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Calculations are presented for the electric-field gradient q, the asymmetry parameter g, and the direction of the
main principal axis of the electric-field-gradient (EFG) tensor, at nearest neighbors (1NN) and second
neighbors (2NN) to isolated Zn, Ga, Ge, Ag, Cd, In, Sn, and Sb impurities in copper. A "size effect"
contribution, proportional to the local strain about the impurity, is added in tensor fashion to the well-known
"valence effect" EFG calculated by Kohn and Vosko and Blandin and Friedel. When the point-charge model
is used to evaluate the size-eAect EFG tensor, a nonzero asymmetry parameter becomes possible. The
calculation also includes an explicit evaluation of the contribution to the EFG of the screening charge which
is outside the atomic cell of the host atom being resonated. At the 1NN and 2NN sites the resulting
correction to the valence-effect calculation can be as large as 40%; asymptotically, the correction is 17%
(assuming n = 23.3 for the Kohn-Vosko enhancement factor). When the valence and size effects are combined,
good agreement between theory and experiment is obtained. Experimental q's at the 2NN sites in all alloys
studied are accounted for by using the parameters a = 18, X = —15, where a is the Kohn-Vosko enhancement
parameter and I, is the EFG-strain coupling constant. These parameters also account well for q and q at the
1NN in alloys with the 5th-row impurities Ag, Cd, In, Sn, and Sb, but the optimal fit for the 1NN is with
a = 15, X = —18. The 1NN data for alloys with the 4th-row impurities Zn, Ga, and Ge can be fit with a = 2,
X = 87, , put for no other range of the parameters. The reasons for such different values of a and X are not
understood. However, the resulting fit for the 1NN q and q is excellent, and the "anomalous" direction of the
main principal axis in Cu Ge is correctly predicted.

I. INTRODUCTION

This paper deals with the interpretation of mea-
surements of the components of the electric-field-
gradient (EFG) tensor in nonmagnetic dilute alloys
of copper.

Since the pioneering research of Bloembergen
and Rowland, ' extensive NMR work has been car-
ried out on a wide variety of alloy systems.
Copper has been a "classic" host because it is
cubic, monovalent, and 1s for many purposes
describable by the nearly-free-electron model.
Moreover, a large number of impurities dissolve
1n lt.

The early NMR work, which was entirely on
powdered samples, demonstrated the existence of
what at the time were considered surprisingly
large electric field gradients in the vicinity of
isolated impurity atoms in dilute alloys. These
EFG's, by coupling to the Cu nuclear quadrupole
moment, caused sharp reductions in the NMR in-
tensity.

The "wipe out" numbers deduced from such NMR
experiments' appeared to be dominated by the
difference in valence between the host and impur-
ity. Kohn and Vosko' (KV), and Blandin and Frie-
del4 were able to account semiquantitatively for
the experimental wipeout numbers by calculating
the EFG produced by the long-range oscillatory
screening charge cloud which surrounds the im-
purity atom. We shall refer to this as the "valence

effect."
Sagalyn, Paskin, and Harrison' (SPH), using a

phenomenological approach, showed that varia-
tions in wipe-out number between copper-based
alloys containing impurities of the same valence
could be accounted for by combining the valence
effect with an EFG due to the difference in size
between host and impurity atoms ("size effect").
However, the magnitude of the EFG-strain coupling
constant ~ required to account for the alloy data
was much larger than the constant inferred from
experiments on plastically deformed pure cop-
per 6 10

In the early experiments it was not possible to
measure the change in Knight shift caused by dilute
alloying, since copper atoms near the isolated im-
purities were wiped out of the observable NMR
line.

The use of higher magnetic fields, higher-sen-
sitivity NMR spectrometers —and especially the
use of single-crystal techniques" —has resulted
in considerably more detailed data on dilute copper-
based alloys. The Knight shift, and both the mag-
nitude of the EFG and the asymmetry parameter,
have been measured for host copper atoms which
are near neighbors to a variety of impurities. ""

The recent measurements of the EFG tensor at
nearest neighbors (1NN) and next-nearest neigh-
bors (2NN) to isolated impurities are in striking
disagreement with results based on valence-effect
theories. " " The magnitudes of the experimental
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EFG's at the 1NN and 2NN sites are much larger
than predicted by the best valence-effect calcula-
tions available. Even more striking is the com-
plete failure of the simple valence-effect theory
to account foi the lack of cylindrical symmetry of
the EFG at the 1NN site. The asymmetry param-
eter q describes the deviation from cylindrical
symmetry. From the definition of g it follows
that 0&g&1, and that g=0 if the EFG tensor has
cylindrical symmetry. " It has been found experi-
mentally that at 1NN sites q varies from 0.036
(for CuCd) to 0.905 (for CuGe —a variation over
virtually the entire allowed range). The valence-
effect theory, however, predicts that g = 0 for al/
impurities t

A more sophisticated valence-effect theory,
taking into account such factors as asphericity
of the host Fermi surface and dielectric tensor,
might, it is true, predict a nonzero asymmetry
parameter. However, it is difficult to see how

any effect which depend. s primarily on the elec-
tronic structure of the host could account for the
strong impurity dependence of g. Furthermore,
since q is by definition a, ratio of components of
the EFG tensor, it should be independent of effects
which scale simply with the difference in valence
between the impurity and host.

Moreover, in certain cases a very large aspher-
icity of the screening charge would be required
to explain the experimental results. A spherical
screening charge leads to an EFG with the com-
ponent of largest magnitude q in the direction of
the vector R which connects the impurity and the
host atom which is being resonated (cf. Fig. 3),
and with g =0. Since the EFG tensor is traceless,
its component along the x axis of the crystal must
be -&q. However, it is known experimentally that
in CuGe and CuSi the largest component of the
tensor for 1NN t u atoms is in the direction of the
x axis" " Thus, in a screening theory, the dis-
tortion of the charge cloud would have to be large
enough to change the ratio of the x and 8 compo-
nents of the EFG by more than a factor of 2.

%e account for the new NMR results on the EFG
tensor by use of a. model which combines the
valence effect and the size effect in a. manner
similar to, but more general than, that of SPH.
SPH assumed an isotropy condition for the EFG-
strain coupling tensor I'„.. The isotropy condition
results in a size-effect EFG whose Principal
Axis coincides with the Principal Axis of the
valence-effect EFG and for which q = 0. This
makes it possible simply to add the Principal
Values for the two effects as scalars. In Sec. III
we drop the isotropy condition in favor of the
point-charge model, and show this leads to a non-
zero asymmetry parameter for the size effect at

the 1NN site.
The large discrepancy between the theoretical

and experimental magnitudes of the EFG also
prompted us to reexamine the valence effect. In
the original valence-effect calculation' it was
estimated the screening charge outside the atomic
sphere of the host atom under consideration con-
tributes only 1(@to the EFG at large distances
from the impurity. In Sec. II we show thatat the
near neighbors to the impurity, contributions from
outside the atomic sphere have the same order of
magnitude as contributions from screening charge
inside the atomic sphere.

In Sec. IV we combine the valence-effect and
size-effect contributions to the EFG tensor, and
in Sec. V we compare numerical results with ex-
perimental data. Further discussion of the results
occurs in Sec. VI, and conclusions are summarized
in Sec. VII.

II. THEORY OF THE VALENCE EFFECT

The geometry for the calculation of the valence
effect is shown in Fig. 1. Consider a copper (host)
atom at a distance 8 from an impurity atom having
an excess valence Z, ff . We define a "host sphere"
having radius —,'d and centered at the copper atom,
where d is the nearest-neighbor distance in the
pure material. The "impurity sphere" is then a
sphere of radius A --,'d. The outer sphere shown
in Fig. 1 is centered at the impurity atom, and
has radius B+ p d.

Since we will consider only screening charge
distributions which have spherical symmetry
with respect to the impurity, the screening charge
outside the sphere of radius B+ &d does not con-
tribute to EFG's at points inside that sphere. For

FIG. l. Geometry used in calculation of valence-
effect EFQ. Spherical coordinates centered at the im-
purity atom are labeled F84, and spherical coordinates
centered at the host atom are labeled r' 8'@". The
host-impurity separation is denoted by R.
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the calculation of the EFG we shall call the impur-
ity sphere region 8, the host sphere region p,
and the remaining volume within the outer sphere
region .

The EFG tensor q„. has three principal values.
%hen the magnitudes of the principal values are
known we will follow the usual custom of labeling
the principal axes X, Y, Z in such a way that Iq»I
~

I qr I Iq I." To avoid contusion with the litera-
ture, we will follow custom and refer to q«as
"the electric field gradient, "written simply as q
(when referring to the ensemble of components we
may add the work "tensor" for clarity). We will
also refer to q» as the Principal Value (with

capital letters) of the EFG.
The Z axis for the total valence-effect EFG re-

sulting from regions 8, ~, and 6 will be parallel
to the vector H connecting the impurity atom to
the host atom at which the EFG is being calcula-
ted. We employ the notation qII = qzz to emphasize
this fact, which is important when the valence and
strain effects are combined (See. IV).

A. Region+

The portion of qII contributed by region t, and
which we denote q~II, has been calculated by Jensen,
Nevald, and Williams. " The result is"

—', A eos(2k~R+ p) &k~B cos(2k~R+ g) -A sin(2k'+ Q)
(k R)' (k~)'

where k~ is thy Fermi wave vector and e is the
enhancement factor, which results from anti-
shielding within the host atom. ' The term with 8 '
was derived by KV' and by Blandin and Friedel. 4

The terms with A 4 were derived by adding the
Alfred-Van Ostenburg preasymptotic screening
charge term" to the asymptotic screening. Ex-
pressions are given in Ref. 14, from which the
coefficients A, B and the phase constants Q, ( may
be determined in terms of scattering phase shifts. "

KV obtained the value n = 23.3 for region 8 alone.
The commonly quoted value a = 25.6 includes KV's
estimate of the 10% contribution from charges out-
side the host atom sphere.

The asymptotic form of Eq. (1) is

q~~-+ &k~ aA eos(2k~R+ p)/(2k~)' (R-~) . (2)

B. Region@

The component of the EFG along the 8, direction
produced by the charge in region 8 is

qs~~ = -(1/e) 2k(1 —y„)/R',

where g is the net charge in region 8, y is the
Sternheimer antishielding constant, "and e is the
charge of the electron.

If the excess charge on the impurity were not
screened, the EFG at the 1NN site would numeri-
cally be about 2Z, ff A ' (since R = 2.56 A, R'
= 1 —y„A'). This is much larger than the experi-
mentally obsexved values. Until now it has been
assumed that the impurity atom is completely
screened in a distance of the order of the 1NN

distance, and that the contribution of region 8 to
the EFG can be neglected. " %e shall here ex-
plicitly calculate its contribution.

The net charge within region 8 is

8-dl2
g =Z„,e+ e nn(r) d'r,

0
(4)

where ehn(r) is the screening charge distribution
The condition of overall charge neutrality is

jeff 6s r 4r
0

Therefore,

=-e 4n r d'r.
z-e/2

, (6)

g=-4&e r'6n r dr=-- I+0 .
g-ul2

I and J are given by

I= 4veA{-cosp Ci(2kzR') + sin p[Si(2kzR') ——,
' v]),

J= 8veBk~{eosg[(2k~') ' cos(2k~')+ Si(2k'') =,'v]

—sin)[(2kzR') 'sin(2kzR')- Ci(2krR')]),

where Si(x) and Ci(x) are the sine and cosine inte-
grals, defined by

si(x)=J i 'sintdi

' Since the integral in Eq. (6) excludes the origin,
we ean use for. b.n(r) the form given by Alfred and

Ostenburg2o

-b,n(r) =A cos(2kFr+ g)/r'+ Bcos(2k~r+ g)/r',
(7)

where the coefficients and phase constants are
the same as those in Eg. (1). We have, finally,
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TABLE I. Contribution of valence effect to 1NN EFG in dilute alloys of copper. EFG's,
unless otherwise noted, are evaluated at positions to which 1NN atoms are displaced by the
impurity, as given by d~ in column 2 (with no displacement, d~

——4.830 a.u.). EFG's are in
units of 1024 cm 3.

EFG EFG
Impurity d ~ (a.u. ) Region 8 Region S

EFG
Region g

(o, =15)

Total valence-
effect E FG
8+ +Q

Total valence-
effect EFG
8+e+6
No strain

Zn
Ga
Ge
Ag
Cd
In
Sn
Sb

4.861
4.872
4.882
4.918
4.954
4.977
4.988
4.999

0.086
0.0/8
0.048

—0.068
0.090
0.141
0.052

-0.097

—0.076
-0.102
—0.254
0.062

-0.083
—0.171
-0.194
-0.227

-0.051
—0.159
—0.454

0.044
-0.048
—0.164
—0.336
-0.564

-0.042
-0.213
-0.660

0.038
-0.041
-0.194
-0.479
-0.888

-0.038
—0.214
—0.681

0.034
-0.029
—0.176
-0.512
-1.036

ci(x)= —f i 'costdi all= r' '~~ r' 3cos'8'-1 1-y„d r (13)

I represents the integration over the term in Eq.
(7) that goes as r ', J represents the integration
over the term that goes as r ', and R'—=A- —,'d.

To find an asymptotic form for 4, we use the ex-
pl esslons

Ci(x)

Si(x)

= x sxQx —x cosx,
= -x cosx —x slllx+ pal' (x 0O) .

{10)

x sin(2kzR+ p —kid)/(2k')4 . {12)

Equation (12) can be compared with the asymp-
totic form for the EFG from region 6, - given in
Eq. (2). The ratio [q ~~

/q",
~ ( is [(1 —y„)/n](3/2krR).

Using k„=0.719 a.u. , y„= -17.36, and z = 23.3,
we find that for the ratio to be less than 10%, R
must be greater than 16 a.u. , or beyond the 1lth
neighbor to the impurity. Thus region 8 cannot
be neglected even for the longer distances used in
wipe-out calculations.

C. RegionS

For region S we use the general expression
for the EFQ at the host site

Substituting Eq. (10) into Eqs. (8) and (9), we find
that as R

=4m'(2krR) 'sin(2krR+ g —kid) . (11)

From this, it can be seen that the screening
charge surrounding the impurity decreases only
as R '. This shows that, in contrast to what is
often assumed, screening of the impurity is a
very long-range phenomenon. "

Using Eq. (11) in Eq. (3) we find that for large
R the form of q@~~ is

qa~~
- —64mAkr(1 —Z„)

where

d'r' =r" sino'dr'd 0'd4'
i

is expressed in coordinates centered at the host
atom. . It is convenient to evaluate this using a
coordinate system centered at the impurity (c.f.,
Fig. 1), and therefore make the substitution

r = (R'+ r"+ 2r'R cos 8')"'
The resulting formula is complicated and will not
be reproduced here. The contribution from region

was evaluated numerically. Convergence tests
indicate that the accuracy of the results (Tables
I and II) is better than 2%.

Our derivation of an asymptotic form for q~~

is given in Appendix A. To lowest order in 1/R
we find [see Eq. (A10)]

q',
~

- 84~&k,'(I —y )

sink+ coskQ cos(2k„R+ Q)

(k,d)' (k,d)' (2k,R)'

Using @=23.3, d=2. 556X10 ' cm, and the values
of k~ and y„given in Sec. II B, we find that as
R-~

Thus the valence-effect EFG contributions from
regions S and 8 have the same asymptotic form
and the same phase. When 0. =23.3, the contri-
bution of region (6 is about 17%, in rough agree-
ment with the estimate by KV that the screening
charge outside the host atom enhances the EFG
due to region 8 by about 10/o. Note, however,
that the fractional correction brought about by
inclusion of region S—and region 8, also, when
R is not large —depends on the value of the en-
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TABLE II. Contribution of valence effect to 2NN EFG in dilute alloys of copper. EFG's,
unless otherwise hoted, are evaluated at positions to which 2NN atoms are displaced by the
impurity, as given by d2 in column 2 (with no displacement, d2=6.8308 a.u.). EFG's are in
units of 10" cm '.

EFG EFG
Impurity d2 E,

'a.u. ) Region 6 Region

EFG
Region g

(G. = ].8)

Total valence-
effect EFG
8+6+8

Total valence-
effect EFG
8+ 0+8
No strain

Zn
Ga
Ge
Ag
Cd
In
Sn
Sb

6.846
6.852
6.857
6.875
6.893
6.904
6,910
6.915

-0.0 12
-0.020
-0.048

0.010
-0.012
—0.028
—0.041
-0.054

0.007
0.021
0.072

-0.010
0.010
0.026
0.055
0.105

0.004
0.037
0,149

-0.015
0.008
0.032
0.107
0.240

-0.001
0.038
0.173

-0.015
0.006
0.029
0.121
0.290

—0.002
0.036
0.171

-0.015
0.004
0.023
0.114
0.290

hancement factor u. If @&23.3, as we find in our
analyses of data in See. V below, the relative im-
portance of regions 6 and increases.

D. Total valence-effect EFG

The results for regions 8, 8, and 6 may be
added together to yield the total valence-effect
EFG. For the component parallel to R, this is

Because of the cylindrical symmetry of the val-
ence-effect EFG, any EFG component perpendicu-
lar to R will be equal to 2qll' qll qll qadi and q~i

for CuCd are shown in Fig. 2.

III. THEORY OF THE SIZE EFFECT

%e account for three effects which result from
the difference in size between the impurity and

host atoms. The first two of them are corrections
to the valence-effect calculation, and may there-
fore be regarded as indirect.

The first indirect size effect is simply that the
host atoms in the alloy will occupy positions dif-
ferent from those they would occupy in the ideal
lattice; the charge effect EFG's must be evaluated
at the new atomic positions which are appropriate
to the alloy. Although this effect is elementary,
it has been ignored both in previous EFG calcula-
tions and in calculations of the spin perturbations
about transition-metal and rare-earth impurities.

The second indirect size effect is the Blatt cor-
rection. '4 Most calculations of the scattering
phase shifts of conduction electrons employ the
Friedel sum rule"

z„, =—Q (2l+1)5, ,

where 5, is the phase shift appropriate to elec-

trons having orbital angular momentum with
quantum number I,, and Z,« is the effective differ-
ence in charge between impurity and host ion. In
Blatt's method, Z, ff is taken to be

f

3 ~GOZ,« — 1 ——g —Zo,
y~ dc

where Z, is the nominal valence difference, y~
is a function of the Poisson ratio, equal to 1.44
for Cu, and a '(da/dc) is the change in lattice
parameter per unit concentration of impurity.
The Blatt correction changes the scattering phase
shifts and thereby modifies the valence-effect con-
tribution to the EFG. All the valence-effect cal-
culations done in this paper used the Hurd-Gordon
phase shifts, "in which account was taken of the
Blatt correction.

The direct contribution of the size-effect EFG,
introduced for alloys by SPH, is based on the
postulate that the EFG at a lattice site contains a
term proportional to the local strain. ' Beal-
Monod and Kohn have shown how both the direct
size effect and the Blatt correction can be derived
from the theory of the electron gas." Although
their theory applies to EFG's far from impurity
sites, we shall assume the direct size effect and
the Blatt correction are also correct and indepen-
dent near the impurity.

To calculate the direct size effect (henceforth,
simply "the" size effect), we assume the displace-
ment is spherically symmetric about the impurity,
and that it can be written

r D„
1$ = 2

where the D are constants"
The components of the symmetric strain tensor

are given by
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1

0.04
C=

0

=-0.04

-0 08—

(a&

The other components may be obtained by cyclic
permutation of x, y, z. Henceforth we assume the
xjz system to be parallel to the crystal axes, as
shown in Fig. 3.

Referring to Fig. 3, we see that the coordinates
of a typical 1NN copper atom are (O, d, /v 2, d, /v" 2),
and that the coordinates of a typical 2NN atom
are (0, 0, d, ). In the perfect lattice, d, =a/v 2 and

d, =a, where a is the lattice parameter of pure
copper. We will evaluate the strain and the re-
sultant field gradient at the displaced atomic posi-
tions, found by using Eg. (15), as was done for
the valence effect.

Evaluating Eq. (17) at the 1NN site

&(n) D /dn+ a &(n) &(n) (n 1)D /2dn+ 1

n =En =0 En =-(n+1)D/4dn 1

I I

6

Distance From Impurity, R (a. u. )

I

10

&(n) &(n) D /dn+ 1 &(n) nD /dn+ &

~xx ~ yy n 2 & zz n 2

~(n) ~(n) ~(n) 0
&Z 8Ã

(b)

The correct expression for the components of
the traceless EFG tensor q~,-, linear in local
strain, is'

0
2NN

z &( (00 d2j

-0.04—
CP

-0.08—
I.NN

(O, dy/v 2, aiA/ p t

I, I

6
I

10
J I

8

Distance From Impurity, R (a. u. )

FIG. 2. (a) Comparison of qII, q„, and qI, as func-
tion of host-impurity distance in CnCd. (b) Compari-
son of qII with the total valence-effect EFG q„as func-
tion of host impurity distance in CuCd.

where x„x„x are Cartesian coordinates. Apply-
ing Ecl. (16), we find the nth term in Eq. (15) is

e'"' =D[1/r"" —x'(n+ 1)/-~""]
E~y =D~ xp(n + 1)/9'

X

FIG. 3. Crystal coordinate system used in calcula-
tion of size effect EFG. Ipurity atom is at the origin.
d f and I/2 are, respectively, the distances from the im-
purity to the 1NN and 2NN sites. The 1NN host atom is
in the yz plane. Lower case letters x, y, z, are used
for the crystal coordinates, whereas upper case letters
X, F, Z, are used to label principal axes of the EFG
tensor.
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q'" -=-(v, , --', v'v),=1

+ 2(1 —6„)E„e„ (20)

The I' „are components of a fourth-order tensor
where, in the Voigt notation, rn, n = 1, 2, . . . , 6.
i, j, k, correspond to the Cartesian coordinates
X) $~8.

Substituting Eq. (18) into Eq. (20), we have for
the 1NN site

q.'„= (1/8e)G, (E„-F„),
qs„= qs, = —(1/6e)G, (F„-E„),
q„, = -(1/2e)G, E„, q„, = q,„=0.

And substituting Eq. (19) into Eq. (20) we have
for the 2NN site

q.'„=q,', = (1/8e)G. (E„-F,.),
q,s = -(2/Se)G, (F» -E„),
q =q =q =0.

In Eqs. (21) and (22)

(n+ 1)D„
1 ~ n+1

(21)

(22)

q„'„= (1/Se)G, (F„-F„),
q~ = (1/«)G, [-(F„-F,.)+6F„],

qadi
= (1/«)G, [-(E„-E„)—6E„].

(24)

(n+ l)D„
dn+1

n 2 2

We must now determine the principal values and
the principal axes {X,y', Z) for the size-effect
EFG. We note first thatat the 2NN site gs is dia-
gonal, so the crystal coordinate system is a prin-
cipal-axis system. The asymmetry parameter
for the EFG g is defined as"

n = (q —q„)/-q„.
The asymmetry parameter for the 2NN site is
seen to be zero (as it must be, since R is along
a fourfold-symmetry axis). The EFG qsss is in
this case along z, or parallel to R. Thus at the
2NN site the principal axes of the valence-effect
tensor and the size-effect tensor coincide exactly,
independent of the values of the I" tensor.

At the 1NN site the tensor q
8 isnotdiagonal inthe

xyz system. Diagonalizing the tensor in the usual
way" we find

E„-E„=-8F„=18&2&e /a', (25)

where, as before, a is the lattice parameter for
the unstrained crystal and ~ is a dimensionless
parameter which relates the experimental EFG
to the KFG which would be observed if the distor-
ted lattice were made up of unshielded point char-
ges."" For host atoms far from the impurities,
one would expect ~ to be the same for all impuri-
ties. However, at the 1NN site, effects due to
the electronic structure of the impurity might be
important.

Substituting Eq. (25) into (24),

qs 6v 2AG /as qs 9~2AG /

q~~ =so 2m, /a'
(26)

for the 1NN site in the point-charge model. From
this it is clear that the size-effect Z axis is in the
perpendicular direction, the Y axis is the crystal
x axis, and the X axis is in the parallel direction.
As prophesied above, the Z axes of qv are qs are
not identical.

Equation (26) is qualitatively consistent with one
of the desired results —a nonzero asymmetry
parameter. If local strain were the only source
of the EFG, then at the 1NN site g would have the
value —,', independent of & and G, (more realistic
values of g will be obtained when q

~ and q
v are

combined).

The subscripts xx, J, and
~~

label the principal
axes of q

s at the 1NN site. They refer (Fig. 3),
respectively, to the x axis of the crystalline sys-
tem, the axis perpendicular simultaneously to the
x axis and the R direction, and the axis parallel
to the R direction —that is, to the [100], [011],
and [Oll] directions.

Since the Z axis for the valence-effect tensor
q

v is parallel to R, the principal-axis systems
for q and q can be made to coincide. However,
from Eq. (24) it is clear that the identification of
the Z axis for qs at the INN site will depend on
the relative values of (E» -E») and E« In .gen-
eral, therefore, one cannot simply add the values
f q~~~ and qv~~ algebraically at the 1NN site to get

the total 1NN EFG.
SPH assumed that E« = —,'(E» —E») in order to

simplify the calculation. It is readily verified,
using Eq. (24), that this "isotropy condition" gives
q=0 and makes the Z axis parallel to R. The q's
for the valence and size effects can then be added.
SPH found that for calculating wipe-out numbers—
which are a kind of average over a large region of
the crystal —this was a reasonable approximation.

In this paper we do not use the isotropy condi-
tion. We assume instead that the components of
the E tensor are given by the point-charge model' "
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and thus can be determined from x-ray data. "
For all the numerical work in this paper we have

assumed all a„=0, except for D,. Therefore, G,
= 3D,/d', and G, = 3D,/d,'

Finally we have, at the 1NN site,

54&2, da
xx' ]6gy

81&2, da
167t y~ dc

g 27&2
~

CfQ

II 16~y d~ 1

and, at the 2NN site,

(27)

q ll
= qzz= -2' = 2q~rs s s s

108&2, da
] 6gy d~ 2 (28)

IV. COMBINING THE CHARGE AND SIZE EFFECTS

The principal values of the total EFG tensor at
the 1NN site may now be written

q~=q~+qJ. 2qll 3qll ) qll qll+qll t
S & V' S V S (29)

where q~~ is given by Eq. (14) and q~~ ls given by
Eg. (27).

The EFG at the 2NN site is given directly by

q= q~= qll+q

where q„ is given by Eq. (28).

(3o)

V. NUMERICAL RESULTS

A. Valence. effect

Numerical results for q~l, are given in Table I
for the 1NN and in Table II for the 2NN for alloys
containing different dilute impurities in copper.
The results were obtained using the Hurd-Gordon
phase shifts" to determine the parameters

To complete our analysis of q S we must deter-
mine G, and G,. This requires knowledge of the
coefficients D„. To our knowledge, only D, has
been treated in detail. Using the misfitting sphere
model, one can show3' that D, = b, V/4&y~, where
AV is the change in volume per impurity and, as
before, y~=-1.44 for copper. If linear isotropic
elasticity is assumed with the misfitting sphere
model, al]. other D„=O. AV is related to the frac-
tional change in lattice parameter per unit concen-
tration of impurity a '(da/dc) through"

AV= ~a'a jda

A, B, P, $ in the formulas of Sec. II, and the nuclear
quadrupole moment"

Q(' Cu) = -0.211' 10 '~ cm'

(this Q differs from values used in Refs. 12-16).
The distances at which the EFG's were evaluated
are given in the second column of both tables, for
each impurity. These distances were evaluated
using Eci. (15) with all D„=0 except D,. The 1NN
contributions from region g (Table I) were calcu-
lated using the value @=15, and the 2NN contri-
butions (Table II) using the value o. =18. These
turn out to be the optimum values of n, as dis-
cussed below (however, see Sec. VB2b).

The EFG contributions from regions 8, and S
are seen generally to have the same order of mag-
nitude as contributions from region t„. Since re-
gions 8 and S contribute with opposite signs in
all.but one case, their net impact is much smaller:
l(qP+ qF)/qe~~ I,„=-—,

' at both 1NN and 2NN sites.
Tables I and II also contain, for purposes of

comparison, the total valence-effect EFG which
results if the lattice distortion is neglected, i..e. ,
assuming that the 1NN distance from the impurity
is 4.830 a.u. , and the 2NN distance is 6.831 a.u.
The percentage change in the magnitude of the
EFG ranges from near zero to 40%%up.

In Tables I and II the EFG's are quoted to three
significant figures, to match the accuracy of the
best experimental results. However, we do not
believe the charge density given by Eg. (7) is that
accurate at either the 1NN or 2NN sites. At the
very least one would like the ratio of preasymp-
totic to asymptotic terms in the charge density,
given by B/Ar, to be small. However, as can
be seen from Table III, column 2, such is not the
case: If we are to require lB/Axl &0.25, then in
the most favorable case CuGa we would be requir-
ing r&16.4 a.u. , i.e., beyond the 12th shell of
neighbors.

The contributions of the preasymptotic and
asymptotic terms to the charge density and to the
EFG also depend greatly on the phase factors Q
and $. In columns 3 and 4 of Table III we give the
absolute value of the ratio of the preasymptotic to
the asymptotic contributions to the charge density.
In columns 5 and 6, and 7 and 8, we give the same
ratios for EFG's due to regions 6 and 6, respec-
tively. The average values of the ratios are given
at the bottoms of the columns. The preasymptotic
term clearly dominates.

We conclude from the results in Table III that
the AjLfred-Van Ostenburg" charge density might
not permit accurate calculations of the EFG or
charge density at either the 1NN or 2NN site. We
have used it in our work, however, because it is
the best analytic formula now available.
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TABLE ID, Comparison of preasymptotic and asymptotic contributions to charge density and to valence-effect EFG in
dilute alloys of copper.

Ratio of magnitude
of preasymptotic to

asymptotic charge density

Ratio of magnitude Ratio of magnitude
of preasymptotic to of preasymptotic to

asymptotic EFG, . region Q asymptotic KFG, region 8
Impurity I

B /AI ' 1NN site 2NN site 1NN site 2NN site 1NN site 2NN site

Zn
Ga
Ge
Ag
Cd
In
Sn
Sb

Avg.

4.37
4.10
4.54
6.41

16.4
5.58
4.60
4.57

1.75
8.7
0.54
0.75
3.4
4.5
0.71
0..40

2.5

0.88
1.5
2.3
0.25
1.9
] 4

19
0.59

3.5

6.8
0.68
0.29
0.81
4.0
4.7
0.36
0.03

2.2

1.2
8.2
0.77
0.24
0.19
2.7
1.3
0.37

2,1

1.8
0,71
0.88
6.3

24
0.47
0.82
1.2
4,5

2.1
0.33
0.41
2.3
7.1
0.92
0.31
0.51

1.7

~See Eqs. (1) and {7).

B. Valence and size effects combined

1. 2NN sites

The situation at 2NN sites is comparatively sim-
ple because of crystal symmetry. There is one
experimental datum" Iq I; the Z axis is along R.
In Fig. 4 we plot the "residual EFG," defined as

qres: + IqI exp qo

versus the radial component of the strain at the
2NN site. The strain is calculated from Etl. (19)
for each impurity. The experimental uncertain-
ties are not well documented in the literature. We
have used +0.05 A ' for all the data, as suggested
by Nevald. " Ga and In are omitted from Fig.
4 because only upper limits for IqI,„,are available.

If our theory is correct, q„, should lie on a
straight line through the -origin. This expectation
is confirmed by Fig. 4. The straight line shown
there is the result of a least-squares fit. The
intercept is 0.003+ 0.03; from the slope and Eq.
(28) we find &=-15+3, consistent with the result
used by SPH. (In this calculation the value of n
was determined by minimizing the standard devia-
tion of &, and a =18 was found to be optimum. )
Our theory is therefore consistent with the 2NN
data.

It is interesting that if one uses a negative
experimental EFG at the 2NN site, i.e., if one
uses q„, =- —IqI,» —qv~„ the data points scatter
chaotically. Thus our model is consistent with
q&0 for the six impurities used for Fig. 4, and
with ~&0. We will discuss this point in more de-
tail below.

In Table IV we present theoretical results for
q II, q~II, and for the total EFG q at the -'2NN site,
obtained by using Etls. (28) and (30). The values

Zn Ge
I I

Ag
I

Cd
l

Sn Sb
I

m
E

~0, 1

0.0

l

10
—1000 eRR

l

20

FIG. 4. Residual EFG at the 2NN site as function of
the PP component of local strain. Cu Ga and CNIn have
been omitted because only an upper limit to the EFG
has been established experimentally. The experimental
uncertainty has been taken to be + 0.05 A 3 (Ref. 16)
for all the data. The straight line represents a least-
squares fit to the points.

for q~II are taken from Table II, column 6. Experi-
mental values for IqI are presented to facilitate
comparison. The values a =18, ~= -15 were used
in obtaining the results in Table IV. These values
are consistent with those of Fig. 4, with those of



PAUl L. SAGALYN AND MICHAEL N. ALEXANDER

I p 'ty q qV
I q I % deviation

Zn
Ga
Ge
Ag
Cd
In
Sn
Sb

0.037
0.050
0.061
0.102
0.143
0,168
0.181
0.193

-0.001
0.038
0,173

—0.015
0.006
0.029
0.121
0.290

0.035
0.088
0.234
0.086
0.149
0.198
0.302
0.483

0.025
&0.220
0.240
0.129
0.112

&0.120
0.316
0.482

41.6

-2.5
—33.0

33.1

-4.4
0.3

TABLE IV. Theoretical q at 2NN sites in dilute a11oys
of copper, with & = 18, A =—15. E FG's are in 10~~ cm ~.

Zn

I

Ga

I

Ge

I

(a)

0.2—

very good, except possibly for CuSb.
From scanning the underlined entries in the

first row of Table V, one can see how the Z axis
is predicted to vary as a function of impurity.
The theory predicts the Z axis to be in the per-

SPH, and are within the range of uncertainty KV
ascribed to n. The average percent deviation
between theoretical and experimental EFG's is
19/q (Ga and In are omitted). q& 0 is predicted for
the 2NN site in all the alloys.

The results for the 2NN sites are only moderate-
ly sensitive to the values chosen for n and &,

because of the large experimental uncertainties.
From the 2NN data alone, o. and ~ can be deter-
mined to about +35%. The theoretical (n=18„
& = -15) and experimental EFG's are plotted in
Fig. 5 as a function of nominal valence difference
between impurity and host.

0.1—

Ag

I

l

2

Nominal Valence Difference, Z0

Cd In Sn
I

Sb
I

'

2. 1%%sites

&I«ys mph fifth-row impurities In, Table.
V we present the theoretical predictions for the
1NN EFG's in alloys containing fifth-row irnpur-
ities. The values (18, -15) for (o., X), used above
for the 2NN data, give good results for the INN
sites for these alloys. We have chosen, however,
to optimize the 1NN results separately by adjusting
n and ~. Exact agreement between the 1NN and 2NN

values is not to be expected, since n and ~ repre-
sent asymptotic concepts. The optimum values
for the 1NN are (15, -18). It turns out that the
theoretical values of g are particularly sensitive
to the ratio o/&, and the new optimum values re-
duce by a factor of 2 the average magnitude of the
percent deviations between theoretical and ex-
perimental g's for the fifth-rom alloys.

The first row of Table V, under the column
headings q„„, q» and qll, gives the total EFG
components for these three principal axes. The
second and third rows give separately the size-
effect and valence-effect contributions for the
same components. The component having the
largest magnitude of those in the first rom is
underlined. It is, by definition, the theoretical
EFG q, and its value is listed again the column 6
of Table V. The experimental EFG and the percent
deviation are given next. The agreement is

0.4—

0.2—

l I

2 3

Nominal Valence Difference, Z0

FIG. 5. Experimental (open circles) and theoretical
(straight lines) EFG's at the 2NN sites for (a) dilute
alloys of copper with impurities from the fourth row of
the Periodic Table; (b) dilute alloys of copper with
fifth-row impurities. The data are plotted as a function
of the nominal host impurity valence difference. Ex-
perimental uncertainties are taken to be +0.05 A 3 (Ref.
16). Vertical arrows for Cuoa and CuIn indicate that
only upper limits have been experimentally determined.
The theoretical results are from Table IV.
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TABLE V. Theoretical q and p at 1NN to fifth-row impurites in dilute alloys of copper, with 0.' =15, A, =-18. EFG's
are in 1024 crn 3. The contributions of the valence and size effects, and the principal values of the total EFG tensor are
also given. ~

EFG
Impurity contribution qz qll

lo deviation,
~exp

% deviation,
71

Ag

In

Sb

Total
Size
Valence
Total
Size
Valence
Total
Size
Valence
Total
Size
Valence
Total
Size
Valence

-0.186
—0.167
—0.019
-0.211
-0.231

0.020
-0.172
-0.270

0.097
-0.049
-0.288

0.239
0.137

-0.307
0.444

0.231
0.250

—0.019
0.367
0.347
0.020
0.501
0.404
0.097
0.672
0.433
0.239
0.905
0.460
0.444

-0.045
—0.083

0.038
-0.157
—0,116
-0.041
-0.329
-0.135
—0.194
-0.623
-0.144
-0.479
-1.042
-0.153
-0.888

0.231 0.158

0.367 0.414

0.501 0.607

0,672 0.632

—1,042 0.719

0.611 0.725

0.148 0.036

0.313 0.320

0.854 0.630

0.736 0.740

311

Because of rounding off, the EFG's may not appear to be exactly traceless in all cases.

pendicular direction (EFG dominated by the size
effect) for the Ag, Cd, In, and Sn alloys, and to
be in the parallel direction (EFG dominated by
the valence effect) for the Sb alloy. The NMR ex-
periments" "have been able to establish that the
g axis is either in the perpendicular or parallel
direction (they cannot discriminate between the
two directions), and our results are therefore
consistent- with experiment. The theoretical q's
are positive for the Ag, Cd, In, and Sn alloys,
and negative for the Sb alloy; as mentioned earlier,
the NMR experiments can determine [q~ but not
its sign. "

Theoretical and experimental q's are plotted
versus nominal valence difference in Fig. 6(a).
The signs of the experimental EFG's have been
chosen to agree with the theory. The fit is good,
except possibly for the overshoot at CuSb. It is

. interesting that if we had used the perfect lattice
value for the 1NN distance for CuSb pe would have
obtairied q = -1.20 A ', instead of the q = -1.04 A '
obtained in the distorted lattice. Using the cor-
rected lattice parameters produces in this case a
significant improvement in agreement between
theory and experiment.

In columns 9-11 of Table V we give theoretical
and experimental asymmetry parameters, and
percent deviation. The results are plotted
versus nominal valence difference in Fig. 6(b).
The prediction of the large dip in the value of g
for CuCd is a striking success for the theory.
(The large percent deviation in that ease can be
understood in terms of the sensi. tivity of g to the
ratio o,/X, mentioned above. ~ = 22, X = -18 give

values of q and q which agree to within experi-
mental uncertainty with the CuCd data. )

The 1NN data can also be fitted with a different
set of parameters —a = -18, A. =+ 15. We disregard
this result, since calculations have consistently
resulted in o &0 (the only exceptions known to us
are calculations by Fukai for Pb-based alloys" ).
The result (-18,+ 15) arises in the theory because
we cannot specify the sign of q." If only region 8
were to be considered in the valence-effect calcu-
lation, then a change in the signs of both a and X

would leave ~q~ andy unaffected. Thus to every
solution (o, , A) that is consistent with experiment
there would be a corresponding solution (-o., -A).
Inclusion of regions 9 and S in the valence-effect
changes quantitative details, since the EFG's aris-
ing from those regions depend on (I -y„) rather
than on z, but it does not alter the basic picture
sketched. (Incidentally, changing the signs of both
z and A. does not affect the conclusion of SPH be-
cause the second-order interaction studied by
them depends upon q'. )

b. Alloys saith fourth row imPuritie-s. Theoret-
ical results with n =+ 18, A. = -15 fail completely

. to reproduce the experimental 1NN data for CuZn,
CuGa, and CuGe. However, using the empirical
equations of Appendix B, we have found there is a
single (o, , A) region surrounding n=+2, A, =+87 for
which all the experimental data can be fit. The
values of q and q corresponding to (+2, ~ 87) are
given in Table VI, and are plotted versus nominal
host impurity valence difference in Fig. 7.

The agreement between theory and experiment
is remarkable. The average deviation between
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TABLE VI. Theoretical q and p at 1NN to fourth-row impurities in dilute alloys of copper, with & =2, A. =87. EFG's
are in 1024 cm 3. The contributions of the valence and size effects, and the principal values of the total EFG tensor
are also given. '

EFG
Impurity contribution q» le l exp

% deviation
Rexp

lo deviation

Zn

Ga

Ge

Total
Size
Valence
Total
Size
Valence
Total
Size
Valence

0.295
0.296

—0.001
0.438
0.401
0.037
0.622
0.488
0.133

-0.445
-0.444
—0.001
-0.563
-0.601

0.037
-0.599
-0.733

0.133

0.150
0.148
0.003
0.125
0.200

—0.075
—0.022

0.244
-0.267

-0.445 0.534

—0.563 0.599

0,622 0.528

0.324 0.265

0.555 0.590

0.928 0.905

22

' Because of rounding-off, the EFG's may not appear to be exactly traceless in all cases.

suits are fortuitous. There are, after all, eight
(a, A) pairs which can be made to agree exactly
with experiment for CNZn, another eight for CuGa,
and four for CuGe (see Appendix B). We may be
seeing an accidental overlap of three incorrect
(o., X) pairs.

It should be emphasized —cf. Appendix 9—that
the large number of (a, A) pairs results from the
fact that the 1NN EFG tensor is incompletely
characterized by the NMH experiment. We do not
know the directions of all the principal axes in the
XYZ system, and we do not know the sign of q. If

complete experimental information were available,
there would be only one pair (o, A) for each im-
purity, which would account for the experimental
results. Of course, if we had to use radically
different values for each impurity, we would be
inclined to doubt the physical significance of the
model, with the caveat that at the 1NN things may
be very complicated.

Using Appendix 8 one can find (o, , A) solutions
for Zn and Qa which at least have the same signs
as the 2NN values and which differ in magnitude
by no more than a factor of 5 for e—xample, (60,

Zn

l

Ga

I

Ge

l

Zn

I

Ga

t

Ge

l

0.6—

,'E 0.4
Cd

0.2—

(a)

0.8—

0.6—

0.4

0.2—

FIG 7 Experimental
, (open circles) and theore-
tical (straight lines) 1NN
EFG parameters, as func-
tion of nominal host impur-
ity valence difference, for
dilute alloys of copper with
impurities from the fourth
row of the Periodic Table.
Isa) EFG parameter q; (b)
asymmetry parameter g.
Experimental uncertainties
are taken to be + 0.05 A ~

for q, and +0.05 for g
(Hef. 16). Theoretical re-
sults are from Table VI.

I

3

Nominal Valence Difference, Z0

. I
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-84) for CuZn and (26, -61) for CuGa. However,
CuGe is completely anomalous because of the di-
rection of the Principal Axis. In every case the
allowed values of z and X have the same sign.
CuSi is also known experimentally to have the 1NN

Principal Axis in the x direction. We could not
calculate the allowed values of n in this case be-
cause the Hurd-Gordon phase shifts are not avail-
able. However, the only allowed values of A. for
CuSi are 228 and 377, indicating that CuSi is prob-
ably more anomalous than CuGe. Vjfe may be see-
ing manifestations of the unique chemical proper-
ties of Qe and Si.

Even within the context of the present model, the
theory could be -considerably improved. The prin-
cipal shortcoming of the valence-effect calculation
is the domination, at host sites near the impurity,
of the preasymptotic term in the screening charge.
This domination over the asymptotic term does
not encourage hope that progress will result sim-
ply through adding more terms to the expansion.
An entirely new method probably will be needed.
There is also strong evidence that the displace-
ments and strains predicted by Eqs. (15)-(19) are
inaccurate close to the impurity. Flinn and Mara-
dudin, using a lattice calculation, have shown that
the elastic-continuum model we employ consider-
ably underestimates the displacements at the 1NN
site." Since that work did not include calculations
of the strain, we were unable to incorporate the
findings into our model. Townsend has extended
the elastic-continuum model by using more realis-
tic forces, but has applied his formalism only to
vacancy effects."

An improved calculation for z would also be de-
sirable. The KV calculation is valid only in the
asymptotic limit, and does not account for the di-
rectionality of +." Also, for a more detailed
check on our theory, knowledge of the sign of q
would be desirable.

The values of A. required in this work to inter-
pret the experimental data, and in SPH as well,
are much larger than the ~A.

~

&2 which was deter-
mined from plastically deformed copper. ' ' We have
reexamined the experiments on plastically de---.

formed copper, accounting for the fact that plastic
deformation introduces dislocations and disloca-
tion structures. " We believe the low value of ~A.

~

obtained by Averbuch e$ al. results from use of an
oversimplified model (uniform strain) of the de-
fect structure, and that the low value in the case
of the Faulkner experiment' (as interpreted by
Ogurtani and Huggins") results from an overesti-
mate of the stored elastic energy. Qur simple
calculations, using dislocation monopoles and di-
poles, indicate the Averbuch and Faulkner experi-
ments are consistent with ~A.

~
& 10."

VII. SUMMARY AND CONCLUSIONS

In this paper we have interpreted the measure-
ments of the EFG and asymmetry parameter at
host atoms which are near isolated fourth- and
fifth-row non-transition-metal impurities in cop-
per-based alloys. Our most important conclusion
is that the experimental data can be understood if
account is taken of size effects which arise be-
cause the impurity atom distorts, the host crystal. -
line lattice.

By using a point-charge model for the EFQ due
to the direct size effect (lowering of the local sym-
metry about the host atom), and by adding its ten-
sor components, to the well-known valence. -effect
EFG, we have obtained quantitative agreement with
the experimental values of ~q ~

and ri, and the di-
rections of the Principal Axes of the EFQ tensors.
The values of the core enhancement factor z and
the EFG-strain coupling constant A. , obtained for
all of the 2NN EFG's and for the 1NN EFG's of al-
loys with fifth-row impurities (CuAg, CuCd, Culn,
CuSn, and CuSb), are consistent both among them-
selves and with the work of Kohn and Vosko, and
of Sagalyn, Paskin, and Harrison. The values of
z and A. required for the 1NN EFG's of the alloys
with fourth row impurities (CuZn, CuGa, and
CuGe), however, are anomalous; the physical sig-
nificance, if any, of the parameters for these al-
loys is not clear.

We have also improved the calculation of the val-
ence-effect EFQ. We have explicitly calculated
the contribution of the screening charge which is
outside the host atom sphere. Asymptotically this
contribution is about 17% of the contribution from
within the host sphere (assuming o = 23.3)—con-
firming the original estimate of Kohn and Vosko-
but the contribution ca,n be considerably larger
when the host atoms are near neighbors of the im-
purity. Our valence effect calculations have, also,
accounted for the fact that in the alloy host atoms
are displaced from the perfect crystal lattice po-
sitions. The correction, while elementary, 'is not
negligible.
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APPENDIX A: ASYMPTOTIC FORM OF qtl

The EFG at a host site due to the screening
charge outside the atomic sphere is [cf. Egs. (7),
(13)1



15 ELECTRIC-FIELD-GRADIENT TENSOR IN NONMAGNETIC. . . 5595

~

' -2(1 -y„) r' P,(cos8') [Ar ' cos(Kr + P)
+ Br cos(Kr + g)] dp,

!

(Al)

g -2(1 —y„)(A8, + BH,), (A1')

(Kr) 'e'r"=i g (2n+1)P„(cos8')
n=0

x j„(Kr')h„(KR), (A2)

where I'„ is the I egendre polynomial of order n,
j„is the spherical Bessel function of order n, h„
=j„+in„, and n„ is the spherical Neumann function
of order n Equ. ation (A2) holds if r' & R; inter-
change of r' and A permits use of the formula
when r' & A.

We illustrate the use of Eq. (A2) by considering

where K=2k', tr, 8, 4) are the spherical coordin-
ates of volume element dV in a system centered at
the impurity, and (r', 8', 4'j are the spherical co-
ordinates of the volume element in a system cen-
tered at the host atom. The host and impurity
atoms are separated by a distance A.

The expression above contains a mixture of the
two coordinate systems. We use the following
transformation from the impurity-centered sys-
tem to the host-centered system":

the integral

8, = P,(cos8')r' r 'cos(Kr+ Q) d'r'. (A3)

For large R, r=R in regionS(see Fig. 1). Thus,
r ' will vary much more slowly than cos(Kr+ Q)
in the integration aver region S, and we write

8, = KR-' P,(cos8')r'-'(Kr)-'

x (cosKr cosP —sinKr sing) d'r' . (A4)

We now substitute for (Kr) ' sinKr and
(Kr) 'cosKr the expressions obtained from the
real and imaginary parts of Eq. (A2). The result
simplifies greatly if we can exploit the orthogon-
ality of the P„, for then only the terms in I'2 con-
tribute to 8,. We therefore extend the integral
over all space except for the sphere of radius 2d
which is centered on the host atom (i.e., region 8).
Since, as was pointed out in Sec. II of the main
text, there is no net EFG due to screening charge
outside the sphere of radius A+2d in Fig. 1, the
integral 8, now measures contributions from re-
gions 8 and S. The contribution of region 8 will
be subtracted out after we complete the outline of
how 8, and 82 are computed.

Thus, using the orthogonality relation for the
I „~ we have

B 00

~1 ~~ c 2 K+ j2 Kr' dr'+cos j2 K& 2 & d + sin j2 K
3g/2 B

(A5)

Equation (As) is evaluated by using the indefinite
integral

est order in 1/R)

nn(r) = -AR 'r ' cos(Kr + y) . (AV)

(A6)

where f„(z)=aj„(z)+bn„(z), and a and b depend
neither on z nor on n. ' Thus 8, has been reduced
to a sum of j„n„j„andn, . We substitute their
functional forms" to obtain the final result.

The same techniques are applied to the cos(Kr
+$) term in Eq. (Al) to evaluate 8,. Then, using
Eq. (Al') we have the EFG

We write the "EFG" so determined as g II
+ q~.

As discussed above, the "EFG" consists of a valid
approximation to q]], plus a contribution from re-
gion 8 which arose because the integration was ex-
tended over all space. We now evaluate q~[] .

The evaluation of q~!, is based on the observation
that in making the transition from Eq. (A3) to Eq.
(A4) we were, from a physical point of view,
changing the expression for the screenirig charwe
density. The charge density we used was (to low-

eq~(( = -2Q(1 —y„)R '. (A8)

The calculation is straightforward. Integrating
Eq. (AV) over region 8,

Q=-4nAR 'e (cosKr cosQ —sinKr sing)r dr

- -4vAK 'R 'e [sin~Kd cos(KR+Q)

—cos-, Kd sin(KR + P)] .
Therefore,

The tilde indicates the charge density is artificial,
as it is approximately correct only in region S in
the limit of large A. However, if we compute the
total "charge" Q corresponding to An which is en-
closed in region 8, we know q]L through Gauss's
law
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qa~~
- BmA(l —y„)K 'R '[sin2Kd cos(KR+&f&)

—cos ,Kd-sin. (KR+cp)].

(A9)
This is subtracted from the result we derived for
-2(1 —y„)(A8, + 88a).

The final result for the asymptotic form for q~ll,

good to order 8 ~, is thus

q~~~
- C, R 'cos(2k R+Q)

+ R '[C, sin(2k~R + Q)

+ C, cos(2kzR+ Q) + C, cos(2k~R+ g)],
(A10)

where

C, =BvA(1 -y )[(k~d) 'sink„d —(k~d) 'cosk~d],

C,=4'(l -y„)k~'/[3(k„d) ' —1] cosk„d

-3(k~d) ' sinkzdj,

C, = 4' (1 —y„)k~
' s ink~ d,

C, = Bn'B(1 —y„)[(k~d) sink~d -(k~d) 'cosk~d].

APPENDIX': EQUATIONS FOR qv AND &s

IN TERMS OF EXPERIMENTAL q, q,
AND DIRECTION OF THE PRINCIPAL AXIS

OF THE EFG TENSOR AT THE 1NN

For a given z and A. , the theoretical results
summarized in Eq. (29) completely specify the
EFG at the 1NN site. That is, they predict the di-
rections of all the principal axes, the sign and
magnitude of q, and the value of the asymmetry
parameter q. However, we have experimental
measurements only of the magnitude of q, and the
value of g, plus some incomplete information about
the directions of the principal axes. Therefore,
if one wishes to determine + and A. in terms of the
experimental results, assumptions must be made
about the directions of the principal axes and the
sign of the gradient.

(i) Assume ZIIR: Using Eq. (29) we can write

4'ii = 0 ii
+ qi! + I 0 I xp ~

The a sign on I q I„, indicates that in principle we
can use either sign for making an empirical deter-
mination of o and A.." For case (i) we write

+'9 = (Qxx 'f i)/'f g
= 54'ii /+ I '7 l,„p ~ (»)

substituting from Eqs. (29) and (81). The ambigu-

ity in the sign of q results from the fact that, given
the direction of the Z axis, there are two ways to
associate the X and V directions with the remain-
ing principal axes. Choosing the plus sign for q,
for example, means that we require

I q„„l ~
I q

in order that Eq. (A2) be compatible with the defin-
ition of q given in Eq. (23).

Solving Eqs. (Bl) and (82) gives

Q~~
=

5 [(+0)(+ltl,,p)] (83)

&ii =l0+l~l...)[5-(*&...)]) .
Given qll and ql, , A. can be found from the last of
Eqs. (2'7) and n can be found using Eqs. (14) and
(1).

In a similiar way we find for the other two pos-
sible directions for the Z axis [cases (ii) and (iii),
respectively]

ZiR: (aq,„,) —= (q ii
—q„„)/q

&ii
= —,'. (-(+I~I...)[3+(~n...)]],

~'=!(( I~l.„)[3(n.„-l)1].
Zllx: (+n)

-=(~, —4 „)/e.. .

(84)

(85)

(86)

(»)
(»)
(89)

(81O)

For all the impurities treated in this paper, ex-
cept germanium, there are eight possible solution
pairs (n, A) to the above equations, corresponding
to two possible choices for the Z axis (parallel to
R, or perpendicular to R and x), two for the sign
of Iql, „p, and two for the sign of g. For Ge there
are only four solutions since the Z axis is known
to be parallel to x. If the model used for the
sources of the EPG were exact there would be at
least one pair of values (n, A) common to all im-
purities and consistent with the experimental data.
(There might be more than one pair since the ex-
perimental information is not complete. ) What we
actually find are regions of consistency in which
the various (n, A) values are relatively close to-
gether. As discussed in the text, for the fifth-row
impurities, the only region of consistency for posi-
tive n is close to the point (18, -15), and for the
fourth-row impurities the only consistent region
is in the vicinity of (+2, +BV). The empirical equa-
tions were particularly useful for finding the latter
value pair which is rather remote from the values
(23.3, -15) used by SPH.

~N. Bloembergen and Y. J. Rowland, Acta Metall. 1,
731 (1953).

T. J. Rowland, Phys. Rev. 119, 900 (1960).
3%. Kohn and S. H. Vosl~o, Phys. Rev. 119, 912 (1960).

4A. Blandin and J. Friedel, J. Phys. Chem. Solids 17,
170 (1960); A. Blandin and J. Friedel, J. Phys.
Aadium (Paris) 21, 689 (1960).

~P. L. Sagalyn, A. Paskin, and R. J. Harrison, Phys.



EI.ECTRIC-FIELD-GRADIENT TENSOR IN NONMAGNETIC. . . 5597

Bev. 124, 428 (1961).
P. Averbuch, F. de Bergevin, and W. Muller-Warmuth,
C. B. Acad. Sci. {Paris) 249, 2315 (1959).

E. A. Faulkner, Philos. Mag. 5, 843 (1960).
T. O. Ogurtani and R. A. Huggins, Phys. Rev. 137,
A1736 (1965).

~T. O. Ogurtani and R. A. Huggins, METU J. Pure
Appl. Sci. (Ankara, Turkey) 1, 155 (1968).
J. Winter, Magnetic Resonance in Metals (Oxford
University, New York, 1971), p. 105 ff.
P. L. Sagalyn and J. A. Hofmann, Phys. Rev. 127,
68 (1962); E. P. Jones and D. L. Williams, Phys. Lett.
1, 109 (1962).
A. G. Bedfield, Phys. Rev. 130, 589 (1963).

~3G. Schnahpnberg, Jr. and H. T. Schnmacher, Phys.
Rev. B 7, 2292 (1973).
B. L. Jensen, R. Nevald, and D. L. Williams, J. Phys.
F 2, 169 (1972).

5B. Nevald, B. L. Jensen, and P. B. Fynbo, J. Phys.
F 4, 1320 (1974).
R. Nevald, J. Phys. F 5, L181 (1975).

~YReferences on studies of copper-based alloys contain-
ing transition-metal impurities, using NMB techniques,
may be located by working backward from J. B. Boyce
and C. P. Slichter, Phys. Rev. B 13, 379 (1976); D. M.
Follstaedt, D. Abbas, T. S. Stakelon, and C. P. Slich-
ter, ibid. 14, 47 (1976); and R. Nevald and G. Peter-
sen, J. Phys. F 5, 1778 (1975).

' C. P. Slichter, Principles of Magnetic Resonance
(Harper and Row, New York, 1963), Chap. 6.

9The sign of Eq. (8) in Ref. 14 is incorrect. The
wrong sign for this equation apparently was also used
in Ref. 13. There is also an error in line 2 of p. 177,
Ref. 14, as pointed out in Ref. 15.
L. C. B. Alfred and D. O. Van Ostenburg, Phys. Lett.
A 26, 27 (1969).
R. M. Sternheimer, Phys. Rev. 84, 244 (1951). We
use for y„ the value -17.37, calculated by F. D. Feiock
and W. R. Johnson, ibid. 187, 39 (1969).

22M. Abramowitz and T. A. Stegun, Handbook of Mathe-
matical Functions, Natl. Bur. Stands. Appl. Math.
Series No. 55 (U.S. GPO, Washington, D. C., 1964),
pp. 231—233 ~

23R. J. Harrison and A. Paskin [J. Phys. Soc. Jpn. 15,

1902 (1960)] obtained substantially the same result
fx'om dielectric screening theory. See also L. C. B.
Alfred, Phys. Lett. A 31, 108 (1970).
F. J. Blatt, Phys. Rev. 108, 285 (1957).

25J. Friedel, Adv. Phys. 3, 446 (1954).
6C. M. Hurd and E. M. Gordon, J. Phys. Chem. Solids
29, 2205. (1968).

2~M. T. Baal-Monod and W. Kohn, J. Phys. Chem. Solids
29, 1877.(1968).
Compare with Eqs. (2.3) and (2.4) in P. W. Anderson
and S. T. Chui, Phys. Rev. B 9, 3229 (1974).

SJ. F. Nye, Physical Properties of Crystals (O«ord
University, New York, 1957), Chap. 2.

30E. A. Faulkner, Nature 184, 442 (1959).3'¹Bloembergen, RePo~ of the Conference on De-
fects in Crystalline Solids (Physical Society, Lon-
don, 1955).

2M. N. Alexander and P. L. Sagalyn (unpubl. ished).
33J. D. Eshelby, Solid State Phys. 3, 79 (1956).

%. B. Pearson, I.attiee SPacings and Stmctu~es of
Metals and Alloys (Pergamon, New York, 1958).
B. M. Sternheimer, Phys. Rev. 164, 10 (1967). We
have taken Q(6 Cu) from G. H. Fuller, J. Phys. Chem.
Ref. Data 5, 835 (1976). We thank Dr. Fuller and
Dr. G. C. Carter for advice, prior to publication of
Dr. Fuller's article, on the choice of Q( 3Cu).
Ordinarily only the absolute value of q can be deter-
mined by NMR; see A. Abragam, Principles of Nuc-
lear Magnetism (Oxford University, London, 1961),
p. 261 ff. The sign of the EFG can be determined at
sufficiently low temperatures; see A. Abragam and
M. Chapellier, Phys. Lett. 11, 207 {1964).
Y. Fukai, Solid State Commun. 9, 1117 (1971);
Y. Fukai, J. Phys. (Paris) 33, C3-235 (1972).

3 P. A. Flinn and A. A. Maradudin, Ann. 'Phys. (N.Y.)
18, 81 (1962).
J. R. Townsend, Phys. Bev. B 9, 4000 (1974).
See, e.g. , P. M. Holtham and P. Jena, J. Phys. F 5,
1649 (1975).

4~P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill, New York, . 1953), p. 1574.

4 P. M. Morse and H. Feshbach, Ref. 41, p. 1326.
P. M. Morse and H. Feshbach, Ref. 41, p. 1573.


