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A method is developed for defining localized states and effective Hamiltonians in perturbed crystals. The
method is based on the localization ideas in the kgq representation for perfect lattices. An equation is derived
defining localized states for perturbations caused by an impurity, a magnetic and electric fields. In this paper
the impurity problem is considered in detail. A correction term is obtained to the one-band Koster-Slater
effective Hamiltonian. It is shown to be significant for bound states and scattering cross sections of a localized

impurity.

I. INTRODUCTION

The recent interest in the Koster-Slater impurity
problem' was caused by a new idea put forward in
a paper by Kohn and Onffroy.? The idea consists
in defining one-band generalized Wannier functions
(GWF) that are suitable for expanding the corre-
sponding one-band eigenfunctions of a perturbed
crystal. By doing so the multiband Koster-Slater
equation reduces to a one-band problem. In ad-
dition, the local density of states and the charge
density can directly be expressed in the GWF.

This new idea was followed up in a whole series of
papers.®~® Originally it was developed for a one-
dimensional case® ™ and then generalized to three
dimensions.” References 6 and 8 present a one-
dimensional model calculation.

The generalized Wannier functions are calculated
in Ref. 2 by a variational procedure with an as-
sumption that the impurity bound state is below the
lowest band. This restriction was removed in Ref.
3 where a criterion was given for assigning the
impurity state to a given band in a one-dimensional
crystal. The inclusion of the impurity levels into
one particular band is not entirely elementary in
the case of a three-dimensional crystal and then
the use of the one-band variational approach in
defining the GWF needs further clarification.”

In this paper we postulate an equation for de-
fining localized states and effective Hamiltonians
in perturbed crystals. The equation is developed
in the framework of localized states in perfect
crystals in the kg representation. The localiza-
tion problem on ideal lattices®'® was recently
solved and the approach here will be an extension
of Ref. 10 to perturbed crystals. A variety of
perturbations will be considered, e.g., the im-
purity problem, the magnetic and electric fields.
In this paper we shall construct localized states
and effective Hamiltonians for the impurity prob-
lem. In a forthcoming publication perturbations
caused by a magnetic and electric field are con-
sidered. A short review of this work is in press.'!
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II. EQUATION FOR LOCALIZED STATES IN
PERTURBED CRYSTALS

Let us start with a number of remarks about the
kq representation and the problem of localized
states in perfect crystals.

The connections between a wave function ¥(T) in
configuration space and the corresponding wave
function C(k, §) inthe kg representation are as fol-
lows:

$(F) = ((—zﬂ) >1/2fdkc K1), (1)

->

1/2
k. D=(gs) Zemei-Ry@-n, @

where V, is the volume of a unit cell in the Bravais
lattice, the integration in (1) is over the Brillouin
zone, and the summation in (2) is over all the vec-
tors R of the Bravais lattice. From (2) it follows
that a Bloch function Cg( K, q) in the kq representa-
tion is

> 31/2 - - =
Cus®D = () 4 @ Lo -, -B), @
0 K

where ¥, (Q) is the Bloch function in the coordinate
representation (with T replaced by §), Kj is the
Bloch quasimomentum, and the summation is over
all the vectors K of the reciprocal lattice. By
definition, a Wannier function a,,(K, d) in the kq
representation belonging to the nth band and located
on site ﬁm of the Bravais lattice is

1/2 - N
(K, @) = <(2 )3) deB eXp(—iEB'Rm)anB(k,a)

= exp(~ik+ R )Y (@)- (4)

This is a very simple connection between a Wan-
nier function in the kg representation and a Bloch
function. The orthogonality of the Wannier func-
tions (4) is seen immediately
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[ akdda & Dagen (£,
= [ explik: (R - B, )03 @bwn@dkdd

=8yt Ot - (5)

For arriving at (5), we used the following relation
that Bloch functions satisfy:

G [ 4@ @ = ©

In what follows we shall prefer to work with the
periodic part U(K, q) of the wave function C(K, q):

C(k, Q) =exp(ik- YUK, Q), (7)

where UK, Q) is periodic in 4 with the period of a
Bravais lattice vector R, and Bloch periodic in k,

U +K,, @) = exp(-iq - K) UK, @),

with .IZ,,, a reciprocal-lattice vector. In an unper-
turbed crystal we have

(L@L;%_E]_ . v@) U & @ =€0(Rp) Ut (K, D,
(8)

where U,,kB(E, Q) is the periodic part of the Bloch
function in the k¢ representation

3\1/2 o -
U"kB(E’ a) = ('('Z.T;r;)_) unk(a) ; 6(k - kB - Km) (9)

and €,(K;) are the energy bands (K being the con-
served quasimomentum). The periodic part of the
Wannier functions a,,,( E, q) is therefore

(K, Q) =exp(=K * Ryt (@ (10)

In what follows a,,(K, q) [and not the a/,(k,q) in (4)]
will be called the Wannier functions. It is obvious
that the Wannier functions (10) satisfy in the kg
representation the Bloch equation

<-[:z—(?—é%:‘)—+k]—z + V(a)> d"m(K, a) =€y (Ba"”' (E’ a) :
(11)

It is of interest to compare Eq. (8) for Bloch func-
tions with Eq. (11) for Wannier functions. In Eq.
(8), €,(kp) is a constant independent of the kg co-
ordinates while on the right-hand side of Eq. (11)
we have e,,(l?), a function of K. We see that the only
difference between the equation defining Bloch
functions [Eq. (8)] and the equation defining local-
ized functions [Eq. (11)] is in the factor multiplying
the function on the right-hand side. This fact will
be used in postulating an equation for localized
states in perturbed crystals.

The Schrodinger equation for a Bloch electron in
a constant magnetic field Hand perturbation v(T)

in the kg representation is'?

[[-ia/ac? +K + (e/2¢) A% i 5/0K]?
2m

+V(Q)

+v<i :kﬂ U, 5 =eUE . (12)

Equation (12) is the eigenvalue equation (¢ is a con-
stant) for an electron in a perturbed crystal. The
solutions U(K, q) are eigenstates of the problem.
In order to obtain an equation for localized states
we shall use the analogy with equations (8) and
(11). Equation (8) is an eigenstate equation [with a
constant €,(kz) multiplying the function on the
right-hand side], while Eq. (11) defines localized
states a,,(K, Q) [the energy €,(kK) multiplies a,,(k, q)
on the right-hand side]. Having this mind we shall
postulate in correspondence with Eq. (12) the fol-
lowing equation for localized functions in a per-
turbed crystal:

{[—z‘a/aq +k +2(fn/20)H><i8/81‘<]2 V@

0 (i) Am® D B BB D, (13

where A, (K, q) are the perturbed localized func-
tions and E,,(E, —ﬁ,,,) are the effective band energies.
The explicit dependence on the site —ﬁ,,, appears in
the equation if one follows the structure of local-
ized functions (10) in the kg -representation

A (K, Q) - exp(~iK+ R, U, (K, Q) (14)
with U,,(k, Q) satisfying the equation

[[—ia/aﬁ+§ +(e/2¢c)H% (R,, +i3/0K)]2
2m

+V(Q) +v <i§§+§m)] Upn(%, Q)
=E, (&, R, UK 3. (15)

In the absence of perturbations (H=0, v=0) Eq.
(15) goes over into Eq. (11) for localized states of
a perfect crystal. In the latter case the localized
functions U,,,,,(l?, Fl ) and the effective band energies
E, (K, R,) are site R,, independent

Upm (&, @) =2 (@), (16)
E. (K R,) =€, [®. (7)

This is no longer so when a perturbation is pres-
ent. As is seen from Eq. (15), both the localized
functions U,,(K,q) and the effective band energies
E,,(E, Em) will, in general,be -ﬁm dependent (an ex-
ception is the homogeneous electric field case).
One should expect Eq. (15) to lead to localized
states because the solution of the unperturbed
equation [Eq. (11)] are localized and they should



not be strongly affected by the perturbations. It is
therefore possible, in principle, to solve Eq. (15)
by a perturbation procedure starting with the un-
perturbed equation (11). This is the main advan-
tage of the localized equation (15) over the eigen-
value equation (12). The eigenfunctions U(K,q) of
the latter are very different from the eigenfunc-
tions Uy, (K, ) of the unperturbed problem (8) and
a perturbation procedure can, in general, not be
applied to Eq. (12).

For comparison reasons let us write Egs. (11)
and (13) for localized states in the regular T repre-
sentation. The left-hand sides of Egs. (11) and
(13) will just be the corresponding Hamiltonians
applied to the function in the T representation. In
order to obtain the right-hand side we expand the
band energies e,,(E) and E,,(E, ﬁm) in Fourier series
and use formula (1). Equations (11) and (13) in the
T representation will be

p? - - = = - ==
<§;ﬂ—+ V(r)> a,(r—R,) = Zs: ho(Rg)a,(r - R, +Ry),

(18)

(B2 .y 2 od)) A - )

=3 H,(®,, RAm(F -R,+R,), (19)

s

hR) =Sy [T Fae,® ak, (20)

HR,, R = 585 [ RE, & R)ak, @)

and a,(t -R,), A, (T - R,) are the localized func-
tions for the perfect and perturbed crystal, cor-
respondingly. Equation (18) is well known and is
the equation for Wannier functions a,,(?) in a per-
fect crystal.’® In this case the shape of the func-
tion a,(t - R,,) does not vary with the site and all
the Wannier functions for a given band are de-
rived from a single function a,,('f). In the perturbed
crystal the shape of the localized function A,

(f - R;) depends also on the site

— 1/2 - * >
A (= R')=<('2%3> | dR exp(=i B+ R)Cp(E, D,
(22)

where C,, (K, T) =exp(ik - T)U,,(k, T) [see Eq. (1)].
In the regular » representation, Egs. (18) and (19)
appear to be more complicated than Eqs. (11) and
(13) and we find it more convenient to work in the
kq representation.
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III. IMPURITY PROBLEM: LOCALIZED FUNCTIONS

In the presence of an impurity perturbation
v (H=0), Eq. (15) for localized states becomes

[(_‘_?_6/2-%—3-@-2— +V(@) +v<i g']; +—f{m>} Unn(X, @

=E, &, R,)Upm(&, Q). (23)

We shall solve Eq. (23) by a perturbation procedure
assuming that the unperturbed bands e,.® are well
separated. This will be needed for defining a
parameter of smallness for the perturbation theo-
ry. Any function U(K, q) can be expanded in the
complete set of functions (10),

U, =2 Bopexp(=iK+ By)un(@

=2 By ®u(@, (24)

which is a well known expansion in the kg repre-
sentation.'? For the solutions U,,(k, q) of Eq. (23),
expansion (24) will be

Unm(E!a) =Zanl(E, _ﬁm)utk(a)’ (25)

In this case the expansion coefficients are site ﬁm
dependent. We substitute expansion (25) into Eq.
(23), multiply it by u%(q) from the left, and inte-
grate over . We arrive at the following equation
for the coefficients B, (K, R,,):

-

- = .8 = -
€, (OB, &, Rp) +2 v <k, i Rm>B,,,(k, R,)
1]

> >

=E,(K, R,)B, (&, R,), (26)

where

> .9 = (2m)3 3 = T
vst<kyz'a—E+Rm>= Vo f%*k(&)v 'éﬁ_"’Rm “m(Q)dCI-

20

Expression (27) defines an operator which is to be
applied to the coefficients B, (&, R,,), and the inte-
grand from point of view of the quasimomentum k
is a product of three operators. Equation (26) can
be solved by perturbation theory.* Let us intro-
duce the following notations:

B (& R,)=BOEK,R,) +BOK,R,)

+B§,"2(E, ﬁm) oo, (28)
E, (&, R,) =c,&) +eP&, R,)
+e@K, R+, (29)

where the superscript denotes the order of pertur-
bation. Up to second order in the perturbation we
have (we apply perturbation theory to band n)
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BOE, R,,) =6,, (30)
m. ns
% U3, (&, R,)

(1)
Bk, R T € (k;—e (k)’
s#n; BOK, R,)=0, (31)

@ vg, (K, 20/0k + R, ) BYE, R,,)
B (k Rm) IZ;I nk)_es(ﬁ

vnn (EY ﬁm)vsn(E> -ﬁm)

[ B, (k)]z , S#mn, (32)

(M D — 1 IZ) n k R l2
BEE, Ry -5 L et (33)
€M(E, R, = v, R,), (34)

PF R,) = 2 on (B 7 + Ra)BUE Ry 69
In the above formulas in addition to the matrix
operator (27) also the matrix v,,(k, R,,) appears.
The latter is a special case of the operator (27)
when it no longer operates on a function of k [the
operator v(i3/5k +R,,) in the integrand of (27)
operates in this case directly on the function
Uir (ﬁ)]

vt (B Ry) = 3 exp(=iK- R)
x [ afag(E - Ro(F+ Rpas®)

=y exp(-ik-R)v,(Ra+ R Ry, (36)
R

with

> >

fA:m(E’ E)Alp(ﬁﬁ q)dkdq

\% - - - -
= _(z—ﬂo)ffdk eXp[zk' (Rm - RP)] <6nl +(1 —6”1)[35,1,)*(1{, Rm) +B£12!)*(

+[B(2)* k,

ZAK

v, (B, R) = fas*(?_ RoDa,F-R)dE. (37

For results (30)-(35) to have the meaning of
perturbation corrections we have to assume that

1=06(&, R /e, (B —€,®)] <1, (38)

where 7 is in some sense the expansion parameter
of the perturbation theory.

When (38) holds the localized functions A,,(k, q)
for a crystal with an impurity up to second order
in perturbation theory will be

Aun&, D = exp(-iE- &,
<[ +BOE, R )|t ()
- T BOE Ry +BOE Ro)lus@)

s#n

(39)

where the coefficients B, (K, ﬁm) are given by
(31)-(33).

The functions (39) by the construction of pertur-
bation theory are normalized to second order in
the perturbation

-

[ 1A 0n(®, DI? aE di= 1 +BEE, R,) +BEE, R,

+ |BOE, R

s#n

wI2=1.  (40)

The last equality in (40) is a consequence of (31)
and (33).

Let us now calculate the overlap integral for two
localized functions belonging to different bands
and different sites

>

K, R,) +BRK, R,) +BAE, R,)]

b+ 2 BOKE, R,)BUGE, ﬁ,)). (41)

s#n,l

») +BAE, R,)]

As is seen from (41) the localized functions A,,m(E, q) for a crystal with an impurity are, in general, non-
orthogonal. There is a nonvanishing overlap of the functions coming from both the first- and second-order
perturbation coefficients. Let us calculate in more detail the overlap Sf,l,f,',p from the first-order coeffi-
cients for n#1 (when =] there is no overlap from the first-order perturbation),

s = (2‘,’;’)3 [ aRexplik- (R, - BB R,) +BRE R,
— VO T s = = U*II(E) _ﬁm) = Uy (E’ ﬁ )
- (z—ﬂ)—sfdkexp[zk- (R - ) o tartat Ste) (42)
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By using formulas (36) and (37) the last expression
can be given the form

D= ; gO®)

-

X[Unl (ﬁmﬂ _ﬁ‘P - —ﬁ) - vnl(ﬁm +§’ Rﬂ)];
(43)

where g()(R) is the Fourier transform of the ener-
gy denominator in (42),

Vo dk exp(~ik - R)
(@m)? €.) —€; (&)

It follows from (42)-(44) that the overlap integral
of the functions A,, (K, q) depends on both the ma-
trix elements of the perturbation potential and the
band structure of the solid. It is seen from Eq.
(43) that the Fourier component gﬁ,‘,)(’f{) for R=0
does not contribute to the overlap integral because
the expression in the square brackets vanishes for
R=0. g@(0) is of the order of 1/¢,;, where €,; is
of the order of the energy gap between the bands

n and . In the framework of the perturbation pro-
cedure developed above the Fourier coefficients
gﬁ},)(_ﬁ) for R+ 0 should be assumed to be smaller
than g()(0). This assumption is in accordance with
(38) as can be seen by writing the energy difference
€n(E) —€,(K) in the following way:

e,,(E) —e,(§)=e,,, +Ae,,l(E), (45)

gH®) = (44)

where €,; is a constant of the order of the energy
gap. For the assumption (38) to hold it is neces-
sary that Ae,; (k) in (45) be smaller than €,

Ae,; &) <€y (46)

[otherwise the denominator in (38) could vanish].
On the other hand, when (46) holds, it is clear that
2O®R) <g¥(0) for R#0. In what follows we shall
assume that

Aenl(E) <<€n1' (47)
Using (45) and (47) we find for g Q(R),

- 1 14 dke kR
gs.lz)(R)=z:<5(m+ (zﬂo)s f = Ae"'(E)Jr”'),

€n1
(48)
where higher-order terms in Ae,;(K)/e,; were
neglected. From (48) and (47) it follows that
gW®R) <g®0) for R+0. (49)

Another assumption we are going to make is
about the matrix elements v, (R, R’) in (37) of the
perturbation potential. We shall assume that

- -

vsl (ﬁy R,) =Us;(_]§.)6 (ﬁy RI)’ (50)

where
v, (R) = f ar@o(E + Ra, (7 dr. (51)

With the assumption (50) satisfied, the matrix
elements of the perturbation potential (36) become

vs,(iz,-f{m) =05, (R,). (52)

There are many perturbation potentials for which
assumption (50) is satisfied. In the original paper
by Koster and Slater® the concept of a localized
impurity on the origin was used*®

vnl(ﬁ) ﬁl) :—'Unlb(l:.{)6 (EI) (53)

This can be seen to be a special case of assump-
tion (50). Another region where assumption (50)
holds is when the perturbation potential v(r) varies
slowly, e.g., it does not change much in the range
of a unit cell of the Bravais lattice.'® This can
explicitly be proven from definition (37) when the
Wannier functions are well localized on one unit
cell. We then have

ool

ve, (R, RY)

I

ja:(a+_ﬁn— _ﬁ) v(a+§n)at(a+§n _—R>',) da

=

n

& Z v(R,) fas*(a +R,-R)
RYI
xa,@+R, - R) di= v, (RO R-R),
(54)

where the integration in (54) is on a unit cell and
we have assumed that

fa;*(ﬁfﬁ,, -Ra;§+R,-R)dd=0 for R #R.
(55)

In proving Eq. (54) we have assumed slow variation
of v(T) on one unit cell [v(J +R,)= v(R,)] and corre-
sponding good localization of the Wannier functions
[Eq. (55)]. In general, when the slow variation of
v(T) can be extended on a number of unit cells (say,
p unit cells) then the requirement on the localiza-
tion of the Wannier function can be relaxed and the
integration in (55) extended on p unit cells.

With the assumption (50) fulfilled the overlap
integral (43) becomes (for n#1)

SO 1 =g YR, - RpomR,) — v (Ry)]. (56)

It is of interest to compare in order of magnitude
the overlap integral S in (56) and the expansion
parameter n in (38). The difference of the matrix
elements in the square brackets of (56) is of the
order of one matrix element, say v,;, or less.
This means that
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SV < gQRw,, R#0 (57)

(the sign “~” means “of the order”). On the other
hand, 7~ g%(0)v,;. Having in mind Eq. (49) we
find that

S «q. (58)

This relation will be used later in developing one-
band effective Hamiltonians.

The first-order overlap S® has only interband
matrix elements (there is no intraband first-order
overlap). The second order-perturbation terms
in (41) will contribute to the overlap integral both
an intraband and interband part. Let us denote the
second-order overlap by S&, ,,. The interband
part ({#n) will, in general, be smaller than the
first-order overlap.

S 1< S 1 L#n (59)

and we shall neglect S, ;, ({#n), keeping only the
leading term S$) ,,. However, since S® has no
intraband elements, the leading intraband overlap
will come from S, ;,. From (41) we have

b= s [ AResplik- (R, - R,

< BOXE, R,) +BAE, &,)

+ 9 BOE, R,)BYE, R,))

&#n

(60)

Using the expressions (31) and (33) for BY and B®
and assuming Eq. (50) for the perturbation poten-
tial, the intraband overlap becomes

S = = '21'}: £2(R, -R,)
s#n
X[ [ogn (Rl + |tn(Rp)|?
- 204(R,)05n(R,)]s (61)
where in analogy with Eq. (44),

(2) ~ dﬁe—ik' R

20 o [ Bl —amr ©2)
For R, =R, the overlap S, nm_ 18 z€T0 as it should
be because the functions A,,,,,(k q) are normalized
[Eq. (40)]. Again, with assumption (41) satisfied
we find that the intraband overlap S&, ., is much
smaller than the square of the expansion param-
eter of [Eq. (38)]

SP e <17 (63)

In developing one-band effective Hamiltonians
for the impurity problem we shall keep terms only
up to the order of n°. The intraband second-order
overlap S% , is much smaller than * [Eq. (63)]
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and will therefore be neglected. In this approxi-
mation the overlap integral (41) will become

[ A8 E D44, D dEdT =0, (R, By) +50 1
(64)
with S$) , given in (56).

IV. IMPURITY PROBLEM: EFFECTIVE HAMILTONIANS

In this section a one-band effective Hamiltonian
equation is derived for the impurity problem. The
derivation will be based on the localized functions
A&, Q) [Eq. (39)] and the effective band energies
(34) and (35). As was mentioned at the end of Sec.
III we shall restrict ourselves with effective Ham-
iltonians up to second order n” in the perturbation
expansion parameter n. Having this in mind and
using assumptions (47) and (50), the localized
functions A,,m(E, Q@ can be written (up to first order
in perturbation theory)

Anm(E) a) = exp(—ii' —Rm)

(R,

<unk q) + Z ns sk(a)> (6 5)
s$#n

The structure of the localized functions (65) is

very simple and they can easily be written in the

T representation

A, (T-R,) =a,,(-f—_f{m) + E Vns (R ) a,(r-R,)-
. s#n €ns
(66)

Here, A, (T - R,) are the localized functions for a
crystal with an impurity. It is seen that

AT = R,) depends not only on the difference

T- ﬁm as in the unperturbed Wannier functions
a,(f - R,) but also explicitly on the site R,,. As
should be expected, the stronger the perturbation
is on site _ﬁm, the more will the perturbed function
Apn(t - R,,) differ from the unperturbed one

a,(T - R,,) on this particular site R,,.

Assumptions (47) and (50) simplify also consid-
erably expressions (34) and (35) for the effective
energies. To second order in perturbation theory
we have

P&, R,,) =0n(R ), (67)
DR, R, = Y [nslR ”"’iﬁ"‘)—'z— : (68)

Let us now construct a one-band effective Ham-
iltonian for the impurity problem For this pur-
pose we expand the solution U(K,q) of Eq. (12)
(with H= 0) in the localized functions A,,,(k D,

U, = Z;, Fy(R)A,, (&, 9, (69)



where the expansion coefflclents F,(R,) depend on
the band index ! and the site R . Substituting (69)
into (12) we have

Z: EI(E) _ﬁp)Fz(ﬁp)Au:(E: a) =€ AIY_: F, (Ep)Alp(E’ a):
7 7

(70)

J

Sy BB + (1) + 3 J—M)F(R )

s$#n

Vo

+ =0 dke zk
(277)3 1%n,p J Xp

+ Z (Ull(ﬁp)“’z l.’ili@a)l_z

1#n,p s#l €5

_RP) Et ”) Unt E&lz) —vnl
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where

Z ,UZS(R )l (71)

s#t Is

E, (&, R,) €,( ")+v,,
Let us now multiply Eq. (70) by A% k,a) and inte-

grate over k and q. By using Egs. (41) and (64)
we arrive at the following equation:

R,,)

S(rﬂn.lﬂF <Rp) =eF, (R m +€ Z S(nm tht(Rp)“', (72)

1#n,p

where h,,(—fl) is the Fourier transform of the energy band as given by Eq. (20). Equation (72) contains a
number of interband terms: the second line (4), the third line (B), and the second term on the right-hand
side (C). The termsB and C contain the small overlapS ®whichaccording to (58) is much smaller thann, the
perturbation expansion parameter. Let us show that the term A is also on the order S™. This can be seen

by rewriting the term A [see Eq. (42)],

(R,

o &, [t i - Fole, @22 =

Vo

We have shown, therefore, that all the interband
terms in Eq. (72) are of the order of S®. If one
attempts to diagonalize Eq. (72) by using well-
known procedures’™ 8 one finds that the interband
terms of the order of S® will lead to intraband
contributions of the order of (S™)2. Since accord-
ing to (58), S?<<7, this means that all the inter-
band terms in Eq. (72) can be neglected if one is
interested in a one-band equation containing terms
only up to second order (y? in the perturbation
theory. We find therefore that up to terms of the
order of n® the one-band effective Hamiltonian
equation for the impurity problem will be

ij ha(R, - R ) Fo(R,)

+ <vm(§m)+2 h)———"sgﬁli)l«“,,(im) = eF(R,). (14)

s#n ns
Equation (74) has a correction term
|00 (R )|
s#En ens

to the well-known one-band classical equations for
localized impurities of Koster and Slater! and for
shallow impurities in the effective-mass approxi-

- G pfdkexp[zk ®, - Ry)le E)"—ITHF(R,)"' 5,1,2,,,,. (13)

mation.!'” Equation (74) reproduces both mentioned

equations when the correction term is neglected.
However, the second-order perturbation term in
Eq. (74) is of very simple structure and can lead
to significant contributions in the one-band im-
purity potential. The significance of this term
follows from the fact that while being a one-band
band term it is influenced by the explicit band
structure of the solid. This can in particular be
easily seen in solving the Koster-Slater localized
impurity problem.'® Thus, by assuming that only
two bands interact in Eq. (74) (band s influences
band #) and that the impurity is localized at the
origin, we find that the effective impurity potential
at R, =0 is

Vnn(o) + li)ns(O)lZ/é"s. (75)

This potential depends explicitly on the band gap
as and the interband matrix elements v,,(0). The
second-order correction term in (75) can be large
and is restricted only by the applicability of per-
turbation theory. Both the binding energies of the
impurity and scattering cross sections will be

modified by the band structure.
Similar remarks can, in principle, be made
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about the significance of the correction term in
Eq. (74) for the shallow impurity problem. In this
case, however, one should, in general, expect
that for gentle potentials v(?) the second order
term in (74) will be very small. This can be seen
from definition (51). When o(T) is slowly varying,
it can be taken out from under the sign of the inte-
gral for a large region or T and the integral (51)
will vanish for s#I. One could, however, imagine
cases when (50) and (51) hold and still v,,(_ft) is not
negligibly small. This isonlya guess and it should
be checked on real problems.

V. SUMMARY

This paper is the first in a series aimed to de-
velop an approach for deriving localized states
and effective Hamiltonians in perturbed crystals.
The main idea is that localized states in a per-
turbed crystal when properly defined should not
differ too much (because of their localized char-
acter) from the corresponding localized states in
the perfect crystal. This is not true with respect
to eigenstates which for a perturbed crystal are
very different from those for a perfect one. The
perturbed localized states can therefore be found
by a perturbation procedure, while for finding the
eigenstates of a perturbed crystal perturbative

methods do not usually work. With the help of the
perturbed localized states one-band effective
Hamiltonians are developed containing interband
effects.

The main tool for developing the approach of the
perturbed localized functions is the kg representa-
tion. The usefulness of the representation in de-
fining localized states on lattices is not surprising.
As was shown in Ref. 9 operators defining the
Bravais and reciprocal-lattice vectors are con-
jugate to the kg coordinates. One should therefore
expect that functions localized on lattices would
assume a simple form when expressed in the kg
representation. Thus, Wannier functions on dif-
ferent sites [Eq. (10)] differ from one another by
a simple exponential factor. This property appears
also in the perturbed localized functions but is
modified by the explicit site dependence [Eq. (39)].

Another important property of the g representa-
tion used in this paper is the possibility of coor-
dinate separation. The k-dependent perturbation
theory in Sec. III was built by integrating out the
q dependence of the wave functions. The split of
the radius vector T into K and § in the kg repre-
sentation is therefore a convenient framework for
developing localized functions.
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