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Unusual electric-current distortion effects are known to occur in materials having a conductivity tensor
which is both anisotropic and spatially inhomogeneous. Both of these conditions are satisfied in strong
magnetic fields by polycrystalline noble metals. This paper reports on a comprehensive study of the
galvanomagnetic properties of polycrystalline copper at liquid-helium temperatures. A flat plate geometry was
used which made it possible to distinguish current distortion effects from intrinsic, band-structure-related
efFects. In addition to summarizing the results of transverse and longitudinal magnetoresistance and Hall-
effect measurements on 20 specimens, model calculations of the current flow pattern around isolated
crystallites containing open orbits are also given.

I. INTRODUCTION

The electric current distribution in an inhomo-
geneous medium having a scalar conductivity v(r)
is in principle quite obvious; in accordance with
Ohm's law the current density becomes concen-
trated in regions of high conductivity while avoid-
ing regions of low conductivity. The effective con-
ductivity of the medium is equal to a stra. ightfor-
ward volume average of the local conductivity. On

the other hand, if an inhomogeneous medium has
an anisotropic conductivity, described by a tensor
o'(r), then the transport properties of the medium
cannot be so easily determined. The electro-
static potential does not in general satisfy La-
place's equation and the effective conductivity is
not conveniently equal to the average conductivity.
The electric current in such systems may even
flow along intuitively unexpected trajectories, for
example, avoiding high-conductivity regions in
favor of regions where the diagonal conductivity
is lom.

There are many systems under investigation
which exhibit the effects of inhomogeneities. Un-
usual galvanomagnetic effects in crystalline semi-
conductors are known to result from macroscopic
inhomogeneities arising from crystal imperfec-
tions, bonding defects, impurity clusters, or un-
even concentrations of doping elements. ' Anoma-
lies in the galvanomagnetic properties of dis-
ordered systems such as the chalcogenide glasses'
are also thought to result from the presence of
inhomogeneities, and such anomalies can also
occur in materials which undergo metal-semi-
conductor transitions such as expanded liquid
mercury, ' " liquid tellurium, "and metal-am-
monia compounds. " Current distortion effects
in charge transfer salts have been suggested as a,

partial explanation of some unusual temperature-
dependent conductivity measurements reported

by several workers. 9

As a final example we consider the unusual gal-
vanomagnetic behavior of the free-electron metals,
specifically the linear magnetoresistance fre-
quently observed in samples of potassium, sodium,
aluminum, and indium. ' " Recent calculations by
Sampsell, and Garland, "and Stroud and Pan, "of
the galvanomagnetic properties of a free-electron
medium containing isolated nonconducting inclu-
sions have shown that current distortions can
propagate along directions parallel to the magnetic
field for distances of order &,TD, where ~, is the
cyclotron frequency, 7 is the relaxation time, and
D is the characteristic size of the inclusions. The
excess concentration of current in the distorted
regions leads to a high-field magnetoresistance
which is a linear function of magnetic field.

A polycrystalline noble metal is in several re-
spects an ideal system for studying current dis-
tortion effects of the type just described. A variety
of orbit types are possible in a magnetic field, in-
cluding strictly closed orbits, extended orbits,
and single and double open orbits. " If the orienta-
tions of crystallites are randomly distributed,
about 90/~ of the crystaliites will support only
closed orbits and will have a conductivity tensor
which is very nearly that of an ideal free-electron
metal. These closed-orbit crystallites may thus
be thought of as comprising a free-electron back-
ground medium within which may be found isolated
regions having a conductivity characteristic of
open or extended orbits. Current injected uniform-
ly into this medium wi1.1 thus encounter regions
where the local conductivity changes discontin-
uously, and the resulting redistribution of the
lines of electric current near these discontinuities
will produce an excess joule dissipation and con-
sequent magnetoresistance. The explicit field de-
pendence of the magnetoresistance will depend on
the allowed electron orbits in the "singular" crys-
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tallites, the detailed geometry of the crystallites,
and any interaction betvreen distortion fields from
neighboring singular crystallites.

Although the essential galvanomagnetie proper-
ties of polycrystalline copper mere established
in 1929 by Kapitza, " the subject received little
theoretical attention until 1958 vrhen Ziman' cal-
culated a general conductivity tensor for copper.
The magnetoeonductivity of polycrystalline copper
vras computed from an angular average of this
conductivity tensor over all possible orientations;
this procedure, vrhich ignored current distortion
effects, yielded a linear transverse and longitudi-
nal magnetoresistance and a field-independent Hall
coefficient about 601o as large as the free-electron
value. A statistical model for the transport prop-
erties of inhomogeneous conductors has been de-
veloped by Herring" using second-order perturba-
tion theory. The model is applicable to the meak
magnetic fieM limit of polycrystalline copper, and

predicts a quadratic field dependence for the low-
field transverse and longitudinal magnetoresis-
tance. 9ruggeman, 22 Landauer, "Stachowiak, "
Schotte and Jacob,"and Stroud" have developed
self-consistent effective medium appr oaches to
the problem mhich are not restricted to weakly
varying conductivities. According to the Stacho-
wiak &yodel open orbits are found to lead to a
saturating transverse magnetoresistance, while
extended orbits in the absence of small-angle scat-
tering generate an (v,v)~' field dependence. If
the incidence of small-angle scattering is great
enough, the transverse magnetoresistance is found

to exhibit a prolonged linear growth. The influence
of extended orbits has also been studied by Dreizen
and Dykhne" mho derived an expression for the
high-field conductivity of a polycrystalline noble
metal which is in accord with the calculations of
Staehomiak.

There are few explicit calculations of the current
distortion pattern around crystallites containing
open or extended orbits. Herring" has discussed
the qualitative features of current flow around an
isolated cylindrical inclusion having an arbitrary
conductivity, and Sampsell and Garland'6 have ob-
tained exact expressions for the current f lorn

around isolated cylindrical and spherical voids
in a free-electron metal. Interactions between
nonisolated inhomogeneities have recently received
attention by Dreizen and Dykhne, "who have pro-
posed an interesting qualitative model for current
flovr in polycrystals. According to their model, in

a strong magnetic field the preponderance of erys-
tallites have a conductivity which. is essentially one
dimensional and aligned along the direction of the
magnetic field. Occasional singular crystallites
have a significant open or extended orbit condue-

tivity which is transverse to the field. A trans-
verse current mill thus be able to vrork its vray
across the polycrystal by following a network in
mhich the singular crystallites are linked together
by the large longitudinal conductivity of the back-
ground medium. If the dimension of the sample
parallel to the magnetic field direction d is smaller
than a critical value- d» the current path vrill be
broken and the effective magnetoconduetivity of
the polycrystal mill drop. This size effect has not
been ver ified experimentally.

There are a large number of experimental studies
of the galvanomagnetic properties of copper al-
though fevr of them have been. specifically con.-
cerned mith polycr ystalline samples. Interested
readers shouM refer to the comprehensive biblio-
graphy prepared by Fiekett. " Kapitza" performed
the first w'ell-known magnetoresistance experj. —

ments on polycrystalline copper in 1929. He found
that in weak magnetic fields (~,7«I) the trans-
verse magnetoresistance varied quadratically,
while in strong fields (cu,v»1) it increased as
a linear function of magnetic field. These conclu-
sions have been generally corroborated by other
workers, most recently by Fickett"'0 in a com-
prehensive study of the transverse magnetoresis-
tance of eight polycrystalline copper wires. Fie-
kett determined that the magnetoresistance of all
the specimens studied could be described by a
universal curve on a Kohler magnetoresistance
diagram. Data for all samples could be adequately
represented by an expression of the form

In[p(+, T) —p(0)]/p(0) =A, +A, into, ~+A, (ln~, v) .

In spite of these results, Kohler's rule is not in-
variably found to be obeyed in copper, deviations
having been attributed to magnetic impurities, "
the onset of electron-phonon scattering at high
temperatures, " small-ang]. e scattering, ""or
boundary scattering. " In impurity dominated mire
samples, however, it appears that the magnetore-
sistance of polycrystalline copper is in close ac-
cord vrith Kohler's rule as long as the diameter
of the mire is significantly larger than the average
size of the crystallites.

In this paper me report on measurements of the
longitudinal and transverse magnetoresistance
and Hall effect of 20 polycrystalline copper sam-
ples at liquid-helium temperatures. A flat plate
geometry was used in order to differentiate long-
range current distortion effects from other possi-
ble causes of the linear magnetoresistance. The
galvanomagnetic properties of single crystalline
copper were also studied vrith particular emphasis
on the magnetic field dependence of the transverse
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magnetoresistance for closed-orbit and extended-
orbit crystal orientations. In the Ayyendix, the
current distribution around isolated cylindrical
crystallites containing open orbits is calculated,
and computer generated drawings of the current
flow pattern are used to interpret the experimental
results. A detailed effective medium theory of the
magnetoresistance of yolycrystalline coyyer for
our geometry will be yublished by Pan and Stroud.

II. EXPERIMENTAL DETAILS

A. Sample preparation

The yolycrystalline coyyer ingots used in this
experiment were supylied by the American Smelt-
ing and Refining Co. (Asarco), Cominco, lnc. , and
Atomergic Chemetals Co. , and were nominally
99.999% pure. Single-crystal copper stock was
obtained from the Materials Research Corp.
(MRC). Polycrystalline samples cut directly from
the suyplier's ingots had reasonably uniform crys-
tallite sizes, ranging from 0.02 cm in diameter
for Cominco copper, to O. OV cm for Asarco coy-

per. The residual resistance ratio p(290 K)/
p(4. 2 K) of the starting material varied from 50 to
about 600. Samples were cut to size with a syark-
erosion cutter and then etched in dilute HNO, to
remove surface damage. Each sample was then
examined under a traveling microscope so that
the size and distribution of crystallites could be
deter mined. The orientations of single- crystal
samyles were verified by x-ray analysis.

In order to increase the range of electrical yuri-
ties available for investigation, most samples
were annealed for 3 h at a temperature of
960+ 5'C in an oxygen atmosphere of pressure
2 ~ 10 ' Torr. After annealing, sample residual
resistance ratios ranged from about 1200 to 10000
for yolycrystalline specimens and to about 20000
for single-crystal samyles. The average grain
size of the yolycrystalline samyles was genera11y
observed to increase after annealing, occasionally
by as much as 50%. The physical dimensions,
average grain size, and residual resistivity ratio
of all the yolycrystalline coyyer sa,myles are sum-
marized in Table I.

TABLE I. Physical characteristics of copper samples.

Sample
No. ~

Supplier V(273)
V (2.4)

Thickness
(cm)

Length
(cm)

%'idth

(cm) (cm)

2A

3
3A

4A

5
6A

7A

VAA

8A

8AA "
9A

9AA

10A
11A
12A
13A
15A
17A
18A
2O'
20$ c

2OA '

Cominco
Cominco
Cominco
Asarco
Asarco
Asarco
Atom. Chem.
Atom. Chem.
Asarco
Asar co
Cominco
Cominco
Asarco
Atom. Chem.
Atom. Chem.
Atom. Chem.
Cominco
Cominco
Atom. Chem.
MRC
MRC
MRC

272
388

1353
1709

667
8890
8670
9820
6290
2840
1975
3420
8190
4190
3690
1930

10 040
2031
6830
1740
5470

20 100

0.078
0.055
0.055
0.055
0.073
0.055
0.058
0.058
0.076
0.076
0.061
0.061
0.064
0.027
0.031
0.031
0.018
0.037
0.053
0.204
0.204
0.204

2.512
2.518
2.518
1.859
2.541
2.503
2.553
1.868
2.510
1.838
2.535
1.862
2.512
2.520
2.519
1.846
2.507
2.515
1.868
1.866
1.866
1.866

0.934
0.952
0.952
0.777
0.964
0.978
0.951
0.748
0.959
0.783
0.960
0.738
0.962
0.938
0.947
0.790
0.953
0.947
0.748
0.262
0.262
0.262

0.039
0.059
0.036
0.100
0.096
0.133
0.062
0.052
0.055
0.061
0.030
0.030
0.107
0.109
0.194
0.092
0.349
0.027
0.051
$ ~ 0 ~

~The suffix A following the designation number means the sample was annealed in an oxidiz-
ing atmosphere, as described in the text. The suffix AA means the sample was annealed twice
on separate occasions. The suffix $ refers to strain relief annealing in a vacuum at 500'C.

Average crystallite diameter. Typically crystallite diameters (d,) for a given sample
ranged over approximately an order of magnitude from 4m~& d, m~& &y~ to 4z~& d, ~,„&~2~.' Single crystal.

~Sample was unintentionally contaminated with excessive oxygen during the second annealing
treatment.
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8. dc magnetoresistance and Hallwffect measurements
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FIG. 1. (a) Diagram of the instrumentation used in
dc magnetoresistance and Hall-effect measurements.
The inset shows the electrode configuration. (b) Dia-
gram of the instrumentation used in the standing-wave
helicon magnetoresistance measurements.

All dc measurements were made by a four-probe
method using the instrumentation shown in Fig.
1(a). Currents of 1—5 A were supplied to the
sample by a Kepco BOP-36-5(M) operational am-
plifier operated in a constant-current mode, and
the potential developed between the voltage leads
was measured by either a Keithley 140 dc ampli-
fier or a Keithley 148 nanovoltmeter. The ampli-
fied voltage was monitored simultaneously on an
x-y recorder and a digital voltmeter. A maximum
magnetic field of 7.5 T was available from a super-
conducting solenoid; field measurements are be-
lieved accurate to at least 0.1% and are traceable. :
to NMR calibration.

Because of the imyortance of insuring a uniform
current injection into the samyles and avoiding
undesirable electrode effects, particular care was
taken in the design of current and voltage elec-
trodes [see the inset in Fig. 1(a)]. The voltage
electrodes were made of tiny brass pins mounted
in a phenolic holder. Brass bearings in the holder
permitted the pins to slide freely while maintaining
a uniform spacing. Phospher bronze coil springs

pressed the pointed ends of the pins against the
sample. The current electrodes were made of
brass and were cemented to the ends of the samples
with Acheson Electrodag No. 413 silver paste. In
order to assure proper electrode alignment, the
sample, current electrodes, and voltage elec-
trodes were assembled together in an alignment
fixture which positioned the electrodes correctly
while the silver paste solidified. After solidifica-
tion, the sample and electrode assembly was
mounted as a unit in the sample rotator which was
then positioned inside the suyerconducting solenoid.
The rotator was motor driven and permitted all
possible orientations of the sample to be achieved.
Because of this feature, rotation diagrams of the
transverse magnetoresistance as well as measure-
ments of longitudinal magnetoresistance could be
made without removing the specimen from the
liquid-helium bath.

C. Standing-wave hehcon measurements

The transverse magnetoresistance and Hall co-
efficient of several polycrystalline samples were
studied by means of the standing-wave helicon
technique in order to see whether the results ob-

'tained by inductive measurements were consistent
with those from four-probe dc measurements.
Rectangular flat plate samples were used, and in
all cases the magnetic field was oriented perpendi-
cular to the large face of the plate. The instrumen-
tation used in the helicon measurements is shown
in Fig. 1(b). Helicon waves could be excited in
the samples over the frequency range 25 Hz-10 kHz

by Helmholtz coils driven by a function generator
and power amplifier. The voltage induced in the
pickup coil was amplified, integrated to remove
a factor of frequency, detected, and applied to the
F input of an x-y recorder. At the same time, a
voltage proportional to either the excitation fre-
quency or the magnetic field strength was applied
to the X input of the recorder so that the resulting
trace corresponded to the modulus of the standing-
wave resonance. Because signal voltages were
typically 10 '-10 ' V at high fields it was not nec-
essary to use phase sensitive detection to obtain
good signal-to-noise ratios.

A comprehensive analysis of the standing-wave
helicon resonance for the rectangular plate geo-
metry has been given elsewhere. " The appropriate
expressions for the transverse magnetoresistance
p(BO) and Hall coefficient B in terms of the stand-
ing-wave resonance parameters are

f„=kBBo(1+1/u )', u~ V~. (2)

Here f, is the helicon resonance frequency, V~ is
the rms signal voltage at resoance, u =KB,/p(B)
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is the tangent of the Hall angle, and the coeffi-
cient k is a geometry factor characteristic of the
particular sample dimensions. It can be shown
that u is related to the Q of the resonance by M

=(4Q'- 1) 2, so that the transverse magnetoresis-
tance and Hall coefficient can be determined from
measurements of f„, V', and Q.

III. EXPERIMENTAL RESULTS

A. Single crystalline copper

While this work was primarily concerned with

polycrystalline copper, we 'felt it important to ob-

tain measurements of the field dependence of the
magnetoresistance for specific closed-orbit and
extended-orbit crystal orientations in order to
determine the suitability of the model conductiv-
ity tensor used in our analysis. We were also
particularly interested in possible departures
from Kohler's rule in single-crystal material
since such departures had been observed for some
of our polycrystalline samples. Figure 2(a) shows
a [111]projection of the copper Fermi surface
showing open and closed-orbit directions for
transverse fields, as determined by Klauder et
aE.37 The current direction for sample 20 is
shown in the figure and is seen to be transverse
to the [111]direction, and about '7' from the [112]
direction. A rotation diagram for the transverse
magnetoresistance is obtained by sweeping the
magnetic field along the great circle trajectory
shown as the d shed line in the figure. Shaded
areas correspond to regions having an open-orbit
(quadratic) magnetoresistance; lines radiating
away from shaded regions indicate the presence
of one-dimensional open orbits.

Figure 2(b) shows a magnetoresistance rotation
diagram at8= 5.9 Ifor sample 2G inanunannealed
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FIG. 2. (a) Stereographic projection of the Fermi sur-
face of copper, centered on the [111]direction after
Klauder et al. Shaded regions have a quadratic magnet-
oresistance. The current and magnetic field directions
for sample 20 are shown on the projection. (b) Rotation
diagram of the transverse magnetoresistanee of samples
20 and 20A at 8 =5.9 T. The residual resistance ratio
(RRR) of each sample is given.
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FIG. 3. Transverse magnetoresistance of samples
20S (closed circles) and 20' (open circles) at 6) =70.4'
illustrating high-field saturation and agreement with
Kohler's rule for closed-orbit crystal orientation. For
this figure, and all others, uc 7 was computed according
to c ~=4.0x10 3 [RRR times Bp (T)]..
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(20} and annealed state (20A}. The large peaks in
the magnetoresistance exhibit the expected quadratic
fielddependence. In Fig. 3, a Kohler plot of the
transverse magnetoresistance of s'ample 20 and
203. is shown for a representative closed-orbit
orientation with a field direction of 8 =70.4'. The
data exhibit a convincing satur ation at n, p/p(0) = 18
and show excellent agreement with Kohler's rule. A
few orientations were found which appeared to
have a nearly linear field dependence. An exam-
ple of one of these orientations is shown in Fig. 4

for 8=40.1', which corresponds to the location of
the small peak in the rotation diagram. The slight
deviation from Kohler's rule at this orientation is
quite likely a result of a small alignment error
which occured when sample 20 was remounted
after annealing. The longitudinal magnetoresis-
tance of sample 20, shown in Fig. 5, saturates at
b, p/p(0) =1.5.

B. Polycryst@hine copper

Measurements on polycrystalline flat plate
samples were made in magnetic fields up to 6.8
T. Qur primary interest was in obtaining com-
parative measurements for the two sample orien-
tations, designated H~ and 8 ~t, shown in Fig. 6.

500 — Samples ZOS and ZOA
g =40/

Samp/e 2OS and ggA
Longi audi nal Nagnetoresisfance

0

2.0—
6)
Q.
CI ~ gpg~ ~ 0

0 0
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I

IOO
I

200
cT'

'I
300 400

FIG. 5. Longitudinal magnetoresistance of sample 20S
(closed circles) and 20& (open circles) illustrating high-
field saturation and agreement with Kohler's rule.

Measurements taken at intermediate orientations
were used primarily to check for spurious elec-
trode effects. Figure 7 shows data for the H ~
and H

~~
orientations for two specimens. In Fig.

V(a), the transverse magnetoresistance of the H„
orientation for sample 6A is seen to increase as
a linear function of magnetic field throughout the
high-field regime, while magnetoresistance of the
H, orientation shows a substantially smaQer in-
crease, apparently tending toward saturation at
very strong fields. These data are representative
of measurements taken on 20 polycrystalline spec-
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FIG. 4. Transverse magnetoresistance of sample 20S
(closed circles) and 20' (open circl.es) at 8=40.1' show-

ing the intrinsic linear field dependence observed at
isolated crystal orientations.

FIG. 6. Description of the B~ and H
~~

sample or ienta-
tion used in magnetoresistance measurements of polycry-
stalline samples.
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imens. While there were appreciable sample-to-
sample differences in the magnitude of the mag-
netoresistance, for any given sample the II orien-
tation always had a stronger field dependence
(generally linear) than the H, configuration. There
was no discernible temperature dependence to any
measurements over the limited temperature range
accessible in the experiment; Fig. 7(b) illustrates
this point for sample VAR with data taken at 1.21,
3.V5, and 4.2 K. A11 remaining data were obtained
at 4.2 K.

In Fig. 8, Kohler plots of the transverse mag-
netoresistance for seven polycrystalline samples
are shown for the H„orientation. For each sample
the magnetoresistance shows a strong nonsaturat-
ing component with, for (d,v. » 1, a very nearly
linear field dependence. The Kohler slope S„ is
defined by S„=5(&p/p)/5(co, 7') and for these speci-
mens varied between 0.29 and 0.84. With the ex-
ception of sample 6A. , the field dependence of all
samples at large ~,~ was similar. Sample 6A had
the largest crystallite size and the largest residual
resistance ratio of any of the polycrystalline sam-
ples studied. Magnetoresistance data for the same
specimens are shown in Fig. 9 for the II, fieM
configuration. For this configuration, the Kohler
slope S, at large (d,~ varied between approximate-
ly zero for samples 12A. and 15k to about 0.25 for
samples 3A, 9A. , 1VA, and 8'. There appeared
to be a general correlation between S, and the
dimensionless parameter n =d/r~ for these sam-
ples, where d is the sample thickness (measured
parallel to the magnetic field in the H~ configura-
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FIG. 7. (a) Transverse magnetoresistance of sample
6& for the &~ and HII orientation. (b) Transverse mag-
netoresistance of sample 7~ for the H~ and HII orienta-
tion at 1.21 K (squares), 3.75 K (circles), and 4.2 K (tri-
angles).
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FIG. 8. Transverse magnetoresistance of seven poly-
crystalline samples in the &~ orientation.
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FIG. 9. Transverse magnetoresistance of seven poly-
crystalline samples in the &11 orientation.

FIG. 11. Comparison of magnetoresistance data ob-
tained by the four-probe dc method and the standing-
wave helicon method for sample S~ in the &~ orienta-
tion.

tion) and rg is the average crystallite grain size.
The coefficient & is a measure of the extent to
which crystallites extend through the sample di-
mension parallel to the magnetic field. For a
» 1, very few crystalbtes extend entirely through
the thickness of the sample, and S, and S„would
be expected to be about equal. The relationship
between S, and n is shown in Fig. 10 for 20 speci-
mens. It should be noted that a saturating mag-
netoresistance is most likely to be observed when
a «1, and that the wide variations in S, for neigh-
boring values of a are not consistent with a sys-
tematic sample size effect.

Figure 11 shows transverse magnetoresistance
data for sample 9AA obtained by the standing--

wave helicon method and by the conventional dc
method. Although the uncertainty in the helicon
measurements is rather large because of the dif-
ficulty of determining accurately the resonance
parameters, the Kohler slopes S~ for the two
curves agree to within 5%. Helicon measure-
ments were also.obtained for samples 7AA and

8AA, and in each case the results were compat-
ible with those obtained using dc techniques.

In Fig. 12, the longitudinal magnetoresistance of
sample 12AA is shown and is seen to saturate in

strong fields at b, p/p(0) = 2.5. Longitudinal mag-
netoresistance measurements were also obtained
for samples 6AA, 7A. A, 8AA, and 9AA, and in
each case saturation was observed'at large e, T.
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FIG. 10. Dependence of the Kohler slope S~ of 20 poly-
crystalline samples on the parameter n=d/r~. All data
are shown for the B~ orientation.

FIG. 12. Longitudinal magnetoresistance of polycry-
stalline sample 12', illustrating a high-field saturation
at ~ (B)/p(0) = 2.5. The longitudinal magnetoresistance
of all polycrystalline samples exhibited similar behavior
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The saturation value of b.p/p(0) varied between 1.6
and 3.0 but did not appear to be directly correlated
with either the residual resistance ratio of the
specimen or the average crystallite grain size.

During the course of our measurements we de-
termined the high-field Hall coefficients R„of 19
yolycrystalline copper samples. As expected, R~
for each sample was found to be independent of
magnetic field strength. However, we did observe

TABLE II. Summary of polycrystalline copper data.

Sample $~ ~ 8
No.

-R~ LMR" d
(10 II ma/C) saturation rr

2A.

3
3A
4A

5
6A

7A

7AA

7AA '
8A

8AA

9A
9AA
10A
11A
12A
13k
15A
17A
18A

0.753
0.315
0.305
0.163

0.092
0.084
0.155
Q.182
0.152
0.265
0.200
0.325
0.228
0.070
0.103
0.030
0.074
0.026
0.253
0.227

0.365
0.470

0.835
0.355
0.295

0.470
0.378

0.438
0.275
0.308
0.495
0.340
0.365

0.368
0.470

4.76
4.79
6.14
5.80
4.80

7.02
7.58

7.44
6.03

6.33
6.1&

7.50
6.70
5.71
6.13

6.39
7.49

1.97

2.92

1.60

2.88

2.40

1.99
0.92
1.54
0.55
0.76
0.41
0.94
1.12
1.12
1.38
1.25

2.03
2.03
0.60
0.25
0.16
0.34
0.05
1.37
1.04

KoMer slope S defined by S —=6(hp/po)/6 z.
"Saturation value of the longitudinal magnetoresistance

(LMR) 6p/po at large ~p.
Measured by helicon method.

FIG. 13. Dependence of the Hall coefficient &z on re-
sidual resistance ratio p(273)/p(0) for 17 polycrystalline
copper samples. Also shown for purposes of compari-
son are measurements by other workers. The free-elec-
tron value of R& is shown as the dashed line in the fig-

, ure.

a surprising dependence of R~ on sample residual
resistivity ratio. This dependence is illustrated
in Fig. 13 where, for purposes of comparison,
values of R~ observed by Alderson et al. ,"Ber-
lineourt, "Chambers, ' and Dugdale and Firth '
are also shown, It is reasonable to conclude from
the figure that the Hall coefficient in very pure
polycrystalline copper is very nearly equal to the
free-electron value of 7.5x10 "m'/C. Table I
provides a summary of the data on our different
samples.

IV. DISCUSSION

A comprehensive theory of the magnetoresistance
of polycrystalline copper for the geometries
studied in this work will be reported by Stroud
and Pan, using the effective medium approxi-
mation. In this section, we are primarily con-
cerned with the general features of the long-range
distortions of the electric current distribution
brought on by intrinsic conductivity fluctuations.
For purposes of comparison we first consider
some features of the magnetoresistance of high-
purity single crystals of copper.

Both the transvers e and longitudinal magneto re-
sistance of all of our single-crystal specimens
showed a strict saturation at large co,T for closed
orbit field orientations. Although predicted by
Lifshitz, Azbel, and Kaganov, ~' saturation has in
fact seldom been observed in the simple nearly-
free-electron metals. %e believe the absence of the
linear term in the closed-orbit magnetoresistance
of copper to be quite surprising, therefore, and
conclude that copper is one of the few metals
whose magnetoresistance seems to be generally
in accord with the basic predictions of the Lif-
shitz-Azbel-Kaganov theory.

There are a few isolated crystal orientations of
copper in which a linear transverse magnetore-
sistance appears to result from intrinsic band
structure effects. The data shown in Fig. 4 Qlus-
trates this point. It should be noted that the linear
term does not occur at the interface between
closed-orbit and open-orbit regions of the Fermi
surface, where the transition between a satura-
ting and quadratic magnetoresistance might be
expected to produce a quasilinear field depen-
dence. %Ye are aware of no electron orbit configu-
ration which could produce this observed linear field
dependence. However, these anomalous regions ap-
pear to comprise sucha smallpartof the copper Fer-
mi surface that we believe their contribution may
be reasonably neglected in the analysis of the
composite magnetoresistance of our polycrystal-
bne samples.

As discussed in Sec. III, our study of the mag-
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netoresistance of polycrystalline copper .concen-
tretes primarily on thin flat plate samples. In this
geometry, current distortion effects are evident
as a rotation anisotropy in the transverse mag-
netoresistance'at large ~,T. The current dis-
tortions and the resulting magnetoresistance are
expected to be most pronounced in the g[~ orienta-
tion where the sample-dimension parallel to the
magnetic f ield is much larger than the mean cry-
stalline diameter, Because of the intrinsic two-
dimensional character of the flat plate geometry,
the distortion-induced magnetoresistance of this
configuration is not comparable to the magneto-
resistance of cylindrical polycrystalline wires.
Even so, a comparison of our data with the poly-
crystalline wire data of Fickett"'" reveals a
rough correspondence in the coefficients of the
linear magnetoresistance. The principal differ-
ence between the wire geometry and the flat plate
geometry appears to lie in substantial deviations
from Kohler's rule which were observed in t:he
latter. These deviations took the form of sample-
to-sample variations in the Kohler slope and did
not appear to be associated with the residual re-
sistance ratio, annealing history, or crystallite
size of the samples. We believe these departures
from Kohler's rule are most likely a consequence
of the imperfect statistics of our polycrystaQine
samples. The number of crystallites in some
samples, particularly 12A and 15A, was proba-
bly not great enough to insure a random statisti-
cal distribution, thus l'eading to a "sampling er-
ror" in the data for the composite mixture.

In order to illuminate some general features of
the current distortion effects in the P~[ field con-
figuration, we have carried out calculations of the
electric current distribution around isolated sing-
ular crystallites. In our model, - details of which
are given in the Appendix, we consider a free-
electron background medium containing a single
open-orbit crystallite. The crystallite is assumed
to be an infinitely long cylinder whose axis is
perpendicular to both the magnetic field and the
direction of current injection. We assume that
the crystallite has a single open-orbit channel
which lies in a plane normal to the magnetic field
and which is inclined at an angle 8 away from the
current direction. The conductivity tensor for
this crystallite has components

c» =a, [(1-f)y+f cos'8],

c'» =c,[(1-f)y+f sin'8],

o» =c, [(1 f)Py +f sin8 cos8]-,

v» = cr, f -(1-f )Py+f sin8 cos 8] .

In the above expressions P = e,T, y .= (1+0') ',

f is the "strength" of the open-orbit channel
which may be taken to be approximately equal to
the fraction of the Fermi surface area given to
open-orbit conduction. In the ensuing discussion
we have chosen f=0.1 to be representative of
open orbits in copper.

Figure 14 shows the projection on the x-z plane
of the electric current distribution near an open-
orbit crystallite for current injected transverse
to both the cylinder axis and the magnetic field.
In this figure the open orbit was inclined at an
angle 8 =72; an orientation in which current dis-
tortion effects are large. In strong fields the
distortion regions persist for large distances, of
order (e,v )R„parallel to the magnetic field. At
the same time, the effect of the magnetic field is
to restrict the range of the current distortion in
directions transverse to the magnetic field. In
the infinite field limit there is no distortion of
the current profile at all until the lines of current
pass through the "shadow" of the singular cry-
stallite. Once entering the shadow region, how-
ever, the current becomes compressed into thin
sheets —shown as the dashed lines in Fig. 14—
which flow nearly parallel to the magnetic field.
The local power dissipation in these current
sheets may be very great in strong fields and, in
fact, it is this power density which is responsible
for the transverse magnetoresistance induced by
the crystallite; current "sucked" into the open-
orbit channel from the outside medium contqibutes
only a very small amount to the excess magneto-
resistance. We thus reach the interesting con-
clusion that the magnetoresistance of polycrystal-
line copper does not arise directly from currents
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FIG. 14. Computer-generated distribution of the elec-
tric current flow pattern around an isolated cylindrical
crysta. llite containing an open orbit. The open orbit lies
in x-y plane and is inclined at an angle of 72' away from
the direction of current injection.
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FIG. 15. Computer-generated distribution of the elec-
tric current flow pattern around an isolated cylindrical
crystallite, illustrating the dependence on open-orbit
orientation. All current profiles are for ~, T=100, and
8 is the angle between the open orbit and the direction
of current irijection.

flowing in open orbits. Instead, the magneto-
resistance is a result of compressed current
sheets flowing in closed-orbit crystallites, the
effects of the open orbits being merely to intro-
duce e, highly localized perturbation into the poten-
tial field of the surrounding medium.

In Fig. 15, the dependence of the current dis-
tortion profile on the angle 8 between the open-
orbit direction and the direction of current in-
jection is illustrated. Open orbits at 8=0' and

8 =90' do not induce current distortion, while
those oriented at 8 = 76' have the largest eff ect.
Also shown in the figure is a projection of typi-
cal current lines onto the x-y plane illustrating
the "8"-shaped distortion which occurs as the
current passes over the singular crystallite. This
distortion pattern would obviously be modified by
the presence of sample boundaries, although the
modification would probably not be too great if the
sample thickness was at least as large as the av-
erage crystallite diameter.

It must be noted that our model loses validity
for metals of purity such that the electron mean
free path is comparable to the crystallite size.
For sufficiently long mean free paths-the notion
of associating a conductivity tensor with a single
crystallite becomes tenuous. We have not at-
tempted to estimate a crystallite diameter to

mean-free-path ratio for the onset of this "size
effect, " and our data exhibit no systematic depen-
dence upon such a ratio. Qur model is intended
primarily to explain qualitative behavior and may
or may not be relevant to nonmacroscopic crystal-
lites. We mention, however, that the long-range
behavior of the current distortions is only slightly
sensitive to changes in the "open orbit" conduc-
tivity tensor, and that other factors seem to have
much greater influence upon the magnetoresistance
over the range of sample purities and crystallite
sizes studied here.

The magnetoresistance data of the polycrystalline
Oat plate samples in the H~ configuration, shown
in Figs. 7, 9, and 11, exhibited either a saturating
or weak linear magnetoresistance in strong fields.
Although we have not carried out detailed calcu-
lations of the current distribution in our samples
for this field orientation, it is not difficult to es-
timate the transverse magnetoresistance for this
case in the infinite-field limit. Following an argu-
ment suggested originally by Herring, "we note
that the tangential component of the electric field
at the boundary between a singular crystallite and
the free-electron medium is given by

The subscripts t and n designate directions tangent
and normal to the boundary of the singular crys-
tallite, and RH is the Hall coefficient of either the
medium or the crystallite. Noting that R„ is dis-
continuous at the boundary while E, and J„are con-
tinuous, we conclude that the normal current J„-0
in strong magnetic fields. This means that in the
asymptotic field limit the lines of electric current
will simply not cross over into the singular crys-
tallites, and that the high-field magnetoresistance
will saturate at a value approximately proportional
to the fractiona, l volume over which the current is
excluded. This view appears to be consistent with
our data, the sample-to-sample differences ob-
served in our measurements being attributed pri-
marily to statistical variations in crystallite size.
In some samples we observed a slight linear term
in the high-field magnetoresistance (see Fig. 9) al-
though in all cases the Kohler slope S~ was smaller
than the slope Si~ corresponding to the H~~ orienta-
tion. As shown in Fig. 10, the value of S~ increased
with the parameter n = d/r Since n. is a measure
of the extent to which crystallites extended
throughout the thickness of the sample, we con-
clude that the origin of this linear magnetoresis-
tance is the same as that of the H~j configuration.
For those crystallites not extending entirely
through the sample, current shells tend to form
in the region above and below the crystallite which
enhance the magnetoresistance. This effect does
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not occur for any crystallite larger than the sam-
ple thickness and the resistance simply saturates
as current is excluded from such crystallites in
strong fields.

The saturating longitudinal magnetoresistance
observed in all our polycrystalline samples (see
Fig. 12) is tluite in accord with the predictions of
the Lifshitz-Azbel-Kaganov theory. Open orbits
have no effect on the longitudinal component of the
conductivity tensor so that in all respects the lon-
gitudinal magnetoresistance of copper should be
identical to that of a free-electron conductor. It
is interesting to note, however, that the longitu-
dinal magnetoresistance actually observed for
the free-electron metals, e.g. , potassium, in
general has a linear field dependence. In this
connection we note that inhomogeneities such as
voids can induce a pronounced linear longitudinal
magnetoresistance, "'"although, as mentioned
previously, the role of such inhomogeneities in
the simple metals has not yet been established. In
our annealed copper samples, however, inhomo-
geneities did not appear to have any measurable
effect on the longitudinal magnetoresistance.

To summarize, we believe our measurements
have established that the high-field galvanomag-
netic properties of polycrystalline copper are de-
termined primarily by nonlinearities in the elec-
tric current distribution which occur as a natural
result of a spatially inhomogeneous conductivity.
The transverse magnetoresistance result;s from
the concentration of current into narrow vertical
sheets which propagate along the magnetic field
lines for large distances above and below crys-
tallites containing open or extended orbits. Our
model calculations of the current profile around
such crystallites are not capable of reproducing
the explicit fi.eld dependence of the magnetoresis-
tance since it is not practical to treat interaction
effects among crystallites using this method.
Nevertheless the general features of the distortion
patterns are probably reasonable, particularly
since the current shells are a consequence of the
anisotropy of the free-electron medium and not of
the particular conductivity of the singular crys-
tallites. In other respects, we have found copper
to have a conductivity tensor nearly perfectly spec-
ified by the theory of I.ifshitz, Azbel, and Kaganov '
and note that in this regard copper appears to be
nearly unique among metals having uncomplicated
Fermi surfaces.
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APPENDIX

In the general case we concern ourselves with a
single cylindrical crystallite of resistivity

P11 P12

p= ping ~22

(D 0 p,

(A 1)

imbedded in an infinite medium of conductivity

Py 0)
o=e, -py y 0

I o 0 s)"
(A2)

where oo is the zero-field conductivity, P = &,r is
the effective magnetic field, y =(1+p') ', and the
magnetic field is oriented along the z axis. Fol-
lowing the method of Sampsell and Garland" we
introduce a fictitious electric field E'(r') and a
scaled current density J'(r') in the coordinate
system r' =U r, where U is given by

I 0 0

U=010
00

A cylindrical crystallite of radiusR centered on
the y' axis becomes an elliptical cylinder in this
coordinate system where the convenient coordi-
nates are

X'= Rg y'~' csohpcos8,

Z'=ROPy' 'sinhp, sin8.
(A4)

—p( J~/o~)(y'+R, y
'~' cosh' cos8) . (A5)

Inside the crystallite we follow the suggestion of
Stachowiak and seek a solution of the form

4f(r') = E,'„X' E,'„y'--E,',Z'-
= —( p~~J „+p~~J „)Ropy cosh/ cos8

(p,Jf.+p-J~',—) y'y'"

Specifying the current far from the crystallite
as S =J~g, we seek a solution for the potential out-
side the crystallite of the form

4,'(r') =(A cos8+B sin8)e "

The authors wish to thank Professor A. B. Pip-
pard for originally suggesting this topic, and Pro-
fessor D. Stroud for several illuminating discus- —p»J&, ROP sinhp, sin8. (A6)
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(A7)

(AB)B,"0=—p33J' gBO,

y"(p.,Z,.+p..~,', )=(Vio.)~ . (A9)

Matching normal components of scaled currents
at the boundary yields

A, " ' = (Z,/o, ) (Z,'.„-Z„,/y'~') (A10)

Equating these potentials at the crystallite bound-

ary, where by definition p = p„gives
A. +-=Z,[Z„,/o, y'—"(p„Z,'„+p„Z,', )j. ,

J,', = (1/y"p„) [S(~../o. ) y—"p.,~.' ],
A = e '(Z, /o, ) (Z&„—Z„,/y' ') .

(A13)

(A14)

&.(p, 8)

The value of p, , is given by sinhp, ,=P.
The remainder of the solution is straightforward.

The expressions for C,' and 4,' are completely
specified by the constants A. , 8, J';„, J,'„and J&,.
Expressions for the current density and electric
field in real space are found by transforming the
scaled current density and fictitious field from the
r' space. For example, the current density is
given by

a;~'=(z, /~, y")z,', . (A11)

Equations (AB) and (A11) require that 8 =0, and
combining Eqs. (A7), (A9), and (A10) allows us to
solve for the remaining three, unknowns J&„, J,'„
and 2

goy'~' sinhp cos 8 —cosh/ sin'0
A,p sinh'@+sin 8

~, (p, 8) = P[~-.(p, 8) A.-j,
(A15)

(A16)

1 P(p,-./p, ) + 1/y"
y"'p» y"'( p—12 p2jip22) + 1/~0 o 0

(A12)
o, sin8 cos8

P,P sinh'p, + sin'8Z, V, 8= —' A (A17)
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