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Ballistic phonons and the transition to second sound in dilute nuxtures of He in litiuid 4He
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Using the fast-heat-pulse technique we have studied the transition from ballistic phonon propagation to
second sound in dilute mixtures of 'He in liquid 'He. At low temperatures and pressures the phonons are
scattered primarily by the He quasiparticles. Phonon-quasiparticle scattering times were determined by

analyzing the pulse shapes in the transition region. These scattering times were found to be in reasonably

good agreement with those theoretically calculated for Rayleigh-like scattering by Baym and Ebner,
although the temperature dependence of our data was somewhat weaker than the T ' behavior predicted by
the theory. Our data are also in good agreement with the effective scattering times inferred from recent
thermal conductivity measurements in mixtures by Rosenbaum et aL The phonon-quasiparticle scattering
times were found to increase significantly with increasing pressure in qualitative agreement with both the
theory and the thermal conductivity results. The velocity of second sound in the mixtures was measured and

compared with calculated velocity curves assuming various models for the excitation spectrum. It was shown

that using the Landau-Pomeranchuck spectrum for the 'He quasiparticles and the normal 'He excitation
spectrum leads to a velocity curve which, while in qualitative agreement with the experimental data, falls
somewhat below the data at T & 0.7 K. The so-called " He roton" model yields a velocity curve which is in

even greater disagreement with the experimental results. These measurements suggest the necessity for more
detailed theoretical work on the elementary excitation interactions in mixtures, particularly in the region
near the 'He roton minimum.

I. INTRODUCTION

Heat-pulse techniques have been used extensively
in the past to study second sound in liquid He II.'
The velocities of heat pulses above about 0.7 K
have been accurately determined and agree ex-
tremely well with second-sound velocities obtained
from continuous-mave measurements. At lower
temperatures, however, the yhonon mean free
path becomes quite long, and most of the earlier
measurements were limited either by the use of
long narrow tubes where mall collisions were im-
portant, or by the use of carbon heaters and bolo-
meters with slow thermal response times. Under
these conditions most of the heat pulses observed
at low temperatures had a shape characteristic of
diffusion. The wall scattering yroblem was essen-
tially eliminated in the work of Gurnsey and Lus-
zczynski' who, homever, still had to use rather
wide pulse widths because of the continued use of
carbon heaters and bolometers.

Experiments have recently been performed using
extremely fast metallic thin-film heaters and high-
ly sensitive suyerconducting bolometers. ' These
permitted the use of much narrower pulse widths
and shorter propagation lengths than had been used
previously. By studying the transition from "ball-
istic" phonon flow at lom temperatures to second
sound at higher temperatures, a great deal of in-
formation was obtained about the lifetimes and
scattering mechanisms of the elementary excita-
tions —phonons and rotons —in the bquid. The fast-

heat-pulse technique has similarly been used to
study elementary excitations and second sound in
other systems, including solid 'He and 4He.

In the present work, this method is applied to
dilute mixtures of 'He in liquid 4He. Measurements
mere made in the temperature range 0.05-1.5 K
with 'He concentrations [X=n, /(n, +n, ), where g,
and n4 are the numbers of moles of 'He and He,
respectively] from less than 10 ' up to about 10 '.
At three concentrations data were taken at pres-
sures of 5, 15, and 24 bar as well as at the satur-
ated vayor pressure (SVP). Excellent (quasi-)
ballistic' phonon pulses were observed at the low-
est temperatures in each case. The transition
from ballistic yhonon f lorn to second sound in the
elementary excitation "gas" (consisting of 'He
quasiparticles, yhonons, and, at higher tempera-
tures, rotons) was investigated. Within a certain
range of concentrations, temperatures, and pres-
sures, it mas possible to determine phonon-'He
quasiparticle scattering rates from an analysis
of the phonon pulse shapes. These scattering rates
are compared with those inferred from recent
thermal conductivity measurements' as well as with
the theoretical calculations of Baym and Ebner. '

The data presented here represent, as far as we
know, the first observation of ballistic phonons in
'He- He mixtures. %hile in previous heat-pulse
experiments in mixtures" diffusive phonon signals
were, in some cases, observed, ' the phonon-quasi-
particle scattering rates (or scattering lengths)
derived from these data must be regarded as yre-
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liminary in view of the strong deyendence of the
pulse shape on input heat-pulse energy in this re-
gion. This point will be discussed more fully in

Sec. III.
The second-sound velocities measured in this

experiment are compared with calculated values
using various models for the excitation spectrum
in mixtures. The temperature interval O.V-1.5 K
is particularly interesting because the calculated
second-sound velocities in this region are sensitive
to the excitation spectrum at intermediate momen-
ta—a region which has recently generated a great
deal of controversy. ' " The compatibility of the
various models mith these data and with the results
of other experiments relating to the excitation
spectrum in mixtures is discussed.

II. EXPERIMENTAL TECHNIQUES

Most of the experimental apyaratus and tech-
niques used in this work have been described else-
where. ' We discuss in this section only the salient
features particular to this experiment.

The heat-pulse generator mas a Constantan film
heater -500 A thick with a resistance of -50 Q.
The detector was an indium film bolometer with a
thickness of -1500 A. The thermal response times
of such devices have been found to be less than
10 ' sec.' The bolometer was biased with a con-
stant dc current of -400 pA and then magnetically
tuned to near the midpoint of its resistive transi-
tion for maximum sensitivity. Both the heater and
bolometer mere -3.5@3.5 mm'. The pulse proga-
gation length was 2.60 mm. This value was de-
termined by accurately measuring the time delay
between peaks of successive echoes of the second-
sound signal in pure 4He at the temperature (T= 1.1
K) of the well-known velocity minimum. '

Heat pulses mere generated by an HP 214A pulse
generator. The amplitude of the voltage pulse used
throughout most of this experiment was 1.0 V yield-
ing a heater power per unit area of -1.6 mW/mm2.
Pulse widths were tyyically 0.2-1.0 psec. Voltage
pulses from the bolometer mere amylified and re-
corded by a Biomation 8100 transient recorder and
mere then signal averaged by a Nicolet model 1074
signal averager. In the case of the weakest signals
(in the ballistic-second-sound transition region)
over 16 000 individual pulses mere averaged. Typi-
cal pulse repetition rates were 20-80 sec '.

Temperatures above 0.2 K were measured with
a commercially calibrated four-terminal german-
ium resistance thermometer (Scientific Instru-
ments, Inc. , I ake Worth, Fla.}. At lower temp-
eratures a carbon resistance thermometer, which
had been previously calibrated against a cerium-
magnesium-nitrate (CMN) thermometer, was used.

%he magnetoresistance of the germanium thermom-
eter in the small fields used to bias the bolometer
(-500 G} was measured and found to introduce less
than a 3-mK error in temperature above 0.2 K.
Our overall uncertainty in temperature is esti-
mated to be about 10 mK below 0.5 K and 2% at
higher temyeratures.

The 'He- He mixtures used in the present ex-
periment mere purchased mith specified 'He molar
concentrations from Mound Laboratory, Miamis-
burg, Ohio. In some cases pure ~He was added to
the mixtures in gaseous form at room temperature,
and the concentrations were recomputed based on
the known amounts of gas involved. A mass spec-
troscopic analysis of two of the samples was made
at the end of the experiment and showed that the
computed concentrations were accurate within the
experimental uncertainty of 10%.

Steps were taken to minimize the decrease in 'He
concentration of the liquid in the cell due to the
enriched concentration in the vapor above the li-
quid. " A small-diameter (0.35-mm) sample-cell
fill line, which mas valved off at the top of the
cryostat, was used to minimize the volume of
vapor. For each sample the cell was initially filled
at a temperature less than 200 mK by allowing the
yremixed sample gas to condense in from a room-
temperature storage tank, and the fill-line valve
was closed immediately after the cell mas com-
pletely filled with liquid. Upon completing the SVP
data, the remaining sample gas mas pumped from
the storage tank using a charcoal-filled cryopump,
and the cell was pressurized by warming the cryo-
pump above 4.2 K. The data were always taken at
successively increasing pressures in order to
avoid drawing off any enriched vapor.

III. BALLISTIC AND TRANSITION REGIONS

A. Qualitative features

Typical pulse shayes at several temyeratures at
SVP and at 24.0 bar are shown in Figs. 1 and 2,
respectively. The transition from ballistic yhonon
flow to second sound may be clearly seen in these
figures. Before discussing the data in detail, we
will give a brief qualitative discussion of some of
the physical mechanisms which determine the pulse
shapes at low temperatures.

In general, a heat pulse produces a cloud of pho-
nons at the surface of the heater. In the absence of
scattering, these phonons travel ballistically to
the detector producing a mell-defined pulse. The
sharp leading edge of this pulse arrives with a
transit time corresponding to the velocity of sound
(-338 m/sec for 4He at SVP). The exact shape of
the pulse, including the position of the peak, is
influenced by geometrical factors and, particularIy



Z

CR

K

R
Q
CO

the ambient
roaden the P

ampun

its in a dep
f sing sm

and r
the imPprtan

Power-inde-
1 gth. Thus

th inobtaming
en

se widwe»

~ ce
ta is clear.

the signjLfic~
pe . twe shpuld

g heat-Pulse

ndent da
discuss

vel-
At thi Pp

h h we call "P
'ded by

lc
th djvl

pf the qu m
agatipn 1e g „ f

ramey-

~ „,- e the PrpP
~ within the

ocit7 .'
ih pulse pe '

(see ~e.
ival

t method o
1 "pf a

~ ime of e
analysisthe presen
«half-cyc e

work pf . t eated as a
.

this model,
Di B) ih p"

The err iv» '
xperimen&

~ us wave
~ » in acwexP

continuo
„hase shif . «Phase

is analogo
eak pulse ve

hase vel-

us «a'P
pci

velpci y~
11 defined for a o '

disPersive
ocity is~ '

only we
t in thehasized tha ~ .

the orde~
hpuld be emP

ath ls of

deny on «d
shove) sine

sf, a

11 length
e changingts discuss

veloci
lng effec

ent to measuringth is eQui

c. »"KSR ~A~AgAMUR8. KUMM JAR

f sesiier1Bg) roach e

x= p pPQ
4 P B

TH = Q2PsecPULSE +

I

50 &00
TIME (P Mc)

the transit Syp showing
to second

pulse shapes a
propagation

=2.60 ™
d at low t mpela.rger thm'
d uantitative y.

that use
which were al ze qu

0

57mK

)pp mK

2QI mK

299mK

& r
X v

K|-
6)
K

JL

4QQmK

499mK

598 mK

676mK

I

5Qp
TIME (p.sec)

.0 bar showingsh es at 24.0
allistic

cal pulse ap

o" signal y
=0.00068; cell length =2.
p, sec.

~d „idthb the ppwerem eratures, y
of honon ve1-

at very lo»
The distribution o

cy spec
f the heat Pulse' "

the phpnpn frydetermined by
n the heater sur-

ocities is
dePends pn

heater
h in turn . . f very low

trum whic
I the limit orature

rface temp rature
face temPe

heater sue. where the
'mal]y greater than

Ppwer, i.e.~

1 inf initesim . t hpnon

~ a Pulse is on y
~ the dtemper tu '

roximatelybe given aPP "
duce

fre&uency is
L ger heater P

thus
8»

pci PhPnon
by u =

lower-vefr uency .
the Peak

)re high- &
and retarding .

dths
the Pu

ulse w

broadening
lse Powers an

'
volume

re large P"
e of a

ermo
e temperat r

region wh'
As the p"on "

heated
ated volume.

the
the hea

d the energy
ff ctive

fhrough
. .

d rzdiei&Y
d by the

the l, oui,
d the els dissiPate
deter mme

vplume
f the Pulse"temperature o



16 BALLISTIC PHONONS AND THE TRANSITION TO SECOND. . . 1049

different wave vector k. This does not affect the
final results for the scattering time, however, be-
cause the effective pulse "frequency" [see Eq. (2),
Sec. IIIB] also changes in a compensating manner.

Considering now the SVP data shown in Fig. 1,
we observe an essentially ballistic pulse at the
lowest temperature (60 mK). Following the initial
pulse there is evidence of a weak phonon "echo"
pulse arriving at approximately three times the
transit time of the main pulse. As the temperature
is increased, phonon scattering begins to occur,
and the pulse is broadened and eventually begins to
take on a diffusive-like shape. Since (large-angle)
phonon-phonon and phonon-roton scattering are
known to be quite weak at these temperatures, "
the dominant scattering mechanism in this region
is phonon-'He quasiparticle (p-qp) scattering.

At temperatures near 250-300 mK, p-qp scatter-
ing is sufficiently strong that a collective second-
sound mode begins to develop in the phonon-quasi-
particle gas. By -400 mK the second-sound mode
is fully developed, and there is no longer any evi-
dence of a ballistic or diffusive phonon signal.

The effect of pressure on the pulse shapes is
seen in Fig. 2. The striking feature of these data,
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FIG. 3. Peak heat-pulse velocity versus temperature
at four pressures for X'=0.00068. In the second-sound
region only data at two pressures are shown for clarity.
Effects of input pulse width are also shown: pulse width,
0.2 psec (open symbols), 0.8 p, sec (closed symbols).

taken at a pressure of 24.0 bar, is that the ballistic
pulse retains its narrow width at temperatures up
to about 700 mK, indicating that the p-qp scattering
times are larger (or at least not significantly
smaller) than the pulse propagation time (-10 p, sec)
even at this relatively high temperature. A well-
defined phonon echo signal is observed up to about
400 mK. The second-sound mode begins to form
around 400-500 mK. Since the heater cannot ex-
cite 'He quasiparticles directly, the second-sound
mode is presumably excited, in this case, by
roton-quasiparticle scattering (rotons begin to be
thermally populated in appreciable numbers in this
temperature region) and possibly by weak residual
scattering of higher-frequency phonons as well.

In Fig. 3 we have plotted the peak heat-pulse
velocity versus temperature for a given concen-
tration at four pressures. (We emphasize that the
values plotted represent the velocity of the heat-
pulse peak, which, as discussed previously, may
be dependent upon input pulse energy as well as the
length of the sample cell; the leading edge of the
phonon pulse, however, is always at the sound
velocity. } The reduced phonon scattering at higher
pressures is evidenced in the figure by the in-
creased temperature region over which the ballistic
velocity is approximately constant. The figure also
illustrates the effect of input heat-pulse width on
the received pulse shape. The SVP data with an
input pulse width of 0.8 p, sec (closed symbols}
never reach a ballistic "plateau" and fall consider-
ably below the 0.2-p sec data (open symbols) at
temperatures less than about 0.25 K. At higher
temperatures the two sets of data are in good
agreement, indicating that we are measuring ap-
proximately ambient-temperature excitations in
this region. At temperatures less than -0.15-0.20
K, however, even the 0.2-p, sec data probably do
not represent ambient thermal excitations, since a
further reduction in pulse energy in this region re-
sults in a further increase in peak pulse velocity.
For this reason only data taken at T a0.2 K were
used in the quantitative pulse-shape analysis to be
discussed in Sec. IIIB.

The slight increase in ballistic pulse velocity
near 0.5 K seen at the two highest pressures is
only slightly greater than the experimental scatter
in the data, but seems to occur consistently at all
concentrations. If we assume that this is a real
effect, it probably results from a weak scattering
of high-frequency lower-velocity phonons out of
the pulse. As we will discuss in Sec. IIIB, p-qp
scattering is expected to be a Rayleigh-like pro-
cess with an ~~ frequency dependence.

The effect of 'He concentration on the pulse vel-
ocity is shown in Fig. 4. It is interesting to note
that the limiting low-temperature "ballistic" vel-
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FIG. 4. Peak heat-pulse velocity vs temperature at
SVP for several values of 3He concentration (X). In the
second-sound region only data at two concentrations are
shown for clarity. Input pulse width, 0.2 @sec.

times for normal- and resistive-process scatter-
ing, respectively. k is the wave number and & is
the angular frequency of the temperature wave.

Equation (1) may be solved for the phase velocity
v = Re(co/k) of the temperature wave as a function
of the product w7. The result is plotted in Fig. 5
for g„«v„(solid line) and for 7.s»v„(d ashed line)
using values of v~ and v2 appropriate for pure 'He
at SVP (v, =tv, =238 m/sec). For weak scatter-
ing (&u~ »1), the velocity approaches the ballistic
velocity v, . In the limit of strong normal-process
scattering, the velocity approaches v, /W, the
limiting low-temperature phonon second-sound
velocity in pure ~He, while for strong resistive
scattering the velocity continues to decrease.

It should be emphasized that Eg. (1) is derived
assuming hydrodynamic behavior, and hence may
not be strictly valid in the weak-scattering regime
(&or el). 'Ihe limiting behavior v-v„however, is
certainly correct.

For the purposes of the present analysis, the
'He quasiyarticles in the mixture are treated as
resistive phonon scattering centers, much like
impurities or defects in a solid. This picture is
probably valid in the weak and intermediate scat-

ocity seems to reach a minimum value near X
=0.007. As pointed out earlier, phonon scattering
can occur within a small volume near the heater
which may be heated above the ambient temper-
ature. This effect almost certainly occurs in the
lowest-temperature data. The amount of scatter-
ing, and hence the delay of the pulse, is influenced
both by the 'He concentration and the temperature
to which the volume is heated. The latter de-
creases with increasing concentration due to the
increasing heat capacity of the mixture. Thus the
comyeting effects of these two factors could result
in the observed behavior.

B. Pulse-shape analysis

The procedure used to calculate p-qp scattering
times from the data has been applied previously to
phonon scattering in solids~ I as well. as in yure
~He. ' This method utilizes a general dispersion
relation for temperature waves derived by Rogers. ~
Using hydrodynamic equations and assuming plane-
wave solutions for the temperature, the heat-flow
equation was solved to yield"
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where y =7 '+z„'. Here v, is the velocity of
(phonon) second sound (not the velocity of guasi-
particie second sound in a mixture), and v, is the
first-sound velocity. TN and TR are the scattering

FIG. 5. Temperature wave dispersion relation, veloc-
ity [v =Re(v/A)] vs co T, calculated from Eq. (g) with
0 f = W3 v 2

=238 m/sec. T = T~ + T~, where T~ and 7N
are resistive- and normal-process scattering times,
respectively. Two limiting cases are shown: Tz «TN
(solid line) and Tz&& TN (dashed line).
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sufficient scattering for (dy s1.0.

It is desirable, obviously, to extract the p-qp
scattering time 7 from the data of Fig. 6, and this
requires a knowledge of the effective "frequency"
characterizing the heat pulse. %he quantity & as it
appears in Eq. (1) is, strictly speaking, the fre-
quency of a propagating temperature mave. Physi-
cally, 2v/2&v represents the time interval during
which the interaction is "active" (the factor 2 in
the denominator arises from the fact that the "in-
teraction time" is a half-cycle). For a heat-pulse
experiment in the true hydrodynamic limit the in-
teraction time is the input pulse width. In the
weak-scattering regime considered in the present
experiment, however, the appropriate interaction
time is approximately given by the pulse prop-
agation time t. Thus the effective pulse "fre-
quency" is defined to be

(o =2v/2t = wd-/v, (2)

0.05—
0.) 0.2 0.5 0.+ 0.5

TEMPERATURE ( K)

FIG. 6. co 7 vs temperature for three concentrations
at SVP (open symbols), and one at 5.0 bar (closed sym-
bols). These co7 values were determined from the peak
heat-pulse velocity data in the ballistic second-sound
transition region (see, e.g. , Fig. 4) using the dispersion
relation for strong resistive scattering (the solid line in
Fig. 5 for the SVP data).

where d is the cell length, and v is the measured
peak pulse velocity.

The effective p-qp scattering time g was de-
termined by dividing each && value by the corre-
sponding effective frequency &. The results for
the two lowest concentrations at SVP are shown as
open symbols in Fig. 7 where we have plotted z
multiplied by the 'He concentration X (as discussed
in Sec. IIIC, 7 is expected to be inversely propor-
tional to X) versus temperature.

tering regime (&gy z10 '), but not in the region of
very strong scattering (&or s10 ') where heat prop-
agates as a collective mode (second sound) in the
entire gas of phonon, guasiparticle, and (at higher
temperatures) roton excitations.

The quantities uz were determined from the peak
heat-pulse velocity data in the ballistic-to-second-
sound transition region using the solid curve (re-
sistive scattering} of Fig. 5 (and similar curves at
pressures other than SVP). The results are shown
in Fig. 6. Only data in the range 1.0a&z a0.05
were analyzed in order to be in a region mhere Eq.
(1) is expected to be valid as discussed above and
where boundary scattering effects are unimportant
(in the near-ballistic region the effective 7 merely
reflects the cell length). Furthermore, only data
at T z0.2 K were considered since points at lower
temperatures are not believed to represent am-
bient-temperature excitations. These restrictions
were satisfied only at the three lomest concentra-
tions at SVP and at the single lowest concentration
at 5.0 bar. At higher concentrations, the second-

C. Comparison with theory and with other experiments

In this section we compare our results with the
theory of p-qp interactions in dilute mixtures de-
veloped by Baym and Ebner' and with the scatter-
ing times inferred from recent thermal conduc-
tivity measurements. ' According to the Baym and
Ebner theory, there are two processes mhich limit
the phonon mean free path in mixtures at low tem-
peratures: (i) Rayleigh-like scattering of phonons
by 'He quasiparticies, and (ii) absorption of pho-
nons by 'He quasiparticles, which is kinematically
possible because of quasiparticle interactions.

The scattering rate for the first process has the
characteristic u4 dependence on phonon frequency.
grithin the dominant phonon approximation (&a~ = 3.8
AT/g) the scattering rate at SVP is given by'

q-,,'=4.8@10"XT sec 'K 4.

For the range of concentrations and temperatures
considered here, the absorption rate varies as

and, as pointed out by Rosenbaum ~~
al. ,e is expected to be much smaller than y, ,'.
(The absorption process is expected to dominate,
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FIG. 7. Phonon-quasiparticle scattering time {v) mul-
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co~ values of Fig. 6 by the effective pulse frequency
co =~d/e (see text). The dashed line labeled "7„"repre-
sents a least-squares fit to the effective scattering time
obtained from the thermal conductivity measurements of
Bosenbaum et al. (Ref. 6) using Eq. (4). The solid line
labeled "T4" is from the theoretical calculation of the
Payleigh-like scattering time by Baym and Ebner (Ref.
7) tEq (3))

1
3 Cv~j 7p & (4)

where C„ is the yhonon specific heat (i.e., the
specific heat of pure ~He), and v, is the yhonon
velocity (sound velocity). The total phonon scat-

however, at very low temperatures and/or at
higher concentrations. )

The quantity r„X calculated from Eq. (3) is
shown in Fig. 7 as a solid line labeled T~. From
the figure it may be seen that our data fall slightly
below the theoretical curve and show a somewhat
weaker temperature dependence. In view of the
fact that there are no adjustable parameters in the
theory, however, the overall numerical agreement
with our data is considered good.

Our results may also be compared with those of
recent thermal conductivity measurements in dilute
mixtures by Rosenbaum et a/. ' In the range of tem-
peratures and concentrations considered here, heat
is transported primarily by phonons. Thus the
thermal conductivity may be written

tering rate z~ in this region is equal to the effec-
tive p-qp scattering rate y„' plus the boundary
scattering rate 7, ', which may be determined from
measurements in pure 4He."

Equation (4) was used to calculate the effective
p-qp scattering time 7„ from the thermal conduc-
tivity data. The dashed line in Fig. 7 represents a
least-squares fit to y„X obtained in this manner
from the thermal conductivity data at two concen-
trations (X =0.00071 and X =0.00122) in the tem-
perature range 0.2-0.45 K. The agreement with
our data, as shown in the figure, is reasonably
good.

While no quantitative values are given for z„at
elevated pressures, the Baym and Ebner theory'
does predict an increase of the scattering time with
pressure. As we have pointed out earlier such an
effect was observed in the present experiment. At
5.0 bar and X = 0.00068 (the only data for which a
quantitative analysis was possible) we find that v is
-60% larger than at SVP. Using the Baym and
Ebner theory, Rosenbaum et al.' estimate that g „
should be -14 times larger at 24.0 bar than at SVP.
Such a value is consistent with our failure to ob-
serve any p-qp scattering below 0.7 K at 24.0 bar
(see Fig. 3).

D. Conclusions

These data, we feel, provide strong evidence for
Rayleigh-like scattering of phonons by 'He quasi-
particles in dilute mixtures as suggested by the
Baym and Ebner theory. ' The slight numerical dis-
agreement betwee~ our data and the theory, par-
ticularly at the lower temperatures, could con-
ceivably result from a slight amount of excessive
heating of the pulses above the ambient tempera-
ture, or from some of the assumptions involved in
the analysis. The analysis is felt to be most valid
at higher temperatures where the scattering is
relatively strong, and thus the fact that the overall
experimental temperature dependence of the scat-
tering time seems to be weaker than predicted by
the theory is not regarded as serious. Considering
the simplicity of the analysis, the numerical agree-
ment of our data with the theory, as well as with
the thermal conductivity results, is quite good.

JV. SECOND-SOUND REGION

A. Excitation spectrum in mixtures

A secondary motivation for the present experi-
ment stems from the recent controversy regarding
the nature of the 'He quasiparticle excitat:ion spec-
trum in mixtures. The second-sound velocity
curve in mixtures (below -1.5 K) can be calculated
from the excitation spectrum. Thus it was felt
that an accurate measurement of the second-sound
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FIG. 8. " He-roton" model for the elementary excita-
tion spectrum, E vs k, in mixtures. At k & 1.5 A. the
He quasiparticles are described by the Landau-Pomer-

anchuck spectrum of Eq. {5)with ms ~2.3 ns3. The pro-
posed " He-roton" region [Eq. (6)j is shown at higher
wave numbers. The He roton parameters for the curve
shown are 43=5.0E, k)=1.9 A, and @3=0.2 m3. The
we11-known 4He excitation spectrum is from neutron
scattering measurements at T ~1.1 K.

velocity as a function of temperature, concentra-
tion, and pressure could yield valuable information
about the excitation spectrum. Before discussing
our results, we will briefly review some of the
theories and experiments relating to the excitation
spectrum in mixtures.

The familiar ~He excitation spectrum is shown in
Fig. 8 with its linear phonon region at low wave
numbers (k) and roton region at k-1.9 A '. It was
proposed a number of years ago by Landau and
Pomeranchuck" (LP) that 'He atoms in solution
with ~He would behave as a dilute Fermi gas of
quasiparticles with an excitation spectrum of the
form

g (k} =e, + K'k'/2m s',

where &0 is a constant, and m,* is an effective
quasiparticle mass subsequently shown to be ap-
proximately 2.3 times the bare 'He atomic mass

m 3+

This model has proven quite successful in de-
scribing a large number of experiments which
probe the small-k region of the excitation spec-
trum. Recently, however, questions have arisen
regarding the shape of the excitation spectrum at
k values near the He roton minimum. Experiments
involving fourth-sound propagation, "ion mobili-
ties, ' and normal-fluid density" in mixtures all
seem to infer a significant decrease in the energy
of the 'He roton minimum 44 with increasing 'He
concentration. Specifically, these experiments
indicate that ~4 drops from its value of -8.6 K at
X=0 and apparently levels off at-5 K for Xa0.2.
Raman-scattering experiments, "which directly
measure the energy of the two-roton state, on the
other hand, show no significant change of ~4 in
mixtures with X as large as 0.31.

%his apparent contradiction led Pitaeveskii" to
suggest the existence of a rotonlike region in the
'He quasiparticle excitation spectrum (see Fig. 8)
of the form

c(k) =a, +g'(k -k, )'/2p, „
where p, , is an effective mass parameter, and k3
is near the value ko of the He roton minimum. 'Ihe
'He roton energy minimum 6, would be smaller
than ~~—presumably about 5 K. Theoretical argu-
ments have been presented by karma" and by
Stephen and Mittag" indicating that such a 'He
roton branch should indeed exist. Slinkman and
Ruvalds, "on the other hand, argue that a proper
analysis of the experimental data shows that the
original LP spectrum actually provides the best
fit.

B. Calculation of the second-sound velocity

In view of this controversy we have investigated
the nature of the excitation spectrum in mixtures
through its influence on the second-sound velocity.
Given the excitation spectrum and assuming strong
scattering among all the excitations of the system,
the Boltzmann equation may be solved for the sec-
ond-sound velocity in a manner analogous to that
suggested by Kwok" for the case of solids and
used by Narayanamurti et al. ' for the case of pure
~He. The resulting expression for the second-
sound velocity in mixtures is

, (T) =-', (P f,(k) S, (k, T) k, (k) k'dk) (I fS, (k, T ) '(k) k' dk) (tkL fS,' (k, T) k' dk) (7)

where i is a two-valued branch index referring,
respectively, to the 'He and ~He branches of the
excitation spectrum, and the quantities u,. (k}
=V, (k), (k) are the group velocities of the two

I

branches. The S,'(k, T) are the occupation num-
ber functions of the two branches, with S',(k, T)
=f '(k, T) [1—f (k, T)] and S,(k, T) =N'(k, T) [1
+N'(k, T}], where f'(k, T) and N'(k, T) are the
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FIG. 9. Second-sound velocity versus temperature at
four pressures for X=0.00068. The curves drawn
through the data are merely to aid the eye.

equilibrium Fermi-Dirac and Bose-Einstein dis-
tribution functions, respectively. The dependence
of v, on 'He concentration X arises from the fact
that the chemical potential, and hence f0(k, T), is
a function of X. It should be pointed out that when
calculating v, as a function of temperature T, the
chemical potential must be recomputed at each
value of T subject to the constraint that the total
number of 'He quasiparticles is constant.

In the case of pure 4He where the only excita-
tions at low temperatures are phonons with an ex-
citation spectrum &(k)=v, k, Eq. (7) correctly
leads to the limiting low-temperature second-
sound velocity v, = v, /W. The increasing thermal
population of rotons in pure 4He at temperatures
above ™Q.6 K results in a rapid decrease of v, be-
cause of the k ~ uk' term in Eq. (7). As shown in
Ref. 3, the experimentally measured second-sound
velocity curve in pure 'He below about 1.4 K agrees
quite well (within a few percent) with that calcu-
lated from the 4He excitation spectrum. At higher
temperatures the elementary excitation picture
becomes less valid as the excitations broaden con-
siderably and become illdefined.

The addition of even a small amount of 'He to
4He results in a dramatic change in the velocity
of second sound. At very low temperatures, Eq.
(7) is dominated by the 'He branch of the excitation
spectrum, and for temperatures below the degen-
eracy temperature, the second-sound velocity
approaches v~/W (v~ is the Fermi velocity). In

this case the second-sound mode propagates al-
most entirely in the 'He quasiparticle gas (the
quasiparticle-quasiparticle scattering times are
relatively short), and cannot be excited by ther-
mally produced phonons since the p-qp scattering
times are quite long. (It can be excited, for ex-
ample, by an oscillating superleak transducer as
was demonstrated by Brubaker et al.~ who mea-
sured the second-sound velocity in dilute mixtures
down to T=0.03 K.) As the temperature is in-
creased the second-sound velocity increases due
to the increasing velocity of the 'He quasiparticles
at higher k values (just as in the case of ordinary
sound in a gas) and the increasing influence of the
4He phonon excitation spectrum. Finally, at still
higher temperatures (T &0.5 K), the «He roton
branch becomes thermally populated, and the
second-sound velocity eventually reaches a peak
and then decreases as the inQuence of the rotons
becomes larger.
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FIG. 10. Second-sound velocity versus temperature

at four pressures for X=0.00321. The curves drawn
through the data are merely to aid the eye.

C. Experimental results and discussion

Our experimental results for the second-sound
velocity as a function of temperature at three
concentrations and four pressures are shown in
Figs. 9-11. The qualitative features discussed in
Sec. IV B are readily seen in the data.

Our results at SVP are in excellent agreement
with those of Brubaker et al. ,~ who measured the
velocity of mechanicaQy-induced second sound in
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FIG. 11. Second sound velocity versus temperature
at four pressures for X=0.00710. The curves drawn
through the data are merely to aid the eye.

dilute mixtures at temperatures below 0.6 K. At
temyeratures below the second-sound velocity
maximum (i.e., for T &0.7 K) our data are also in

good agreement with those from the early heat-
yulse measurements in mixtures by King and Fair-
bank, ' but at higher temperatures we generally find
a somewhat lower velocity than was reported by
these authors. At X =0.0032 (a value common to
both experiments), the discrepancy is about (3-6)%
in the temperature interval O. VENT s1.5 K. %he

experimental uncertainty of our data is believed to
be (I-2)%.

Our SVP data at X =0.00321 are compared in Fig.
12 with the second-sound velocity curves calculated
from Eq. (7) for the same concentration. The solid
curve is calculated from the LP spectrum [Eq. (6)],
and the dashed curve is from the 'He roton model
[Eg. (6)]. (The yarticular 'He roton parameters
used are those of the excitation spectrum shown
in Fig. 8.) It is clear from this figure that the LP
spectrum yields a velocity curve which is in rea-
sonably good agreement with the experimental
data below about 0.7 K, but falls somewhat below
the data at higher temperatures. (As in the case of
pure 4He, the elementary excitation picture begins
to break down above about 1.4 K, and thus the cal-
culated second-sound velocity curves are not ex-
pected to be valid in this region. } The addition of
the 'He roton branch to the excitation spectrum
has little effect on the velocity curve below about
0.5 K as expected, but at higher temperatures
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FIG. 12. Second-sound velocity vs temperature for
X=0.00321 at SVP. The experimental data are shown as
x's. The solid and dashed curves are calculated from
Eq. (7) using, respectively, the Landau-Pomeranchuck
[Eq. (5)] and the 'Re -roton" [Eq. (6)t models for the He
quasiparticle excitation spectrum. The particular He-
roton parameters used in the latter case are those of
the excitation spectrum shown in Fig. 8.

makes the agreement with the experimental data
even worse. Choosing different values for the 'He
roton parameters obviously alters the calculated
second-sound velocity curve somewhat, but the
result is always lower than that calculated with the
LP spectrum which is already lower than the ex-
perimental data. The agreement with experiment
is better at lower concentations and worse at higher
concentrations, but is always qualitatively similar
to that shown in Fig. 12.

From an examination of Eq. (7} it is clear that
the 'He roton model will yield a velocity curve
which lies below that obtained from the LP spec-
trum, since the 'He roton branch introduces lower-
velocity excitations at a lower energy than a sim-
ple extension of the LP spectrum. The same is
true of the addition of a term proportional to -k'
to the LP spectrum, which was proposed by Bru-
baker et al. ' to explain an apparent temperature
dependence of the effective mass m,* obtained from
second-sound measurements below 0.6 K.~ Like-
wise, a reduction of the 4He roton energy minimum
would also lead to a decrease in the calculated
second-sound velocity curve for the same reasons
given above. While there is no theoretical justifi-
cation for such, we have found that an increase of
the «He roton minimum (to about 9.I K for X
= 0.0032) actually produces considerably better
agreement with experiment for T ~1.0 K, but re-
sults in a velocity maximum which is somewhat
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too high.
~e should point out that in calculating v,(T) from

Eg. (7), we have not taken into account any explicit
temperature dependence of the ~He excitation spec-
trum. As is well known, however, the excitation
spectrum decreases slightly with increasing tem-
perature. As we have shown, this would make the
agreement with experiment even worse.

In summary, we find that the simple addition of
a rotonlike branch to the 'He quasiparticle excita-
tion spectrum in mixtures is inconsistent with our
second-sound velocity data. 'Ihe original Landau-
Pomeranchuck spectrum leads to better agree-
ment with the experimental data than do other
proposed models, but even in this case there exist
significant quantitative discrepancies for T a0.7 K.
While we have been unable to achieve an acceptable

overall fit to the experimental data with any simple
excitation spectrum model, our results seem to
imply a definite shift of spectral weight in the 4He

roton region toward kigher energy values.
At the high temperatures of interest (T z0. 'I K)

the elementary excitations in mixtures may be ill-
defined due to their short lifetimes, and their in-
teractions are probably more complicated than we
have implicitly assumed in our simple calculation
of the second-sound velocity. More theoretical
work toward obtaining a better description of the
excitations is clearly necessary.
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