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Particle kinetics on one-dimensional lattices with inequivalent sites
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A study is made of a stochastic model of particle kinetics on a one-dimensional lattice with inequivalent sites.
Hard-core interactions between indistinguishable particles are incorporated by forbidding multiple occupancy
of a site. An exact solution of the rate equations is obtained in the equivalent site limit. An analysis of the

general case is carried out using the linearized rate equations. Approximate expressions for the conditional

probabilities are derived and compared with the solutions obtained by numerical integration of the

corresponding nonlinear equations, An alternative approach based on the master operator is also

investigated.

I. INTRODUCTION

Although random-walk problems involving a
single particle have been extensively studied in
physical' and mathematical' contexts, compara-
tively little work has been done on particle kine-
tics in interacting systems. In this paper we re-
port the results of a study of the rate equations as-
sociated with one of the simpler of the many-par-
ticle problems. We treat a one-dimensional sto-
chastic model with finite concentrations of indis-
tinguishable particles. Hard- core interactions be-
tween particles are incorporated by forbidding
transitions to occupi. ed sites.

As a generalization of the standard model, which
is suggested by recent nuclear- relaxation stud-
ies, '4 we divide the lattice into two interpenetrat-
ing sublattices (ABAB ) characterized by dif-
ferent interlattice transition rates, W» and W».
If we define P",. (t) [Ps(t)] to be the probability that
site i which is on the A (B) sublattice is occupied
at time t we can write the rate equations govern-
ing the kinetics in the form

dI'~ t = —W P"(t)[2 —P, (f) —P; ~(t)]

of these we take W» = W» so that the sublattices
are equivalent. The second case corresponds to a
half-filled band, i.e. , the number of particles is
equal to one half the number of sites. Further as-
pects of our results are discussed in Sec. IV.

II. ANALYSIS

When W»+ S~~ the equilibrium occupation prob-
abilities of the two sublattices, (P„) and (Ps ),
will differ. We can derive a detailed balance equa-
tion relating (P„& to (Ps ) by setting the left-hand
side of Egs. (1) of (2) equal to zero. We find

&P )(1 —&P &)=W &P )(1-P &)

A formal solution to Eqs. (1) and (2) can be ob-
tained using operator techniques developed for the
kinetic Ising model. " However, as shown in the
Appendix the resulting expressions for the expec-
tation values are exceedingly complicated and defy
simple evaluation and interpretation. An alterna-
tive approach, which is useful for studying the dy-
namics near equilibrium, is based on linearization
with respect to the deviations

P";(t) —(P„)=—U";(t)

and

dP~ t = —W „Ps(t)[2 —P", (t) —P",.„(t)]

+ W„[1—Ps(f)][P",. (f)+P", ,(f)] . (2)

P', (t) —(P, ) -=U',. (t) .
The linearized equations take the form

dU ' =- 2W'»U",. (t)+ 8'»[U',. (I)+ U', ,(f)], (4)
The restriction on multiple occupancy is incor-
porated through the factors (2 —P, —P,.„)and (1
—P,) in the first and second terms, respectively,
on the right-hand sides of (1) and (2). Also, in ob-
taining solutions to (1) and (2) we make the as-
sumption that the number of sites N is sufficiently
large so that boundary effects can be neglected.

In Sec. II we analyze the general features of the
model, while in Sec. III we study two limiting
cases which are of particular interest. In the first

dU~

dt
2W's„U~(t)+5'„s[U", (t)+ U",„(t)], . (5)

W~s = W~s(1 —(Ps )) + Ws~(Ps )

W „=W (1 —(P ))+W„(P )

(6}

( I)

A general solution to Eqs. (4} and (5) can be ob-

where W» and 5'» are effective transition rates
which are given by
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tained by taking the Laplace transform with re-
spect to the time variable and Fourier transforms
with respect to the sublatti. ce sites. %e define

st(k, s) —Uo"(k) = —2%~U„(k, s)

+ 2Wa„cos(ka) Ua(k, s), (10)

II„(k,s) =pe-"" ~ dt e '&U,"a(t), sUa(k, s) —Uoa(k) = —2Wa„Ua(k, s)

(9)Ua(k, s) =g e '«""a dte 'Uria(t},
ng 0

where x„„and x„denote the positions of the sitesng
on the A. and 8 sublattices, respectively. From
(4) and (5) we obtained the coupled equations

+ 2W„a cos(ka)U„(k, s), (11)

where a is the lattice constant and U"(k) and Ua(k)
are the Fourier transforms of the initial values
U„"„(0)and U„(0). Upon inverting the solution to

-(10) and (11)we obtain the results

r tao cos(kr„„)
U" (t) =—" dk

"
)2W [fOk)+cos(ka)U, (k)] x(e-'-'""- e '+' ")

» i, s,(k)-s (k)

+ U,"(k)[s,(k)e '+ "&' —s (k)e '-'«"] }, (12)

cos(kr„ )
U (t) =— dk )2W' [U (k)+cos(ka)U"(k)] x(e '-' "—e '+' ")

&r i2, s,(k) —s (k) " o 0

+ Ua{k}[s {k)e-«,~«» —s {k)e ' '«"] }-, (13)

s,(k) —W„a+ Wa„

g [(W'„a —TP'„a)'+ 4w„a Wa„cos'(ka)]'~',

(14)

and we have made use of the assumption that N
» 1 in order to replace the sums over k by equi-
valent integrals. Equations (12) and (13), it should
be noted, are the exact solutions for the single
particle problem.

)'} 1
P&(0}P'(t)

NC (17)

where C is the concentration of particles. The
function (P(t) }is the probability that a site which
is occupied at t=o is also occupied at time t. It
has the asymptotic behavior

Here I„(a}denotes the modified Bessel function of
order Fs.

In analyzing the dynamics it is convenient to in-
troduce the conditional probability (P(t) ) defined
by

III. SPECIAL CASES lim (P(t) ) = C . (18)

In this section we consider two limiting cases of
the general model. In the first of these we take
8'~~ =8'~~ =O'. In this limit the nonlinear terms
in Eqs. (l.) and (2) drop out resulting in the equa-
tion

dP, (t) 2WP,.(t)+ W[P, „-(t)+P, ,(t)],

where we no longer distinguish between the two
sublattices in the definition of P,(t). Since (15) is
a linear equation we can express the solutions of
the many particle problem as linear combinations
of the solution to the problem of the kinetics of a
single particle. The latter are given by' '

P,{t)=e-'«I, ,&(2Wt),

corresponding to the initial condition P;(0) = 5,.«.

Because of the linear nature of the solutions we
can express (P(t) }for random initial conditions in
the form

(P(t)}=e«~'I (2Wt)+2Ce «« I„(2Wt), (19)

e' =Io(e) + 2 Q I„(a),
n=1

Eq, (19) reduces to'

P(t) =(1 C)e-««l, (2Wt)+ C,

(20)

where the first term is the single particle or
"self"-contribution and the remaining terms are
the contributions from the other sites each of which
has a probability C of being occupied at t =O.

As a result of the identitys
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which has the limiting behavior

P(t) - C + (1 —C)/(4mWt)' t ',
P(t}- 1 —2Wt(1 —C)

(22)

(23)

(Ps(t) )„pr = 2(1 —(Pa ))'e 'v'I, (2Wt)

+ (1 - (P, ))(2(P, ) —1)e-'~'+ (P,),
(33)

for long and short times, respectively.
The second limit arises in a situation where the

number of particles is equal to one-half the num-
ber of sites so that (P„)+(Pe)=1. In this limit
the linearized rate equations reduce to the form cosh' =Ic(z)+2 p I,„(z), (34)

where in obtaining (32) and (33) we have made use
of the identitiess

»U"-(t)+W[U' (t)+ U',. ,(t)], (24)

= —2W'U; (t) W[U",. (t) + U",.„(t)],dt (25)

where TP is an average transition rate defined by

W = W~e(P„) + W» (Pe ) (26)

Thuswhen (P„)+(Pe)=1 the sublattices have the
same effective transition rate in the linear re-
gime. As shown in the Appendix the parameter S'
also enters in the formal solution to the general
problem.

We can exploit the similarity between Eqs. (24)
and (25) and Eq. (15) to develop approximate ex-
pressions for the sublattice conditional probabil-
ities, (P„(t)), and (Pe(t) ), which are defined by

sinhz = 2 Q I2,(z) . (35)
n4)

For W»=W», Eqs. (28) and (29) agree with the
exact answer given by Eq. (21). An indication of
their accuracy for We„/W„e =10 ((P„)=0.76, (Ps)
=0.24) is provided by Figs. 1 and 2 where we have
compared (32) and (33) with the results obtained
by integrating the nonlinear rate equations for a
lattice of 1000 sites. The numerical output was
averaged over 40 initial configurations each with
380 particles distributed at random on the A sites
and 120 particles distributed at random on the 9
sites.

The approximate theory is accurate at large
times. However, the initial slopes are not given
correctly since

(P„(t)) = lim Q P„„(0)P„„(t)/-,'N(P„),
N~ co ng

(Pe(t) ) = lim g P„(0)P„(t)/ —,'N(Ps )
N ~ ng

with the limiting values

(27)

(28)

= -2W„e(l —(Pe )),
GM

whereas

APP =-4W[(1 —(P ))

+(1 —&P&))(2(P& &
—1)]

(36)

(29)(P~(0)) =(Pe(0)) =1

(P„(~)) = (P„), (30)

(31)(Ps(~) ) = (Pe )

Assuming initial conditions corresponding to an
equilibrium distribution of particles we can ap-
proximate (P„(t)) and (Pe(t)) by expressions of
the form

with corresponding results for d(Pe(0) )/dt

'"'I (2Wt)+2 PC'e 'I (2Wt)+ n,
n=l

A

Q
V

0. 8

where C'„ is the probability that the nth site (rela-
tive to the origin) is occupied at t =0 and n, and n,
are constants. With n, and a, chosen to give the
correct initial and asymptotic values we have, for
the approximate functions,

(P„(t))„p~ =2(1 —(P„))'e '~'I, (2'}
+ (1 —(P„))(2(P„)—1)e '+ (P„),

(32}

(I 7'
0

I

4

WA~t

FIG. l. (P&(t)) vs W~t for W&&/Wg~ ——10 and (P~)
+ (P&) = 1. The solid curve is obtained by numerical
integration of Eqs. (1) and (2). The broken curve is the
linear approximation given by Eq. (32). The arrow indi-
cates the asymptote.
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Nevertheless, both curves exhibit the same quali-
tative features, namely, a rapid initial decay fol-
lowed by a slow approach to the asymptote.

IV. DISCUSSION

~n ej—+—=0
ex (38)

where n is the particle density and j is the current
density. In the lattice analog of (38) we associate
P, with n The .counterpart of Bj/Bx is obtained
from the rate equations. In the case of equal tran-
sition rates we have [cf. Eq. (15)]

dP ~

,'+ [W(P, P„,) W(P—„, P,.-)] =0 . — (39)

Comparing (39) with (39) we identify the discrete
current density

Upon comparing what is obtained by evaluating
Eq. (21) with the curves in Figs. 1 and 2 it be-
comes evident that the presence of the nonlinear
terms in the rate equations for H'„~w W~„does not
have a qualitative effect on the conditional prob-
abilities other than to alter their asymptotic val-
ues. This does not necessarily hold for other dy-
namical functions, however. For example, one
function of interest in transport problems is the
current-current correlation function (J(t)Z(0) ). As
we will show the particle current J(t) and hence
(Z(t)J(0) ) change qualitatively when the two sublat-
tices become equivalent.

We can obtain an expression for J by making use
of the continuity equation

J=Q j, =aWQ(Pt —Pt„) .
i t

(41)

From (40) and (41) it is evident that j; is essential-
ly equivalent to a-'WBn/Bx (Fick's law), and hence
J depends only on the densities at the beginning
and end of the chain. This feature is a consequence
of the absence of nonlinear correlation terms in
the rate equations.

When 5"» W 5'» a similar analysis leads to an
expression for the current of the form

n(WAB WBA)pPj(P( j P$)+ (42)

where the dots represent boundary terms. In the
limit of large N we can neglect the contribution
from the boundary terms and write (Z(t)J(0) ) in
the form

(j(t)Z(0)) = a (W„s —Ws„)

x P" t P~ t —P~t

ting

x P"(0)[P,(0) —P (0)]), (43)

where the brackets are interpreted as referring
to a solution of the rate equations with initial con-
ditions corresponding to an equilibrium distribu-
tion of particles. The presence of the four-particle
correlations in (43) is a characteristic feature of
the inequivalent sublattice model and leads to an
expression for (J(t)J(0) ) which is independent of
the boundaries of the chain, in contrast to the re-
sults obta. ined with Eq. (41).

In analyzing (Z(t)J(0) ) it is convenient to intro-

j,= a W(p, -p, ,) .
The total current is then given by

(40) 1.0

1.0

O.S--

0. 8—

0.6—

n. 6

V

g(t)

05—
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I I

2 4 6 8 10

WA8t

FIG. 2. (Pg(t)) vs W~t for Sz„/8'zq=10 and (P~)
+ (Pz) =1. The solid curve is obtained by numerical
integration of Eqs. (1) and (2). The broken curve is the
linear approximation given by Eq. (33). The arrow indi-
cates the asymptote.
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FIG. 3. Normalized current-current correlation func-
tiong(t) vs est for Ws@W&z ——10 and (Pz)+ (PB)=1.
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duce the normalized correlation junction g(t)
= (J(t)J(0) )/(J(0)J(0) ), where (Z(0)J(0) & is given
by

representation

ll) =(,'), x(,'), x ~ ~ x(',)„. (A5)

(J(0)J(0) ) = a'(W„~ —Ws„)2N(P„&

x(1-(P ))(P )(1-&P )) (44)

Our results for g(t) are shown in Fig. 3. The
curve is obtained by averaging (Z(t)J(0) ) over forty
runs on a lattice with 1000 sites. As in Figs. 1 and
2 it is assumed that Ws„/W„s =10. In contrast to
the conditional probabilities the current- current
correlation function approaches its asymptotic val-
ue extremely rapidly. Since the conditional prob-
abilities are essentially density-density correla-
tion functions the difference arises in the slow,
diffusive (-t '~') decay of the small-amplitude long-
wavelength fluctuations in the particle density, an
effect which is not present in the relaxation of the
fluctuations of the current.

The master operator corresponding to Eqs. (1)
and (2) can be written

&=W~a Q o.(o:.i+o:-i)
nod5

+W» g o„(o'„„+o„,)
neven

—(W~~+ W~„)N, (A6)

where we have identified the odd values of e with
the A sites and the even values of n with the 8
sites. The symbols o' denote the raising and low-
ering operators —,'(o"aiba')

For values of W» and W» consistent with the
detailed balance relation we can symmetrize the
master operator by means of the similarity trans-
formation'
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p 1/2~pl /2

We have

-h
-a/'2 + &i2

Peq n~eq n

e") n even;

(A V)

(A8)

APPENDIX

In this Appendix we outline an analysis of the in-
equivalent sublattice model using the spin-operator
formalism of Ref. 6. In the interests of simplicity
we consider only the case of the half-filled band.
In order to make contact with the operator for-
malism we identify P"; ~ s with 2(1+o„'„)where o'
is the Pauli operator with eigenvalues +1. The
density operator characterizing the equilibrium
distribution is given by

h», , &, le, n odd,
eq n~eq n |

h rg even
(A9)

so that

where

K = W Q (o„o+„„+cr'„o,) —(W„~ + W»)N, (A10)

p„=eepe E p,'„—P p'„),
ng na

(Al) = W„~(P„&+W» (Ps), (All)

where the parameter k is related to (P~ & through
the equation

(P„)= —,'(1+ (o"„))= —,'(1+ tanhh)

=—1 —(P ). (A2)

The probability distribution is represented by a
state vector lP(t) ), whose time dependence is de-
termined by the master equation W=2W g cos(qa)$t$, + const. (A12)

the last equations following from (A2) and the de-
tailed balance relation, Eq. (3). Note that W is
equal to the average relaxation rate W in Eqs. (24)
and (25).

The operator + is identical in form to the Hamil-
tonian of the XF model'"" and is readily diagon-
alized in terms of the Fermi operators $„$~
(( F„, (', ,j = 5. .. -m/a ~ q (w/a):

where is the master operator. The expectation
value of any observable X at time t is given by

(x),=(1lxlP(t)), (A4)

where
l
1) denotes the unit state with the spinor

Although the master operator can be diagonalized
the calculation of the expectation values is made
complicated by the condition that the similarity
transformation also be applied to the state vec-
tors, i.e.,

(A13)
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(A14)

where we have ~0&=p'„'~i& and the vector ~P(t))
= p ' '

~ P(t)& is a solution of

„, I
y(—&) &=&l 0(&) & .

The difficulty arises because p„ in the fermion
representation has the form

The bilinear combination E,F„„&,in the exponen-
tial leads to complicated expressions for the ex-
pectation values which we have not been able to
simplify except in the trivial case h =0. In this
limit we make contact with the theory of Sec. III
through the integral representation'

pe = exp 2A
a

I„(z)=— e" '"'cos(uqa) dq . (A16)
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