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Ferromagnetic resonance in metallic multilayers. II. Numerical example

and semiquantitative model*
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(Received 10 November 1976)

In the preceding paper, we have presented a method for analyzing the ferromagnetic resonance behavior of
multilayer films. We present first the results for a relatively simple case. Then, a simple model is presented
which yields the major features of the results of the rigorous calculation. With this model, it is possible to
predict what will happen in a given situation and to develop an image of the internal magnetizations during
resonance.

I. INTRODUCTION

/

In the preceding paper' (hereatter referred to
as I), we presented an approximate theoretical
solution of the problem of ferromagnetic resonance
(FMR) in metallic multilayers under the following
restrictions: (a) weak diffusion between the lay-
ers; (b) the direction of the dc magnetization near
the interface between two layers does not vary to
greatly from the direction far from this interface.
Even with these restrictions, the numerical appli-
cations are limited at present to the particular
cases in which it is possible to ignore the anti-
resonant polarization wave in each phase. In this
article we will study, as a simple application of
the method, the case of a sample with total sym-
metry consisting of two similar phases. The
anisotropy at the interfaces is assumed to be weak
and the spins are pinned at the external surfaces.
This structure is shown in Fig. 1.

The external layers have the properties of Ni,
and the central layer is a hypothetical material
with physical constants close to those of Ni. These
are presented in Table I. In this particular case,
where we can neglect the nonresonant wave, the
problem has six unknowns. Consequently, from
the point of view of the numerical treatment, the
FMR problem. becomes simpler than for a two-
layer film with eight unknowns.

In Sec. II, we shall find the static magnetization
directions for this structure. In Sec. III, we ob-
tain the dispersion relations, and absorbed power.
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FIG. 1. Multilayer structure.

Then, in Sec. IV, we present a simple interpreta-
tion of the behavior of each layer and the effect of
the interfacial exchange. Finally, in Sec. V, we
shown that the model yields resonance spectra in
qualitative agreement with the results of Sec. III.

II. STATIC PROBLEM

Before applying the calculations of I to our case,
one must be sure that the directions of the mag-
netization obey the two conditions presented there:
condition (i):

~8,.&-8,&~
small, j=1,2;

condition (ii):

D&«d&, j= 1,2.

Hpg is the angle of the dc magnetization far from
the interface in layer j, 8,, the angle at the inter-
face, D,. the distance from the interface where the
angle attains the value 8», and d& the thickness of

TABLE I. Physical constants of the two materials.

A (erg/cm)

0.81 x 10
0.80 x10

A, (sec «)

0.375 x 108
0.377 x 10

y (Oe «)

0.193 x 108
0.194 x 10

o (sec «)

0.142 x 10«~

0.143 x 10"

Mp (Qe)

484.0
524.0
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FIG. 4. Magnetization direction near an interface for

+=70, with different values of the coupling constant
A g2.

FIG. 2. Magnetization direction near an interface for
~ =10, with different values of the coupling constant
A )2.

the layer. For 8=0 and 6I=90', i.e. , when the
field H„, is normal or parallel to the sample sur-
face (Fig. 1) the above conditions are automatically
satisfied. In fact, in both cases the dc magnetiza-
tions ( M„and M») are parallel to the applied
field in the whole sample, including the interfaces.

When H„, is at an arbitrary angle with respect
to the normal to the surface, the directions of the
dc magnetizations are different in each layer, and
near the interface there is a region in which the
magnetization direction varies. For our example,
the variations of the directions of the dc magneti-
zations are given in the Figs. 2-4 for different
values of n and. of coupling parameter Ay2 These
curves are obtained by solving Eqs. (32) of I. The
variation of magnetization in the z direction (which
is also the propagation direction for the electro-
magnetic wave) is monotonic regardless of the

magnitude of the coupling parameter A». For the
parameters chosen, the gradients of the angles re-
main small even for large A». Both for the inter-
nal and external layers, the difference between
the angle at the interface 0,, and the angle gpss

far
from the interface is smaller than 0.5', i.e. , con-
dition (i) is fulfilled. We also note, from the
curves of Figs. 2-4, that D, and D„where 8,(D,)
and 8,(D,) reach the asymptotic values 8» and 8„
are small (-100 A) in comparison with the thick
nesses of the layers (d= 1000 A). Thus, condition
(i..') is also fulfilled. Consequently, the restrictions
concerning the directions of the dc magnetizations
are obeyed and we can expect that, at least to a
first approximation, the wave vectors have the
same values at the interface as in the bulk, and the
wave at the interface is identical to that in the
volume. The continuity equations [Eqs. (35) and
(36) of I] connecting the amplitudes of the waves
in the two phases at the interface are sufficient to
describe (to first order) the behavior of the reso-
nant polarization waves and can be used to solve
the FMR problem for the case to be studied.

Q= 30
I Az 5.00erg/cm
2~A, s I,OO erg/cm
3cA, ~0.25 erg/cm
4 Ai~ 0Ol erg /cm

e. I
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40.46—

40.26—

40.06—

—39.86

39.66

Z(A)

III. DYNAMIC PROBLEM: DISPERSION RELATIONS .

Experimentally, the study of the FMR is made
using a field sweep. However, since a frequency
sweep calculation is simpler to perform (as H„„
and hence the magnetization directions, rema, in
constant), we will describe such a calculation here.
First, we choose a value of the applied field (H„,)
so that for ~ =0, the ferromagnetic resonance fre-
quency (uniform precession) of the nickel layer is
f = 36 GHz (Q band):

I
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FIG. 3. Magnetization direction near an interface for
e = 30', with different values of the coupling constant
A (2.

H„,= 2rrfly, + 47rM» = 17802 Oe.

The calculation will work as long as II, is large
enough to saturate the sample, as it is in this
case. From Eqs. (7) of I, one obtains the angles
Hpy and ep2 at equilibrium in each phase for each



IN METALLIC ~ ~ ~FERROM N KAMIC R KSONANCK IN

Q (Oe)Q(Oe)g=lO

4o0

ks

g= l004

g}= Ip3l4

g =I&0&4 «

g=llel4 o

5 Disper ion rela-
t com-tjon orfor the resonan

Qin each

ter (Ni) layers are

the inner ~~

I

ks

l

-8

I

I

I

I

~ia4
I

I

I I

I

I

I

I

p~/~d
I

I

I

I

I

II

8
te4 cm )EM

-I(I05 cmS

I

-8
I I

4
(I04cm )P.M

p (10 cmS

etio fieM (n). Then
b

lied magnetic
6g and (&) of I, one ofrom Eqs. (6 an

of the internal fiefields

.cos'8 .

H' —(2wM„. sin2ec, .)']'~', j= 1,

e then obtainsression one
'

n in eachnance rf equencies for uni orm

jven bp]ayer.
. 28 y/2

These are g

(zQ.= (0& 3 y

e frequencyWe then c ohose an averag

17 2 0

'=-,' (n, + n, )

around this value.
th 1' df' ld t thFor each direction of t e a

10—

lOI-
K

«Io—7K

I-
Cl

H * l7802 Oe4PPpeak2
e4 0 OOI ere/cm

10—8

~10—
I-
Cl
K

H~* 17802 OePeak 2
00I erg/cm

LLJ

O
10—

CI
LLI

lK
O
V)
IQ

LLI

O
Q.

~ 10—
LLj
03
lK0
CO

I I

12844 Q(08)1204411244 120

-3=10', A(2=10r s ctra for Q=
bobdb th

FIG. 6. A s
the power a sor

er.
2. P represents

d in the inner laye,
erg/cm .
s mp

b th ot lP is the power aNi.

11244 12844 Q(Oe)12044

A.s ectra for G. =10,
indicated by dotted

FIG. 7.

or tion ilines, eth power abso p
'



IO—

RoNKEN FRIEDNIANN AN D A yELON

H app ~7802
a =ID

Blo—

W Io-
lLI-
CCI

K
cg

C/)I-
R
D

710—

peak I H app
= l7epp 0

K
LLI

0
CL

B
lO

Cl

0
Ch
lS

I-
IS
K

lL
UJ

O

O
LLJ

IS
K
O
IS

lo—

I

l l244 l2844 Q(O )

FIG. 8~ ~ Ab orbed
= 0.& erg/cm2.

&etre. for ~

I

l4678
I

I5478
I

I 2278 Q(o

FIG. 10. Ab
=p

d po~er
.1 erg/cm2

spectra for ~-30

rf magnetic fields, and the

tio

t
en gives the

e ex-

la e
fo the wh lo e system, and

son spec-

r

different

directi
pectra are drawn

'ons of the a~,,t.,l....f th
la er.

e couplin A e
n we shall show at it is

hese spectra b
e general beha

d'different layers
a y assumin tg hat the waves

vior of

ayers may be describecri ed by simple tri-

possible to obtam the

p sion relation Eer '
e wave vect ors from the d'

'
n q. (16) of I for all the val

e ls-
ues of

f H„,( —10) I
no e as k«and kt t d t

p y the

e electromat'd ' h 'h
vectors

b h'E p

nal la er
syer and lEM and 1 f

vectors are denoted by a s
Kno m th construct

gaza &on waves in each layer, the

lo—B

peak 2

BIO—
peak Ia2

CoI-
Z

m

IO—lL

lLI-
IS
a
'C

Io-B

ISE0
V)
IS

7Io-
KI-
IS

lK
ILI

O
CL

BIO-
LLI
IS
IL
O
Ql
IS

I l644 l 2444 I 5244 Q(oe)
I

l7684 I8484
I

l9284 Q(oe)

sorbed power sFIG. 9. Ab
.3 erg/cm2.

r spectra, for +=10'', A(2 FIG. 11. Absorbed power s
= 0.1 erg/cm'

ower spectra for ~ = 50 A. i2



15 FERROMAGNETIC RESONANCE IN METALLIC. . .II. . . 5155

6IO—

IO-N 7

Ql

lK
LLI

0
CL

6~ IO-
LLI
Cl
CL
O
V)
CO

peak iat H app IT802 Oe

(3)

=o.
8=4IJ' 2

(4)

A. Zero coupling

Here, and in what follows, we consider the
wavelengths allowed by the boundary conditions
without asking what will be the intensity of the
resonance or whether power wi&1 be absorbed at
all. Ig the absence of coupling between the two
layers, the continuity equations for the waves p.

'
and $' at the interface reduce to spin unpinned
conditions

I

19632
I

20432 2I232 Q(Qe)

Since, in our example, the spins are pinned at the
~ external faces, we have, at z=2d,

FIG. 12. Absorbed power spectra for a = 70', A f2
= 0.1 erg/cm2.

gonometric functions. We may then predict the.
positions of the resonance peaks quite accurately.

IV. EFFECT OF COUPLING ON RESONANT WAVES

Let us now consider the resonant (right-hand
precession) excitations in the external layer iI,

'
and in the internal layer f' These .may be ex-
pressed as

=REM+Ay ~

~EM ~S

(1)

(2)

In Eels. (1) and (2), EM indicates the electromag-
netic (or uniform precession) excitation and S the
spin-wave excitation. The four waves on the right-
hand side of EILs. (1) and (2) are sine and cosine
functions with complex arguments. While it is
known that both the EM and S waves will be excited
in almost any situation, and that they may be ex-
cited with nearly equal amplitude in special cases, '
in general, either one or the other will be domi-
nant. In particular, near the ferromagnetic reso-
nance 0,, the EM wave will be strongly excited,
while at higher frequencies, spin waves may be
strongly excited [spin-wave resonance (SWR)j.
For the S wave, the real part will be more im-
portant than the imaginary part, as shown in Fig.
5. If this is the case, p' or f' can be approxi-
mately described by a real sine or cosine func-
tion. In what follows, we shall assume that this
is the case, and shall show that in most cases we
obtain good agreement between this simple, fre-
quently used model and the rigorous calculations
of I.

p, '=0. (5)

FIG. 13. Approximate wave shapes in the three
layers at zero coupling.

The wave in the inner layer must obey EII. (4) and
the only possible solution, that shown in Fig. 13,

l"=2pn/d, n=0, 1,2, . . . .
For n=0, we have uniform precession in the inner
layer and l=0. Forri» 1, we have SAR. For the
outer layer, the wave must fulfill the conditions
of EIIs. (3), (5). Thus we have (Fig. 13)

k"= (2m+ 1)w/2d, m = 0, 1,2, . . . .
There is no uniform precession in the external
layer.

Using the dispersion relation of Fig. 5, we find
that, for m=0, 0=12314 Oe; for m=1, 0=13004
Oe; for n=. 0, 0=11814Oe; and for n=1, 0=13034
Oe. These correspond fairly closely with peaks
2, 3, 1, and 4, of Fig. 6, which is for very weak
coupling.
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A, &p,' Mo,
A„ez
A, 8$' Mo,F+ — p = ~

A~, Bz Mo~

(8)

8. Arbitrary coupling

In the case of arbitrary coupling, the continuity
equations for resonants waves at the interfaces
are given in I:

From the pinning conditions given above, p,
' and

P must be approximately described at frequencies
Q&Q, by

p'= C sink&(z —~ d),

$ = D cosl~z .
(»)
(11)

Combining Eqs. (8)-(11), we obtain a. pair of homo-
geneous equations:

sink ~-d - (A, /A„)k~ cosk~d —(M„/M„) cosl~ —,
' d l (C l

(M„/M») sink~d cosl~ —,
' d —(A, /A„)lz sinful —,

'
d/ (D f

This system has a nontrivial solution only if the
determinant of the coefficients vanishes. This im-
plies

A, A

(A, /l~} cotl~ —,
' d —(A, /k~) tanked

(13)

This characteristic equation gives the relation be-
tween allowed values of k~ and of l~ for arbitrary
values of A».

In the above form, this transcendental equation
has the advantage that it can be solved simultan-
eously with the dispersion relations. For each
value of 0 (0&0,) we obtain the quantities k", and

l~ from the dispersion relations and we can then
calculate the right-hand side of Eq. (13). For a
given value of the coupling, the position of the
resonance peaks is obtained by comparing, for
each value of Q, the right-hand side and A». The
value of 0 for which the two are equal is a reso-
nant frequency. There is a series of resonances
for a given value of A„.

In the neighborhood of Q„ the EM branches will
be strongly excited. In this case, the trigonometric
functi. on description will not be appropriate, es-
pecially if the S branch is also excited. There-
fore in what follows, we shall limit ourselves to
the study of the behavior of the peaks that are not
in the neighborhood of the uniform precession in
the central layer. However, the qualitative be-
havior will be the same for these peaks as for the
others. In order to be more specific, we shall use
Eq. (13) to describe the evolution of the peaks 2-4
when the direction of the fields H„, is at angles of
0. = 10 and o. = 30", and that of peaks 3 and 4 at
o. = 50 . In the latter case, peak No. 2 is close to
peak No. 1, corresponding to the uniform preces-
sion in the inner layer, and its behavior can no
longer be described by Eq. (13).

MO2 p,
' =Ma~ p, (14}

which is the limiting result of Eqs. (8) and (9) for
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FIG. 14. Resonant peak positions as a function of
coupling strength for a =10'.

V. ABSORBED POWER SPECTRA

In Figs. 6-12, we have plotted the spectra of
power P absorbed by the whole sample, for the
first two orders (n or m =0, 1) for each layer, for
various coupling constants and for various orien-
tations of the static magnetic field. In Figs. 14-
16, we show the resonant peak positions as a func-

- tion of coupling for 10, 30', and 50'. The solid
lines represent the results of Eq. (13). For all
angles, the agreement between these values and
those obtained from Figs. 6-12 is within a few Qe.
For arbitrary coupling, the agreement is always
better than 20 pe. The dotted lines show results
from Figs. 6-12 for the cases in which Eq. (13) is
not applicable.

Generally, the peaks shift towards higher fre-
quency as the coupling increases, eventually
reaching the asymptote given by the continuity
equation
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FIG. 16. Hesonant peak positions as a function of
coupling strength for e = 50'.

A» infinite. There are, however, exceptions to
this rule, such as peak No. 3 for n = 10' and peak
No. 2 for o. =50 .

Figures 17-20 show the waves in the different
media (determined by the methods of I) for the
four peaks discussed above for 10 . The layer
which is in resonance induces an excitation in the
other layer, which tends to increase with increas-
ing coupling, as the two layers approach being in
phase at the interface. This brings about a de-
crease of the wavelength as compared with the un-
coupled situation (Fig. 5) and thus an increase in
the resonant frequency.

It is clear from Fig. 19 why peak No. 3 does not
move. In this part of the spectrum, there is about
—,
' of a wavelength in the external layer and one
wavelength in the central layer. Therefore the
wave derivatives are very small at the interface
and the continuity equations are satisfied, what-
ever the value of the coupling, by waves which are
in phase. The same phenomenon takes place in the
case of peaks 1 and 2 for n = 50' (Fig. 16). The
first SWR takes place in the external layer near

-10-

PEAK I

AI& = Q. I erg/cm2
9 =II 884 Oe

IO- NI

+ '(Oe)
X

g '(Oe)
Ni

I
'

(Qe)

-IO-

PEAK I

Al& = 0.3 erg/cm 2

9 =II 924 Oe

FIG. 17. grave shapes at resonance, peak No. 1, at
different coupling strengths. n = 10 .

the same frequency as the uniform precession in
the inner layer. We then have almost a quarter
wavelength in the nickel layer and one wavelength
in the inner layer. The wave derivatives are
therefore weak at the interface and the position of
the peak and the coupling has very little bearing
on the position of the peak. This kind of pheno-
menon can obviously occur quite often.

Let us now extend our discussion slightly, to
consider which waves described above, can actu-
ally absorb power. It is clear that at zero coupling
the n = 1 wave (Fig. 13) which is responsible for
peak No. 4 absorbs negligible power, as is usually
the case for single films with unpinned surfaces
(in which only the uniform precession will absorb
strongly). For strong coupling, this peak shifts
to higher frequencies, the wave vectors increase,
and the absorbed power becomes appreciable.

The negative value of Px for peak No. 2 at strong
coupling corresponds to the fact that the external
layers drive the internal layer more than 90 out
of phase with the applied rf field. One would cal-
culate the same thing if one concentrated on small
regions of a single film undergoing SWR.
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FIG. 18. Wave shapes at resonance, peak No. 2, at
different coupling strengths. Q = 10 .

FIG. 19. Wave shapes at resonance, peak No. 3, at
different coupling strengths. e = 10'.

VI. DISCUSSION

Through this particular example, we have shown
that it is possible to understand and interpret the
gross feature absorbed power spectra of multi-
layer films starting from a simple model. This
model is no longer valid in the uniform precession
regions of one of the layers. We have shown,
however, that the physical behavior of the sample
(evolution of the spectra, modifications in the
shapes of the waves in the two layers when the
coupling. varies) is the same for the whole spec-
trum, regardless of the type of resonance, SWR,
or uniform precession. Consequently, the value
of the coupling between the layers can be deter-
mined experimentally starting from any resonance
peak. We choose one of the peaks, and proceed
as follows: We obtain position 0 of one of the
resonance peaks from experimental results, and
then, by solving the dispersion relations for this
frequency, we obtain wave vectors k~ and lz. From
these we can determine the coupling.

As Hoffmann has pointed out, ' the multilayer ap-
proach can have advantages over the study of sin-
gle films for the understanding of surface and in-

PEAK 4 A~& ~ Q. l erg/cm~
Q = l5244 Oe

PEAK 4 A
/g

I.O erg/cm
Q ~ I5484 Oe

FIG. 20. Wave shapes at resonance, peak No. 4, at
different coupling strengths. 0, = 10'.

terface effects in resonance. We might point out
that it is possible to include the effects of inter-
facial anisotropy, which we have neglected in this
paper, without great difficulty. In fact, the same
method which has been presented in I can be ap-
plied to the study of single films with surface an-
isotropy, as long as the magnetization near the
surface obeys the conditions presented in I and
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emphasized in Sec. D of this paper. We are yre-
sently engaged in such an investigation. '

In the more complicated cases, in which we must
take into account the waves of both resonant and
nonresonant polarization in each layer, it has not
yet been possible to solve the problem due to dif-

ficulties in the nuimerica1 treatment. ' We believe,
however, that even in these cases, the method
used here to explain the results of our example re-
mains valid, at least qualitatively. This hypothesis
is based on the fact that the nonresonant waves
are always weakly excited. '
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