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Absorption and emission spectra are calculated for a model which has phonon coupling to a localized

electronic state. The lifetimes of the electronic state, and of the phonons, are both included. Thus the emission

spectrum is influenced by the amount of relaxation in the phonon system. If the emission is slow, the phonons

relax around the excitation, and the emission has a Franck-Condon shift. If the emission is fast, the phonons

do not have time to relax, and the shift is considerably reduced.

I. INTRODUCTION

In a solid, the absorption and emission of photons
are complementary experiments which provide dif-
ferent information about the system under investi-
gation. If the photon absorption causes the exci-
tation of a localized electron, the emission is not
at the same frequency as the absorption, because
of phonon and electronic relaxation around the ex-
citation. The outstanding example of this is in the
old model for F-center absorption, where the
emission and absorption frequencies differ by as
much as 2 eV. This difference is called the
Franck-Condon shif t."

The present investigation was stimulated by the
large phonon broadening reported for the x-ray
absorption edge in metallic lithium. ' ' Since the
core hole is localized, one would naively expect
that —like the F center —there would be a signifi-
cant (t.e. , oi' order 1 eV) shift between the emis-
sion and absorption edges. The present experi-
mental situation is unclear, and there may indeed
exist an edge shift between emission and absorption
of as much as 0.3 eV.' The theoretical situation
was anticipated by Hedin, ' who earlier pointed out
why the Franck-Condon shift may be reduced or
not even occur. If the core hole lives a very short
time compared to the time scale of phonons, then
the phonon polarization and relaxation do not get
enough time to set up around the core hole before
the emission takes place. This happens if ~~7«1,
where q- is the hole lifetime, and ~~ is a typical
phonon frequency.

Another way to describe Hedin's model is to note
that the hole has two decay channels: Auger decay
and photon emission. Auger decay is usually much
n;ore probable, and is the dominant contribution to
the lifetime. Thus, the photon emission must
occur soon after the absorption step, if it is ever
going to happen, otherwise the core hole will de-
cay by Auger process.

Here, we present a mathematical theory to de-
scribe this process. One motivation was the ex-

perimental report for lithium that the Auger decay
width was F =0.04+0.03 eV. ' Since zone-edge LA
phonons in Li have' &«-0.04 eV then ~«-F.
this large or small? Does relaxation occur or not?
Our results show that some relaxation should occur
for this value of damping constant, so that some
Franck-Condon shift should be observed. Further-
more, the emission line shape should not be very
symmetric. Our calculated absorption spectra
are little changed by variations in these param-
eters.

Our method of calculation follows that of Alm-
bladh. ' He was concerned with the incomplete re-
laxation of plasmons, and their influence on Auger
decay. He treated plasmons as bosons, and used
a Frohlich Hamiltonian for the hole-plasmon cou-
pling. We shall do the same for phonons, so the
formal mathematics is identical. The main differ-
ence in our results is that we include finite-tem-
perature effects. Almbladh could safely use a
zero-temperature result for plasmons which have

@{up»K~T for room temperatures. Temperature
effects are important for phonons, so we needed
to derive the finite-temperature equivalent of his
result. Our numerical results span a different
parameter range than his, reflecting the difference
between the plasmon and phonon energies, since
he never has ~~q-(1. There are also some minor
differences in the method we use to introduce
damping and dispersion. Some related work was
also done by Yue and Doniach, ' who investigated
the effect of electronic relaxation on the lithium
spectra.

McMullen and Bergersen" also reported a re-
lated calculation of lifetime effects on emission.
They assumed core-hold excitation by electron
bombardment, as did Almbladh, ' but used a differ-
ent mathematical technique for introducing it.
Consequently, the answers come out mathemati-
cally diff erent.

The calculations of the next sections actually
pertain to the F-center case of localized emission
and absorption. Thus, we calculate peaks for
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emission and absorption. This is slightly easier
than the edge emission case. However, the boo

are simply related, since the derivative of the

edge shape gives the F-center peaks.
~~~ QPp

k

II. WITHOUT PHONONS

We will consider a two-step optical process. In

the first step, the absorption of a photon takes an
electron from a localized state to an excited state.
In the second step, the emission of a second pho-
ton returns an electron to the same initial state.
This is a type of two-step process, wherein the
intermediate state has an electron excited. We
assume that the initial electron came from a filled
electronic shell, so that its excitation created a
hole in the intermediate state.

The hole is actually excited —not virtually ex-
cited —and exists for a mean lifetime 7. This
lifetime is given by the rate of Auger &0 and pho-
ton emission w, rates

&/r = &/v, + iv, .
If w, is the rate of absorption of the initial photon,
and N„N, ; and N„are the densities of initial
photons, final photons, and holes, then we can
write down the usual rate equations for the: rate
of absorption,

BNq

8
w~N, ;

rate of emission,

8 =wN'
h &

and hole population,

9 N„—N =w N—

Now, in equilibrium we get

N„= 7.W, N, ,

so that the net rate of photon emission w is simply

W —Wg&2T o

This is easy to interpret as the product of bvo
factors: w, is the rate of absorption, while

$02

l/T () + io p

is the fraction of those absorbed which decay by
x-ray emission.

Next we wish to rederive (l) using the second-
order golden rule of quantum mechanics. The two-
step process is shown in Fig. 1. A photon of fre-
quency ~, makes an electron-hole pair in states p
and h, respectively. The hole h decays by recom-

FIG. 1. Two-step optical process under consideration.
The photon co& creates an electron P and hole h. The
hole propagates until it meets another electron k, when

it recombines to create another photon ru2.

bining with an electron in state k with photon emis-
sion of frequency &2. It could be, but is not essen-
tial, that p and k are the same electron. Thus
there is an interaction Hamiltonian

V(t) = V,(t) + V,(t) +bc,

Vi(t)=Miaid Cp e px(-in ti),

V,(t) =M, u,'dC, exp(in, t),
0 =re -$
0

where a, C, and d are photon, electron, and hole
operators. The second-order golden rule given for
the amplitude of emission after time I; to be

~* (~) =(-;)*f efd(, V,,(~, )
0 0

XV,(t, ) ~
initial state) . (2)

The time ordering above was chosen to reflect our
assumption that holes cannot exist initially, so that
V, must be to the right of V,. The emission amp-
litude above is correct if the hole cannot decay by
other means. But if it can decay by Auger or other
means, then this feature must be added to the rate
process. We do this by inserting the factor
exp[-y(t, —t, )j into the integrand

d'*'(&) =(- )*M,M.f d(fd(. ,
0 0

This arises from the factor

d(t, ) dt (t, ) ~
initial state) .

Thus, a hole is destroyed at t„ if created at t„
with a decaying probability exp[-y(t, —t, )]. The
time integrals can all be done

e ~ ~~~2 ~ l~ $ e~ ~~~2+~ )'~ —$

((),-(),)((),~ 'y) ((), + 'y)(Q, +(y) ) '

The transition rate is found by squaring, taking the
derivative with time, and then the infinite time
limit. Only the first term contributes, with the
result that the emission rate is

hP 1
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If me identify the rate of absorption as

2p
~1 ~ 1 ~2 2 t

and the rate of emission as

need to do two steps. In order to keep the notation
simple, me consider just a single phonon mode of
frequency (dp. The sum over all phonon modes is
simple to include at the end.

Our model Hamiltonian is

w, =
g QM3()(Q, —Q, ),

then (2) becomes

w =w, w, /2y.

Finally, if we identify the relaxation time z = (2y) ',
then this expression is the same as (1). Thus, we
have a quantum-mechanical derivation of this sim-
ple rate formula. Next, me must put phonons into
this two-step process.

III. UNDAMPED PHONONS

Phonon processes are now introduced into the
transition rate. The hole state is assumed to have
a linear coupling to phonons

H3 =dt d M Q(b + b ) + (t)Q b b .
The phonon coupling affects the line shape of both
emission and absorption.

The line shapes in absorption were first calcu-
lated by Lax,"and Huang and Bhys,"many years
ago. A general mathematical formalism was de-
veloped by Feynman, "and has been used in a num-
ber of contexts. ' " We nom wish to consider
multistep transitions. To calculate emission we

H =)„d d+ +$3C3CQ+g(t)„at~a~+V+KQ,

where P and H~ have been given above. We do the
standard canonical transformation

H' = e'He ' = ((„—ZQ) d d + Q $3C3C3

+~ ruza~a~ + V +F05 5,

S =(MQ/(dQ) dtd(bt —b),

Vt(t) =Mt d atC)x (t) e '"&

v3'(t) =M, d,'c,x(t) e'"",
Q, 3-Qt 3+ZQ, ZQ-MQ/(t)Q,

X(t}=exp[(MQ/(dQ}(b e' o' —be ' o')].

The factors X(t) give the phonon distortion about
the hole. Thus, the amplitude of photon emission
is now

t t1S'=-M M3 dt, dt, e &""
0 0

&& e'"343 t"')tax(t )xt(t )

The intensity of emission is

t3 t t1
dt, dt, e "3 '3'e'""3 -'"3"(X(t )X'(t )X(t )X'(t ))

0 0 0 0

The bracket ( ) means to average this quantity over the thermal distribution of phonons in the system.
This result is the direct extension to a two step process of the Lax-Feynman result for a single step. ' "
The general prescription for evaluating these multi-X(t) averages is given in the Appendix. There, it is
shown that the above is

(X(t, )X'(t, )X(t,}X'(t,)) =exp]-(M, /w', )[(t)(+l)(2-e-' Q"t-t3 +e-'"'3-" -e '"Q(4-.)

Q(t3 )+ ettt +Q(t4 tt ) t t4Q(t4 t3 ) ) 4N( )4] J
The notation ( ), which we will use throughout, means that the factor multiplying N is the complex con-
jugate of that multiplying N +1. N is the thermal occupation number of phonons.

The transition rate is again obtained by differentiating by time, and taking the infinite time limit. The
time t appears twice in (4). So its derivative yields two terms, which are complex conjugates of each
other

2) 2w(Q» Q, ) =lim —
~

S")~'= 2 Re dt, dt, dt3f(t» t» t3=t, t4),17 2
p p 0

where f is the integrand of (4). Next we change integration variables to

~2 p 74 ~ ~y y T1 ~ ~1 y

with the result
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(Q Q)=2M'M'R d ' "'f d '" ' ' f d
p p p

M
xexp —

R ((N+1)[2 e-' o'R —e' o'4 —e o' (1 —e
' o'R)(1 —e' o'4)]+N( )R).

COp
(5)

This is our basic result. It is a bit unwieldy, so we have not tried to evaluate it. It gives the emission
spectra zo(Q„Q, ) as a function of the excitation fre(luency Q,.

'Ibe absorption spectra o((Q, ) can be calculated from this result by integrating over all emission events

Qz
n(Q2) = d

2 n)(Q„Q, ).

'Ibis integration creates the delta function 6(y2) which eliminates the integral over g „
M

(Q ) =2M M, Re d7Re 'R & '"'
diode '4 &'+'"2 exP —

R [(N+1)(1—e '~() 'R d )+N( )*].
p p (dp

After a change of integration variables t =zz-v~,
this can be written

n(Q, )=42Rsf die "e "e ei"
p

(6)

dt2(t) = (M', /(u', ) [(2N + 1)(1—cos(u, t)

i(~, t —-sin(oQ t)],

" dQ~
E(QR) =

2 n)(Q2, QR) .

This is the quantity which we evaluated. Doing
this integral creates in (5) a delta function 5(7.2+7.R

-y, ) which we use to eliminate the r, integration.
The resulting time integrals can be arranged into
the form

R(Q)=2 Ref d, l(,,)exp[-i, (Q, ~ 22, )
p

—y&2 —$(7'2)], (8)
OO MI(~, ) = dv, e '~'Rexp -2i,' [sin(&uQg, )

p Cdp

-sin, (e,~, )]) . (2)

where the self-energy term pp has been included
in df)(f). This is the standard result that the ab-
sorption is affected by phonons, dI2(t), and by the
Auger width exp(-yt). Current practice seems to
be to change this to frequency integrals, after
which each factor is included by successive convolu-
tions. But it seems much more economical to
express the result as above, wherein each factor
is separate in time.

ln order to evaluate the emission from (5), it is
necessary to assume some value for the absorp-
tion frequency. Instead, we tried an alternate pro-
cedure of assuming that the absorption was done by
a white light —i.e. , a uniform distribution of ab-
sorption frequencies:

This was evaluated directly on the computer, as a
double integral in time. For small y they converge
slowly. This was overcome by using the fact that
the integrand is mostly periodic in time, with
period 2v/&uQ. For example, the integral I(~2) can
be written

zr (n +1)/(gyp

I(~, ) =g d7'Re ~ Rg(7' )
ff-P zI tl /tdP

2'/QJ
=(1 —e & ()} '

dT eR&'Rg(TR) 2
p

where g(&R) is everything else in the integrand,
and is periodic. The summation over n reduces
the computation to a finite integral. The same
procedure works for the other time integral.

The result (8) appears to have a sensible form.
The frequency factor Q, +2&p shows that the emis-
sion should peak at Qz 2Zp which is correct
since this is the well-known Franck-Condon shift
between emission and absorption. The additional
factors exp(-yz2) and exp[-p(T2)] are the Auger
and phonon contributions to the emission line
shape. Thus, our main new result is the factor
I(~2) which evidently includes the effeCt on the
emission spectra of the absorption process.

Some typical numerical results are shown in
Fig. 2 for several values of the Auger width y.
The other parameters were chosen in an attempt
to fit the K-shell x-ray edge of metallic lithium.
Lithium does not have optical phonons, so we used
the value estimated for LA phonons at the zone
edge, &~-0.045 eV for which there is a peak in
the phonon density of states. ' From the large pho-
non broadening F „=0.26 eV, we estimated M', /&uQ
=6. At room temperature we getN=0. 21. These
are the phonon parameters used to calculate the
figures. Several other parameter sets were also
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computed, and they showed the same type of physi-
cal phenomena.

In Fig. 2(a), the solid line is the absorption
spectra calculated from (6) and (7). Its width is
dominated by phonons. In fact, the width is about
six phonon energies, which gives the value 0.26 eV
which was used to fit the parameters. Only one
absorption spectra is shown, but it changes little
over the increasing range of Auger parameters.

For both emission and absorption, the line shape
for small y is actually a sum of sharp Lorentzians,
spaced one phonon energy apart. We actually plot
just the peak height of the Lorentzian, through
which we draw a smooth envelope.

The emission spectra in Fig. 2(a) is shown for
very small values of Auger line width y =0.0025
eV. This means the excited state lives a long time.
The spectra is very surprising, and is double

humpedt One might have expected the emission to
have a single peak at the Franck-Condon shifted
value of 0, =-2&,=-12(d,. Instead, there are two

equal peaks at 4&0 24~0 and 0 There is a
minimum at the value Q2 2&p This behavior oc-
curs because there is no damping of phonons in the
theory. So when phonons are made during the ab-
sorption, they continue to oscillate, and affect the
emission. Figure 3 is a configurational coordinate
model of this process. " The absorption of the

photon makes the phonon system at point A. . The
phonons continue to oscillate between points A and

C. The point C is the emission point which gives
the second hump a Q, --4&,--24~, . If the phonon
system were to relax, then the emission would be
from the point B. However, there is no phonon re-
laxation in the model yet, soA. and C are the points
of maximum emission. The point p is an emission
minimum because the excited state does not spend
much time there during its oscillation.

Figure 2(b) shows the behavior of the emission
when the Auger lifetime is decreased, by increas-
ing the value of y. The low-frequency maximum,
corresponding to the emission transition Q, de-
creases compared to the emission fromm. At the
value of y =0.05 eV, this peak has vanished, and
the emission is single peak. Here, the excited
state is short lived, so that the phonon system does
not get time to adjust to the presence of the ex-
cited state. Hence, for short lifetimes, the
Franck-london shift indeed disappears. The cal-
culations show that the value of y —mo is sufficient.
This value is still small enough that the absorp-
tion spectra is nearly unchanged from that in Fig.
2(a). Another feature of this result is that the
emission and absorption do not coincide, but that
there is a small shift of -2~,-0.1 eV between
them. This small shift persists even if the value

I
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FIG. 2. (a) Absorption (solid line) and emission (dashed
line) for the case of small Auger damping or long-lived
hole state. The absorption shows the effects of phonon
broadening. The emission shows two peaks due to the
ringing in the excited state. (b) Successive emission
peaks as the Auger damping is increased with values
0.01, 0.02, and 0.03 eV. All curves arbitrarily normal-
ized to unit peak height.

FIG. 3. Configurational coordinate representation of
our process. The parabolic curves represent phonon-
energy distortions in the ground (lower) and excited
(upper) electronic states. The absorption is the arrow
A. With phonon damping, the excited state phonons would
relax to B, and emission here produces the usual
Franck-Condon shift. Without phonon damping, the ex-
cited state oscillates between points A and C. The two-
humped emission spectra of Fig. 2(a) arises from emis-
sions from A and C.
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of y is raised further.
Our objective has been to produce a theory which,

as depicted in Fig. 3, describes the absorption
process A and the emission process J3. Obviously,
it is necessary to include damping or relaxation of
the phonon system. This will eliminate the ringing
between points A. and C. This is done next.

IV. PHONON DAMPING

Our numerical integrals (6) for absorption and

(8) for emission are just Fourier transforms. As
such, they may either be negative or positive.
However, as causal functions, they must be posi-
tive or the theory is in error. This remark is
appropriate because our first attempts to include
phonon damping produced spectra which had nega-
tive regions. These early attempts were obviously
acausal. Determining the proper method of includ-
ing phonon damping is a subtle process.

A very reasonable method has been proposed by
Langreth. " His suggestion was intended for treat-
ing electronic excitations. However, the idea may
also be applied to phonons or any other type of ex-
citation. The phonon damping causes the system
to no longer respond at a single frequency cu„but
instead to have a distribution of frequencies. This
is described by a spectral distribution function,
which we take to have the form

oscillate indefinitely unless some method was in-
troduced to stop it. He used the dispersion of the
plasmons. If a mode has dispersion, it will move
away from the excitation center, and no longer
cause ringing. Thus damping and dispersion have
a similar effect upon the spectra. They also have
a similar mathematical form. To put in disper-
sion, we generalize the result to include all pho-
nons of different q and polarization X. One gets
the same exponential factor for each mode, so the
exponential factors are summed over modes:

M
y(t) =Q; f(2N, ~+1)[1—cos(ta), ~)]

, q &qX

i[t-(o„—sin(t6„)]),
Mak

EOq X

and the exponent in (9) is

M ~
2i Q-, [sin(~, (u„) —sin(o„(T, + g, )] .

q )~.

The sum over phonons is done by defining an effec-
tive interaction function

F ((g) = 2v g M,'~ 6(~ —~,~),

g(t)=f d +( )

p 27T

A((u) =8/[((u' —(uO2)'+4(u,'n'], (10a) x f [N(&u) + 1] (1 —e ' '- i mt) +N( ) *),
where jg is a normalization constant

4 n~( 4+ 4 2n 2 )1/2[( 4+ 4 2n 2)1/4 2]-1/2 (13)

determined by the condition

(lob) by comparing (13) and (11), one can see that F(~)
plays a role similar to M', A(cu). If there is no dis-
persion, F(~) is a delta function while band dis-
persion gives a width to F(ro). Similarly, if one
wished to use both dispersion and damping, then
F(&u) has the form

Langreth simply suggested that p(v ) be given by

()=j
217 &d

x([N(&o)+I] (1 —e ' ' i,&ut)+N( )*), -(11)

where we have summed over all frequencies,
weighted by the spectral distribution function. We
have adopted this procedure, and extended it to
all phonon functions in the integrand —I (T, ) in (9)
now has the exponent

"
d&a& ™o(~)-2i A ((o), [sin((uw, ) —sinu) (T, +r, )] .

0 27T (d

(12)

This is the result for a single phonon state.
Almbladh' also noticed that the system would

F ((o) = 2v Q M,'~ A (q, s)),
q )t.

where A (p, ur) is the spectral function of q and ~.
Thus, dispersion and damping play a similar role
in affecting the relaxation around the excitation
center.

Our computations will use the form of p(w) given
in (11) with (10a) for A(&g). This width can either
be interpreted as a phonon bandwidth, or damping,
or a combination of both.

For our calculations, we used (11) and (12). A
deformation potential coupling was assumed Mo(ru)
=C~, where C is a constant. It is also convenient
to introduce a renormalized frequency ~ and damp-
ing constant I by the relations

=M —F, (d 4 =~I',
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which may be solved to give
-2 1 [(~4~4 2~2)1/2 2]

This is convenient because A(~) has poles at the

points*(~+ir) and 8 in (10) is simplified to

The integral in (12) and part of (11) may be done

by contour integral. We define

y, (t) =
2

A((u) sin((ot),
277 0

which is evaluated to be

2F(d 2F~
Co +F, cos((dt) +

co +F

Thus (12), which is the exponent of I (z, ) in (9), is

2i [&f&,(r-, ) —y, (~, +y, )],
and in (11) is

the same parameters. It is also asymmetric in

the wings.
The second emission line in Fig. 4(a) has y =0.05

eV, so that y-&0-F. For this value, the emission
line nearly overlaps the absorption. Further in-
creasing y seems to have little shape on the spec-
tra —except broadening. For this value of y the
absorption atA in Fig. 3 is quickly followed by
immediate emission, so the phonon system has
little time to adjust. Hence, there is little Franck-
Condon shift. This emission curve has two inter-
esting features. First, it is broader than the cor-
responding absorption curve —by about 50'P&. This
is not due to the increase in y, but to some other
feature. We are not sure whether it is the ringing
of the phonons, or the phonon damping. The sec-
ond feature is that there is a slight Franck-Condon
between emission and absorption. This shift is
about -2p. This value persists even as y is
raised. Indeed, it seems to occur for other pa-
rameter sets we have tried —all with strong pho-
non coupling. In metallic lithium, this would be a
shift of about 0.1 eV. In fact, a small shift of this
magnitude has been suggested, although the experi-
mental situation is inconclusive at present. 4

Figure 4(b) shows how the emission shifts from

The real part of p(~), called ys(7), was evaluated
by direct numerical integration.

The absorption and emission were numerically
evaluated using (6) and (8). The parts y(q-) and I(7 )
were evaluated as just described, by including phonon
damping and dispersion. The self energy term Zp
just equals Q. There was no obvious value to take
for the constant F. We tried the values F-wp and
—,'up and the two results were similar. Here we
report the results for I -cop. The other param-
eters are the same as listed earlier.

The results are shown in Fig. 4. The absorption
is the solid line in Fig. 4(a). It is nearly identical
in width and shape to the absorption shown in Fig.
2(a). This large value of phonon damping seems to
have little affect upon the absorption spectra. A
careful inspection shows that the peak position is
shifted slightly to -0.7 ~0.

Two emission spectra are also shown in Fig.
4(a). The one on the left-hand side has y =0.0025
eV which corresponds to a very long Auger decay
time. The phonon ringing has time to completely
decay away. Hence, the emission is the transition
B in Fig. 3. The Franck-Condon shift has the ex-
pected value of -2'=-12~0. This is the desired
behavior, rather than the double-humped spectra
of Fig. 2(a). This emission line is broader than
the corresponding absorption line computed with

I.O
I

\I
0.8— y ~ P.0025 ev I

I
I

I
I

I
I

/
/

]-20

0.6—

0.4—

—0.2—x
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I

—IO
a 0
KI-
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K+ IO—

I-
fI) 08—
K
LLJI-
—0.6—
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0 f4I/fLIO
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0.4—

0.2—

-20 - IO 0 f4)huo

FIG, 4. Absorption and emission peaks arising from
inclusion of phonon damping. (a) Solid line is absorption.
Two dashed lines show emission for long-lived excited
states (y =0.0025 eV) and short-lived excited states (y
=0.05 eV). The former case has the expected Franck-
Condon shift of 2Z() - —12 while the latter case does not.
(b) Intermediate values of y produce a double-humped
emission spectra.
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small values of y to large ones. The emission
peak does not shift. Instead, one peak grows and

the other falls as y is increased. In examining
Fig. 4, it should be kept in mind that all emissions
are arbitrary in intensity, so each has been nor-
malized to the same peak height.

In summary, we have produced a theory that de-
scribes the Hedin model. If the hole lives a very
long time, the phonon system has time to adjust
and relax around it, and the emission does show a
Franck-Condon shift of a nearly Gaussian shape.
However, for very short hole lifetimes, the phonon
system does not have time to adjust, and the Franck-
Condon shift is much reduced. For intermediate
times, we obtain a double-peaked spectra because
of partial ringing effects. This is all affected by
the rate at which the phonons damp out. Further-
more, the emission spectra always seem broader
than the corresponding absorption calculated with
the same parameters.

V. DISCUSSION

The reported core lifetime in lithium had a width
(full width at half-maximum) of I' =0.04+0.03 eV. '
Since 2y=I', theny has the possible range of val-
ues from 0.005 to 0.035 eV. Figure 4(b) shows that
this range of values spans the full range of relax-
ation. At y =0.005 eV, nearly full relaxation oc-
curs, and there should be a Franck-Condon shift
of 0.5 eV. For y =0.35 eV, little relaxation occurs,
and on1,y a small relaxation shift of 0.1 eV should
occur. The preferred experimental value of
y =0.02 eV is the intermediate behavior of a double-
humped spectra. The spectral shapes we show
would, in the absence of band-structure effects,
be the derivative with frequency of the emission
edge shapes. The self absorption corrections,
which plague the emission data, would probably
prevent the observation of this double-humped
spectral shape. We can definitely conclude that
the emission edge width is considerably larger
than the absorption, which seems to be the situ-
ation experimentally. Lithium is the only metal
with large reported phonon broadening of x-ray
edge spectra. Such phenomena have been reported
in polar insulators, and it would be worthwhile to
examine the emission spectra of these cases."
These latter solids would be a good testing ground
of the theory, and the best place to observe the be-
havior we have described.

In many simple metals, there sometimes exists
significant electronic polarization and relaxation
around the core hole. These give rise to the edge
singularities, and related phenomena. Presum-
ably the emission edge shape from electronic pro-

cesses is also influenced by the degree of relax-
ation, and the relative size of the Auger width.
This will be investigated next. However, these
considerations should not affect the absorption
edge data, which remain the primary testing
ground of the edge singularity theory.

Note added in proof. T. A. Callcott and E. T.
Arakawa, Phys. Rev. Lett. 38, 442 (1977) remea-
sured the emission spectra of metallic lithium.
They found a Franck-Condon shift of 0.1 eV, in
agreement with the present predictions. Their
emission edge had a shoulder, which appears to
be evidence for the behavior we predict in Fig. 4.
We also received a private communication from
C.-O. Almbladh, which reports results similar
to those found here. Some related theoretical work
has also been reported by P. Minnhagen, J. Phys.
F 6, 1789 (1976), and M. Sunjic and A. Lucas,
Chem. Phys. Lett. 42, 462 (1976).
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APPENDIX

We wish to derive the general result for aver-
ages of L phonon operator products of the form

a =&x,(t, )x,(t, ). . .x, (t, )&

X, (t, )=exp[M, .(bte'"0's —. be ' o'~)j

These arise in the present theory as phonon cou-
pling to states in a multiphoton process. We have
also encountered them in the theory of the many
small polaron, problem. ""

The Feynman theorem" is used to disentangle
the exponent

X (t ) =e "g 2e"~ bte''~o'se "J" '
j

and the operators are successively commuted until
all creation operators are on the left, and destruc-
tion operators on the right

I
A =exp --,' M,'. — M. ~.q'~0~' "

j=& L~f&j~l

& exp 5 Mje' o'j exp -5 M,.e ' 0'j
j=l

Then the thermal average is simple, and yields

L
& =exp --,' M'. — M. Mj 8

L ~f&j~l
L

~~MM ei j
g gJ=l
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The time-ordered product is also simple to obtain. It is, by inspection, simply

(Tx,(t, l x (t )) =exp(--', M,'. — g M, M, e '"' & " Ng-M, M~e' ~R l'
g«g&) «1 i, j=l

These results were also obtained by Arnold. "
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