
to less than 2% in most cases but was as large as
10% for some phonons close to the zone center.

The corrected phonon energies are given in Table
I. The errors shown are statistical as given by the
Gaussian fitting procedure. Including systematic
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TABLE I. Experimental phonon energies for fcc He at 9.03 cme/mol and 38 K. Errors given are statistical only.

Overall errors are approximately 1.5 times as large.

[100] [110]
T2

0.025
0.03
0.035
0.04
0.05
0.06
0.07
0.075
0.08
0.09
0.1Q

0.11
0.125
0.15
0.2
0.25
0.3
0.35
0.4
0.5
0.6
0.7
0.8
F 9
0.95
1.00

1.25 + 0.01

1.65 + 0.01

1.99+0.01
2.56 + 0.02
3 ~ 24+ 0.03

4.69 + 0.08

2.31+0.02
2.56 + 0.02

3.27 + 0.02
3.80 + 0.04

6.41 + 0.04

0.972 + 0.011
1.18+0.01
1.38 + 0.02

1.57 +0.01
1.76 + Q.Q1

1.98+0.01
2.14 + 0.01

2.97 + 0.05
3.87 + 0.04
4.66 + 0.15
5.34 + 0.06
5.67+ 0.13
6.19+ 0.07
6.63 + 0.12

1.56 ~ 0.03

2.13+ 0.05
2.62 + 0.01
3.15 + 0.01

3.86+ 0.12

5.09 +0.08

6.29 ~ 0.01
7.55+ 0.04
9.88+0.11

12 ~ 51+0.07
14.05+0.36

0.305+0.015
0.360+ 0.010
0.422 + 0.010
0.482 + O.Q12

0.724 + 0.018
0.824 + 0.020 1.63+0 02

1.49 + 0.01
1.79 + 0.02
2.45+ 0.02

3.48+ 0.03
4.70+ 0.02

3.74 ~0.03 7.05+ 0.04

5.22 +0.05
6.37 ~ 0.10
7.77+ 0.12
9.03 + 0.21
9.96 + 0.11

10.81 + 0.15

9.21 + 0.06
10.81 + 0.16

10.62+ 0.14

0.926 + 0.010 1.87 + 0.01
1.06 + 0.01 2.10 + 0.01
1.19+ 0.01 2.31+ 0.02

1.73 + 0.03
2.11+0.02
2.44 + 0.02

3.27+ 0.02
3.72+ 0.02
4.07+ 0.04

5.99 + 0.08
7.83+0.14
9.46 ~ 0.11

11.30 + Q. 13

13.68 + 0 ~ 28
14.15+0.24

11.62+ 0.16
11.05 + 0.10
11.01+0.16
10.62+ 0.14
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FIG. 2. Phonon-dispersion relations of high-density
fcc He at 38 K and 9.03 cm~/mol. Solid circles repre-
sent the resolution corrected measurements. Solid line
is the fit given by a six-neighbor force constant model
(Table II). Dashed line is the calculation of Goldman
(Ref. 24).

errors such as in the ana, lyzer crystal setting the
overall error in the phonon energies is estimated
to be approximately 1.5 times the statistical er-
rors in Table I. In cases where phonons at the

same reduced wave vect:or g (& =qg/2v, where a is
the lattice parameter) were measured at different
points in reciprocal space or under different ex-
perimental conditions, appropriate averages are
given, with the uncertainties adjusted to reflect
the spread in observed values. The corresponding
phonon-dispersion relations are shown in Fig. 2.
Most of the experimental uncertainties are less
than the size of the points plotted except for some
of the higher-energy modes (see Table I). In addi-
tion, no well-defined peaks could be observed for
some of the high-energy longitudinal [110]and
[111]modes, as well as the T,[110]branch. Simi-
lar difficulties were encountered in the earlier
work' on fcc He at 11.V cm'/mol as well as in stu-
dies of solid Ne at various densities. "'

The solid line shown in Fig. 2 represents the fit
of a Born-von Kfrmfn force-constant model to the
data, using a program developed by Svensson
et al,." The best representation of the experiment-
al data was obtained by a, model utilizing axially
symmetric forces extending to sixth-nearest neigh-
bors. No significance should be attached to the
large number of neighbors used, or the individual
numerical values of any of the force constants be-
yond those for nearest neighbors. The values for
the force constants obtained in this fit are shown
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Force constant (2)

1XX
1ZZ
1XY
2XX
2YF
3XX
3FF
3YZ
3XZ
4XX
4ZZ
4XF
5XX
5FY
5ZZ
5XZ
6XX
6YZ

243 +9
-63+5
306+11
10+10
4+4

18+5
7+2
4+1
7+3

-4+2
2+4

-2 +4
5+2
1+2
0+2
2+1

-7 +2
-6+2

250.0
-37.7
287.7
-1.2

0.1
0.3
0.0

-0.1
-0.2

in Table II. For purposes of comparison me have
also calculated force constants in the harmonic
approximation using the improved Lennard- Jones
12-6 potential (@=10.22 K, cr=2.62 A) discussed
by Hansen and Pollock. " Good agreement with
experiment was obtained by these authors using
this potential for the equation of state at T= 0 K
computed by Monte Carlo methods. The calcula-
ted force constants surprisingly give excellent
agreement with the experimental data. The re-
sulting frequencies are generally slightly low, but
disagree by no more than 6% with any measured
phonon frequency. This agreement may be re-
garded as fortuitous, as a similar analysis in the
work on solid Ne has shown. " There it mas found
that the hard core radius o of the 12-6 potential
may be adjusted to yield force constants in agree-
ment with experiment at a particular density.
This scaling may be interpreted as reflecting the
influence of zero-point motion, i.e., zero-point
motion gives the atom a larger "effective" hard
core. As the importance of zero-point motion de-
creases at higher densities the amount of scaling
is reduced, until at some density the hard-core
radius derived from gas data gives the appropri-
ate force constants. This, therefore, mould ap-
pear to be the case in the present study. There-
fore, as far as the one-phonon energies are con-
cerned, this crystal is quite harmonic.

The dashed line in Fig. 2 represents a calcula-
tion of phonon dispersion curves for this crystal

TABLE II. Force constants for fcc He at 9.03 cm /mol
(dyncm ). Column 1 shows the result of the fit to the
data of a six-neighbor axially symmetric force-constant
model. Column 2 shows force constants calculated in
the harmonic approximation using 12-6 potential with
E = 10.22 K, o = 2.62 L.
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FIG. 3. Density of states for fcc He at 38 K and 9.03

erne/mol.

by Goldman. '4 The calculations were done utili-
zing the Beck potential in the self-consistent pho-
non theory of the form of Goldman et al.""
which includes cubic anharmonicities but takes no
account of short-range correlations (Sc-1 in Ref.
25). The dispersion curves represent peaks of the
one-phonon spectral function, neglecting multi-
phonon interference terms. The agreement with
the experimental data is very good, with the dis-
crepancies for transverse modes at the zone
boundary amounting to approximately Vf~. This
situation may be compared with the results for He
at 11.7 cm'/mol studied by the Ames group. The
calculation by Goldman et aE." resulted in higher
frequencies towards the zone boundary with good
initial slopes similarly to the present case. A
somewhat different calculation by Horner which
includes short-range correlations removes most
of those discrepancies. Thus it may be concluded
that short-range correlations could still be im-
portant at densities as high as 9 cm'/mol. Further
calculations are therefore definitely needed.

The force constants given in Table II were used
to calculate the density of states by the method of
Gilat and Raubenheimer" to allow the calculation
of thermodynamic quantities. The result is shown
in Fig. 3. The somewhat atypically large differ-
ence in energy between the critical points at 1-,'0
T (Wpoint) and 100 T may have been more sub-

stantiated if the point at 1-,' 0 had been measured.
Note should be made of the fact that the experi-

mental data for the [110]T, branch shows a slight
upward dispersion which appears to be reproduced
in the calculation of Goldman. " Such results have
been obtained in some calculations on both fcc and
bcc He, notably in the self-consistent harmonic
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approximation" and have therefore been regarded
as artifacts of the type of approximation used. "
None of the previous data on the crystals reported-
ly showed any such anomaly. Such an upward dis-
persion should result in a specific-heat anomaly at
low temperatures. " A calculation of 8n( 7, V
= V(38 K)}using the density of states computed
from the force-constant model does indeed show a
local maximum at -6 K. No appropriate thermo-
dynamic data which should reflect this anomaly
exists for this density. However, specific-heat
data at volumes down to 13.7 cm'/mol by Ahlers"
in the hcp phase do not show any such anomaly.

The natural widths of the phonon groups were
also determined in the above data analysis. They
were taken as the difference in the squares of the
observed FWHM as determined from the Gaussian
fits to the experimental. data and the computed
FWHM resulting from the instrumental line-shape
calculation by the method of Werner and Pynn. "
The results are shown in Fig. 4. The results are
shown in Fig. 4. The error bars indicated are a
combination of the statistical error given by the
Gaussian fits to the experimental data and an as-
sumed 5% uncertainty in the instrumental reso-
lution. While the uncertainties in this determina-
tion are rather large, these results nevertheless
give a definite trend of broadening away from the
zone center for both longitudinal and transverse
modes.

B. Multiphonon interference effects

Previous studies of solid He in its hcp and bcc
phases' ' ' at low densities have revealed strong
anomalies of the apparent Debye-Wailer factor as
determined from the intensities of the observed
scattering, as well as pronounced asymmetric line
shapes for some phonons. The Debye-Wailer fac-
tor S' is determined from the sum rule developed
by Ambegaokar eI; a/. ,

' i.e.,

—(OS (O = e 'e '~

where S~(Q, ~~) is the scattering function for scatter-
ing by one-phonon as well as multiphonon proces-
ses which have a single phonon as some intermed-
iate stage. The scattering cross section for crea-
tion of a single phonon of frequency, &u&(q) in a
constant-Q scan is given by'o

a~ [nz(q)+1]([Q $z{q)]'/~&(q)} e ', (3)

where n& (q) is the phonon occupation number, and

g~ (q) is the polarization vector of the phonon.
Thus, 8 may be obtained from the intensities of
the observed neutron groups by plotting the quantity
In[M'/(Q' j) ] as a function of Q'. In the harmonic
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FIG. 4. Natural widths of observed phonon groups.
For reasons of clarity not all data are shown.

approximation Wis a Gaussian function of ( Q~, and
this plot gives a straight line of slope 8'. The ob-
servations"' in the work on bcc and hcp He
amounted therefore to large oscillations of the
perceived Debye-Wailer factor around its harmon-
ic value.

The explanation for the experimental observation
lies in the realization that S~(g, &u) in Eq. (1) in-
cludes interference terms between one-phonon and
multiphonon processes. Werthamer, "Beck and
Meier, "and Horner" first demonstrated how in-
clusion of the leading interference term, that be-
tween one- and two-phonon processes, in the line-
shape calculations could account for the experi-
mental observations. More recently, Glyde' ex-
plicitly demonstrated the effects of the interfer-
ence terms on observed phonon line shapes. The
first contribution is to the intensity of the one-
phonon peak. It is symmetric with respect to that
peak and its sign depends on the sign of q with re-
spect to the nearest Bragg point. The second con-
tribution gives an asymmetric contribution to the
background of the one-phonon peak. Only if the in-
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the single phonon cross section for solid He with e
~154 K. The bottom shows two phonon groups measured
at equivalent positions in reciprocal space.

trinsic linewidth of the phonon is relatively large
will this term result in pronounced asymmetric
line shapes. If so, the apparent peak position may
shift, so that identical phonons measured on both
sides of a Bragg point may appear to have differ-
ent energies. This effect was clearly observed in
bcc helium. '

Such interference effe cts, though most pronoun-
ced in highly anharmonic low-density He crystals,
have also been observed in other systems, most
recently in K by Meyer et a/. " In a careful study,
these authors were able to demonstrate the sym-
metric term as relatively small oscillations around
the harmonic Debye-%'aller factor. The asymmet-
ric term was found to only affect the slopes of the

background on either side of the Bragg point, but
not to distort the line shapes of the phonons no-
ticeably. At low temperatures, anharmonic effects
in such systems as K are much reduced. Thus, no

significant departure from harmonic behavior of
the Debye-Wailer factor was found at 4.2 K.

It was therefore of interest to study to what ex-
tent interference effects might be present in high-
density He compared with previous results. Fig-
ure 5 shows phonon groups for the L[111]mode of
f =0.1 measured at equivalent points on both sides
of the 222 Bragg point. The upper half of Fig. 5
indicates how one would expect the intensities of
the two peaks to scale, i.e., it should be propor-
tional to Q'e ' . The integrated intensity of the
peak at & =+ 0.1 is approximately 50% larger than that
of the peak at f = -0.1 whereas one would expect it to be
some 15% lower from consideration of Fig. 5. A

similar pl.ot was shown in the work on bcc He for
a different phonon, ' displaying a discrepancy more
than twice as large as in the current case. From
these considerations one may conclude that the ef-
fect of the symmetric interference term in the high-
density crystal has been reduced by about a factor
of two over that in bcc He.

More generally, one can display the influence of
the symmetric interference term as oscillations
about the harmonic Debye-Wailer factor. Shown
in Fig. 6 is the quantity In[M'/(Q g)'] plotted vs Q'
for both the [110]and [111]directions. The slope
of this line is given by the Debye-%'aller factor
[Eq. (1)], where we have used 6~=154 K as
computed from the density of states and ex
perimental intensities obtained by integrating
the area under the fitted Gaussian. We have
included only data taken under identical experi-
mental conditions and only if intensities could be
determined with reasonable accuracy. The dashed
line drawn in Fig. 6 is merely intended to be a
guide to the eye. It reflects the theoretical result
that the symmetric interference term vanishes at
reciprocal lattice points and at midpoints between
reciprocal-lattice points. " In general, the data
clearly show the expected oscillation in the vicinity
of the Bragg points while not enough data are
available to clearly demonstrate the behavior of
the interference term between Bragg points. The
amplitude of the oscillation about the harmonic
Debye-Wailer factor is approximately 50%%u~, i.e. ,
the highest (lowest) points in the curve are - 50%
higher (lower) than the value given by the straight
line. In the case of bcc He (Fig. 12 of Ref 4) the.
amplitude of the oscillations is more than twice
as large.

While the symmetric interference term is
therefore still very much in evidence in this high-
density fcc He crystal, the asymmetric contri-
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FIG. 6. Effective Debye-Wailer factor for fcc He for
the [110] and [111]directions. Longitudinal modes are
indicated by open circles, transverse modes by closed
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ties and low temperatures has the advantage that
phonon energies can be studied as a function of
temperature at constant volume, as the pressure
cell is much stiffer than van der Waals solids
such as He. Thus the anharmonic temperature
shift is not obscured by the generally much larger
quasiharmonic volume shift of the phonon ener-
gies. In a study on solid Ne at 13.3 crrP/mol,
Skalyo et al. ' determined shifts of as much as-—3.6% for transverse [100]phonons from 5 to
22 K and shifts in the order of -+2% for longi-
tudinal [100] modes. The shifts tended to become
more positive in going from the zone center to-
wards the zone boundary. A calculation by Koeh-
ler accounts fairly well for similar results ob-
tained earlier by Ieake et al,."on a Ne crystal at
12.86 cm'/mol. A more recent calculation by
Goldman and Klein using an improved Ne-Ne po-
tential also reproduces the observed temperature
dependence fairly well. "

In addition to the extensive measurements at 38
K described above we have also performed limited
measurments at 22 K under an identical set of ex-
perimental conditions. No change in the lattice
parameter could be determined within experimen-
tal accuracy. Shown in Table III are the limited
results obtained at 22 K along with the computed
temperature shifts. While these shifts show a
similar q dependence to the results on solid Ne, "'"
the magnitude of the shifts, particularly for the
transverse modes, is unexpectedly large. Fur-
thermore, the shifts for the longitudinal modes

bution was not nearly as clear as in bcc He.
Strongly asymmetric phonon line shapes (Fig. 3
of Ref. 4) were observed with different apparent
peak positions for phonons measured at equiva-
lent points in reciprocal space. With the excep-
tion of some of the high-energy longitudinal modes
non-Gaussian line shapes were not observed in
this high-density fcc He crystal. However, pho-
nons measured at equivalent points on either side
of a Bragg point did have noticeably different
background slopes. This then may be taken as
the manifestation of the asymmetric interference
term, as is predicted" for cases where the phonon
is not substantially broadened.

In the brief study of phonons at 22 K (see Sec.
III C} interference effects were still found to be
present, though reduced from those at 38 K. A
more extensive study of phonons at 22 K could give
valuable information on the temperature depen-
dence of the interference terms.

Z(22 K) Z(38 K) % shift

T( [11Q]
0.07
0.08
0.09
0.125
0.15
0.2

T2 [110]
0.07

L [11Q]
0 ~ 08

0.973 + 0.010
1.07 + Q.Q1

1.25 + 0.01
1.71+Q.Q1

2.04+ 0.01
2.75 + 0.02

1.72 + P.Pl

3.40 + 0.02

0.824 + 0.020
0.926+ 0.010
1.06+ 0.01
1.49 + 0.01
1.79 + 0.02
2.45+ 0.02

1.63 + 0.02

3.27 + 0.02

15.3 ~ 2.2
-13.5 ~ 1.3
-15.2 + 1.1
-12.9+ 0.9
-12.3+1.2
-10.9 + 1.0

-5.2 + 1.3

-3.8 + 0.8

0.06
0.08
0.11

1.34 + P.01
1.76+ 0.Ql
2.37 + 0.01

1.18+0.01
1.57 + 0.01
2.14+0.01

-11.9 + l.0
-10.8+ 0.7
-9.7+ 0.7

TABLE III. Isochoric temperature shifts in fcc helium,
9.03 cm /mol. % shift —= [g(38 K) —g(22 K)]/E(22 K).

C. Isochoric temperature shifts

The technique used in this experiment for grow-
ing-crystals from the melt directly at high densi-

L[111]
0.03
0.05

1.62 + 0.04
2.69 + 0.05

1.56 + 0.03
2.62 + 0.01

-3.7 + 3.0
-2.6 + 1.8
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are also negative, while both experiment and the-
ory show positive shifts in the Ne case mentioned
above. It is unlikely that standard self-consistent
theories could predict a temperature shift of the
magnitude shown here. " Clearly, a more exten-
sive study at 22 K is required to obtain further
information on the temperature shift and its q de-
pendence.

D. Compression dependence of phonon energies

TABLE IV. Volume shifts of phonon energies from
V& ——11.72 (data of Ref. 6) to 9.03 cm /mol.

T[1003
0.2
0.3

T[1103
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

I [1103
0.2
0.3
0.4
0.8
0.9

2.07 + 0.21
2.94 + 0.04

2.40 + 0.04
3.35 ~ 0.08
4.01 + 0.08
4.76+ 0.16
5.38 + 0.12
5.79+0.12
6.04+ 0.12
6.20 + 0.12

4.71 + 0.08
6.62+ 0.08
7.73 + 0.21
6.78 + 0.08
6.48 + 0.08

3.24 + 0.03
4.69+0.08

3.74 + 0.03
5.22 + 0.05
6.37+0.10
7.77+0.12
9.03 + 0.21
9.96+ 0.11

10.81 + 0.15
10.62 + 0.14

7.83 + 0.14
11.30 + 0.13
13.68 + 0.28
11.62 + 0.16
11.05 + 0.10

1.72 + 0.45
1.79+0.14

1.70 + 0.12
1.70+ 0.15
1.77+ 0.15
1.88+ 0.20
1.99 + 0.18
2.08+ 0.15
2.23+ 0.16
2.06 + 0.15

1.94 + 0.15
2.05 + 0.13
2.19+ 0.20
2.07 + 0.13
2.05+ 0.12

In this section, we present a comparison be-
tween the present results and those of the Ames
group on an fcc He crystal at 11.7 cm'/mol and
15.5 K.' It should be pointed out that in the follow-
ing discussion the temperature dependence of the
phonon energies has been neglected. Comparisons
should, however, still be valid, since both ex-
periments were carried out near their respective
melting temperatures.

The volume dependence of the phonon frequency
&o, (q} is given by the mode Grttneisen parameter
yi(q) = —dlmu&(q)/dlnV. In principle, the yi(q) may
all be different for different modes. Furthermore,
y&(q} may itself depend on volume. Table IV shows
the mode GrOneisen parameters that were calcula-
ted by comparing data with those of Traylor et al. '
wherever the same phonon was measured. Since
a possible volume dependence of the mode Gro-
neisen parameter is a higher-order effect, it is
neglected. The uncertainties listed in Table IV
reflect the combined errors in the phonon energies

as presented in Table I and Table I of Traylor
et al. '

While the error associated with each mode GrG-
neisen parameter is in some instances quite large,
there is nevertheless significant variation through-
out the zone. However, the data are not complete
enough to make detailed comparisons with the re-
sults on Ne by Eckert et al. ,"who presented com-
plete dispersion relations for mode GrQneisen
parameters for the principal symmetry directions.
One may, however, point out that the difference in

mode "gammas" between transverse and longitud-
inal modes seems to be larger in Ne than in fcc He.

While no further information is available on
GrQneisen parameters in fcc He, an analysis was
presented by Reese et al. of their study of phonon
frequencies in hcp He at 16.0 cm'/mol' as com-
pared with that of Minkiewicz et al. ' at 21.1 cm'/
mol. Their conclusion was that all frequencies
scaled by approximately the same factor of 1.9.
However, a late study of the LO [001]branch in

hcp He by Minkiewicz et ai. , which had not been
observed in their earlier work' yielded a scale
factor of 2.6 (y-3.0). The suggestion was made
by Minkiewicz et al. ' that this difference may be
the result of a possibly incorrect assignment of
phonon energies for the LO [001] branch by Reese
et al. ' due to multiphonon scattering effects. A

recent study of Raman scattering from the TO
mode at the zone center in hcp He at various den-
sities up to -17 cm'/mol yielded y, =2.6+ 0.1."
One may therefore conclude that the initial result
of Reese et al. ' of a uniform scaling with volume
of the phonon energies for all modes in hcp He
may indeed not exist.

The two sets of data" on hcp He were also an-
alyzed by Reese et al,.' for a possible volume de-
pendence of y. On assuming a linear dependence
of y on volume this analysis leads to the conclu-
sion that y=2.66 at 21.1 cm'/mol and y=2.02 at
16.0 cm'/mol, approximately the same for all
modes. While it may be inappropriate to compare
mode gammas in the hcp and fcc phases, the num-
bers presented in Table IV for the range 9.03 cm'/
mol to 11.72 cm'/mol suggest that the volume de-
pendence obtained by Reese et al. ' is likely to be
too strong. This conclusion may be supported by
the results of Ahlers" on the thermodynamic
GrGneisen parameter y& in hcp He. He obtained a
much weaker volume dependence, i.e. , y~ =1.02
+0.083 V over the range V= 13.7 to 20.8 cm'/mol.
For V =9.03 cm /mol this result yields y~ = 1.77.
While y~ is an average of the mode gammas over
the Brillouin zone its value will be mainly deter-
mined by the low-lying transverse modes, which
are shown in Table IV to have values close to
this yz.
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5 = (C4~ —C|a)/C~ (3)

is equal to zero. Elastic constants measured un-
der external pressure P must be adjusted by using
the relationships"

C,*,—C„+P, C44=C44+ P, C„—C„—P, (4)

where the unstarred quantities are the measured
values. Inclusion of zero-point motion is known
to make C~ slightly larger than C~», while with
increasing temperature C,*, becomes larger than
C44~

Shown in Table V are the elastic constants and
related quantities obtained by both methods re-
ferred to above. The value used in correcting the
elastic constants for pressure is the melting pres-
sure as determined from the melting curve of
Crawford and Daniels, i.e., 4.93 kbar. An un-
certainty of +0.1 kbar in the pressure resulting
from a somewhat uncertain temperature profile
in the cell during growth and the fact that the mea-
surement was performed 0.5 K below the melting
point was included in the errors given for the elas-
tic constants.

TABLE V. Elastic constants (10 dyncm ) and asso-
ciated parameters for fcc He at 38 K and 9.03 cm3/mol.
Bp= 3(Cf&+ 2C&~) in units of 10 dyncm, A =2C~&/(C~&q
—C,*2, and 5 =C44 —Cj*2)/C&&. (1) From force constant
model of Table I. (2) Result of fitting sound velocities
directly.

(2)

C j*j,

Cq~

C)4
A
Bp

307+ 3
156+3
155 +2
2.05 ~ 0.06
206.3 + 2

0 +0.02

308+4
155+5
156+3
2.04 + 0.07
206.0+ 3
0 +0.02

E. Ehstic properties

Zero-sound elastic constants may be obtained
in measurements of phonon dispersion relations
both directly from the sound velocities and from
the force constants determined in the fitting pro-
cedure. In the former case, a sufficient amount
of high-resolution data at small wave vector has
to be taken to accurately determine the initial
slopes of the dispersion curves. In the latter
case, elastic constants are obtained as linear
combinations of the interatomic force constants.
A commonly used indicator for the extent of zero-
point motion is the degree to which the Cauchy re-
lation is satisfied. For an fcc crystal at T = 0 K
under no external pressure with central forces on-
ly and no zero-point motion the deviation from the
Cauchy relation

E

4
K
X
UJ

hl
2

O. I 0.2
f [ioo]

O. I 0.2
g [iso]

FIG. 7. Initial slopes of the dispersion curves used in
deriving sound velocities. Lines are the result of a
single-parameter fit.

The initial slopes of the dispersion curves may
be fitted to the relationship

8~=ED+ V, q+Bq (5)

where Eo allows for systematic error in the ana-
lyzer setting, and B accounts for a possible non-
linearity in the dispersion relation. V, is the
sound velocity for a particular branch, and its
relationship to the elastic constant is used for
their determination. In no case, however, could
either Eo or B be determined with sufficient pre-
cision from the fitting procedure. Therefore,
sound velocities obtained from one parameter fits
of the linear term only were used to derive the
elastic constants given in column 2 of Table V.
The agreement with those obtained from the force
constant model is excellent. The long-wavelength
portions of the dispersion relations used in this
procedure are shown in Fig. 7.

Note may be made of the fact that these elastic
constants satisfy the Cauchy relation, Eq. (3),
to within experimental error. In view of the com-
ments made above, this result should be under-
stood as an accidental cancellation of the effects
on 6 of zero-point motion and thermal energy at
this particular experimental temperature. An in-
dication of the degree of importance of zero-point
motion may, however, be inferred from the ratio
of the root of the mean amplitude squared of vibra-
tion, —,

' &(ua), to the nearest-neighbor distance.
Using the value ebs(T = 38 K) = 154 K calculated
from the density of states one obtains a ratio of
8.6%. At the lowest density of solid He this ratio
is close to 30%, while for Ne at 1 atm it is 5.1%
at low temperatures and increases to 6.5% just
below the melting point. " Thus the relative im-
portance of zero-point motion in the present high-
density crystal is greatly reduced from that of
previously studied He crystals, as was also dem-
onstrated in the discussion on multiphonon effects
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above. Similarly, a more complete study at 22 K
should, on the basis of these considerations and
the limited measurements of this experiment, show
further reduction in the magnitude of anharmonic
effects such as multiphonon interference effects.

IV. CONCLUDING REMARKS

Results of this neutron-scattering study on a fcc
He crystal at 9.03 cm'/mol show the same anhar-
monic effects, though much reduced in magnitude,
as did previous studies on crystals at much lower
densities. ' ' In addition, a large isochoric tem-
perature shift of the phonon energies over the lim-
ited temperature range 22-38 K was observed.
More extensive measurements of this effect are
clearly required, as the magnitude of this shift is
somewhat unexpected. In order to obtain a more
detailed q dependence of mode QrQneisen param-
eters than was possible in this work with reference
to the limited data of Traylor et al. ' studies on fcc
crystals of lower densities are in progress at this
laboratory. In addition, measurements on high

density hcp He crystals are in progress, which in
conjunction with the two previous measurements' '
should yield detailed information on the compres-
sion dependence of phonon energies in the hcp
phase as well, where more thermodynamic mea-
surements are available for comparison. Finally,
it may be of interest to extend these measurements
to still higher densities. There has been a calcula-
tion of the He phase diagram by a Monte Carlo cal-
culation by Holian et al."suggesting that at pres-
sures above -15 kbar the fcc phase will be stable
down to T = 0 K. As solid He becomes more har-
monic at higher densities this would indeed be ex-
pected to happen. Measurements at those pres-
sures may therefore prove of interest.
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