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Specific heat of Cr203 near the Neel temperature*
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Precise measurements of the specific heat of the uniaxial antiferromagnet Cr,O, near the antiferromagnetic

transition temperature are reported. Least-mean-squares analysis of the data yields Heisenberg-like exponents,

a = a' —0.12, but the amplitude ratio A/A' = 0.56 is not in agreement with experimental results for

Heisenberg systems. No indication of crossover to Ising-like behavior near the transition is observed. A critical
discussion of the possible efFects of systematic error in comparing theoretical and experimental results for the

specific heats of magnetic systems is provided.

I. INTRODUCTION

The hypothesis of universality' and the results
of renormalization-group calculations' indicate
that the critical behavior of any system is gov-
erned by its dimensionality d and the number of
degrees of freedom n of the fluctuations of the or-
der parameter. All systems with given values of
d and n supposedly exhibit the same behavior near
the critical point, provided the forces are suffi-
ciently short ranged. These ideas have been re-
cently tested for ferromagnetic and antiferromag-
netic systems with d = 3 and n= 3 by Ahlers and
Kornblit, ' who found that the specific heats of
those systems for which adequate data were avail-
able did exhibit universal behavior in agreement
with theory provided allowance was made for the
effects of dipolar forces in the ferromagnets. The
results obtained in their analysis of the data for
each material were, in general, different from
the results obtained by the original authors, and
in many cases depended on the temperature range
for which data were analyzed. For reasons to be
presented below, we do not feel this experimental
framework to be as rigidly established as is in-
dicated by the errors assigned to various para-
meters using purely statistical analysis. In fact,
we find that when even modest allowances are
made for possible systematic errors in the com-
parison of experiment and theory, the correspond-
ing uncertainties in the parameters become much
larger. Viewed in this way the apparent differ-
ences between materials belonging to the same
universality class, and the dependence of results
upon the temperature range analyzed are quite
possible, and, in fact, existing data are not seen
as capable of providing stringent tests of theoreti-
cal results.

We have made precise measurements of the
specific heat of Cr,O, in the temperature range
290.68+ T &323.43 K, and have found the antiferro-

magnetic to paramagnetic transition to be very
sharp, with no evidence of "rounding" of the spec-
ific-heat data for ~t~=~T T,~/T, -~2x10~. Since
Cr,O, is weakly anisotropic, one might expect it
to exhibit Heisenberg behavior (n=3) with a cross-
over' to Ising behavior (n = I) occurring near T,.
We find no evidence of such crossover in the ex-
perimentally accessible temperature range, but
the data do not fit naturally into the framework
established for pure short-range Heisenberg sys-
tems, unless one considers the possibility of sys-
tematic effects in comparing data and theory.

In the remainder of this paper we provide a
summary of those properties of Cr, O, which are
relevant to its critical behavior, describe briefly
the novel method used to make the measurements
reported here, perform a detailed least-mean-
squares analysis of the data, and discuss critical-
ly the difficulties involved in extracting reliable
information concerning critical behavior from
measurements of the specific heat of a magnetic
system.

II. PROPERTIES OF Cr&03

Cr20s exists in the corundum structure with an
orthorhombic unit cell. ' Below the Weel. tempera-
ture of -307 K the spins have been studied by neu-
tron scattering, ' and are found to align along the
c axis, which is the [111]direction of the ortho-
rhombic unit cell. The unit cell with the antiferro-
magnetic ordering of the spins of the Cr ' ions is
shown in Fig. 1. A study of spin waves in Cr, O,
at 78 K has been made using inelastic neutron
scattering, and has been used to determine ex-
change constants. ' The nearest- and next-nearest-
neighbor exchange constants were found to be
about 20 times larger than all other exchange con-
stants. The anisotropy field has been determined
to be -370 Oe by antiferromagnetic resonance
studies. "About half this field has been reported
to be due to magnetic dipole anisotropy and the
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III. METHODS AND RESULTS

The measurements were made using a two-di-
mensional temperature wave method, which si-
multaneously measures the specific heat and the
thermal conductivity. A detailed description of
the method will be provided elsewhere. " In es-
sence two thin parallel metal strips deposited on
the surface of the sample were used to generate
and detect sinusoidal temperature fluctuations.
An ac current was passed through one strip which
served as a heater, while the other was used as
a resistance thermometer. The amplitude of the
ac temperature response at the sensing strip can
be calculated from the heat diffusion equation us-
ing the appropriate boundary conditions, and is
given by

PTQJ
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other half to be due to crystalline, or single-ion
anisotropy. ' The ratio of the anisotropy energy
to the exchange energy is -10 ', and thus this
system might be expected to devel. op Ising-like
behavior (n= 1), but possibly only very near T,.
X-ray diffraction measurements of the crystal
structure of Cr,O, have been made as a function
of temperature throughout the transition region. '
In terms of the hexagonal unit cell the c axis ex-
pands at -5.7 && 10 ' A/K near T„while the a di-

0
mension expands at the rate of -3 x 10 ' A/K.
The rate of expansion of the c dimension is rather
temperature dependent, increasing with increas-
ing temperature, and then abruptly falling to zero
at -320 K, which is well above the transition tem-
perature. No indication of any discontinuity in
the unit-cell volume was observed at the transi-
tion temperature. Measurements of the staggered
susceptibility have been made by means of neutron
scattering, " and indicate that the susceptibility di-
verges as (T T,) '"'-' for T& T, Measur. ements
of the speed and attenuation of ultrasonic sound
have been made as a function of temperature and
propagation direction throughout the transition re-
gion, " and have been interpreted as yielding a
specific heat exponent &=+0.14 which disagrees
with our result u'= -0.12. The attenuation was ob-
served to diverge strongly as T-T„unlike other
magnetic insulators which exhibit rather weak di-
vergences of the attenuation. The effect of hy-
drostatic pressure upon the unit cell dimensions"
and upon the Neel temperature" has been studied.
Although both the c and a dimensions of the hexa-
gonal unit cell decrease with pressure, the frac-
tional change in a is about 30 times larger than
that in c. Despite the fact that c decreases, the
effect of pressure is to lower the Neel temperature.

FIG. 1. Structure of Cr203. Cr ' ions are distin-
guished by their spins which are shown in the anti-
ferromagnetically ordered state.

Here P is the power per unit length dissipated in
the heater, a = (fpau/A)'~', with p being the den-
sity, c is the specific heat, and A is the thermal
conductivity of the material, (d is the angular fre-
quency of the ac heating, d is the center-to-cen-
ter strip separation, so is the strip width, and K,
is a modified Bessel function of imaginary argu-
ment. The specific heat and thermal conductivity
were determined by a least-mean-squares fit to
Eq. (1) of the ac temperature response measured
at eight different heating frequencies ranging from
14 to 680 Hz.

The heating and sensing strips were made by
etching a 500-A thick evaporated nickel film, and
were 16 pm wide with a center-to-center spacing
of 58.8 p, m. The length of the heater was 4.72 mm,
and it extended 0.5 mm beyond the ends of the sen-
sor to eliminate end effects. The measurements
were made using a single crystal of Cr,03
X2 mm', grown by the flame fusion technique.
Impurities consisted of -0.1% Al, and 0.1% Mg
relative to Cr, and traces of transition-metal ions
other than Cr. The measurements were made with
the crystal in an environment whose temperature
was controlled to within 1 mK. The side of the
crystal opposite the strips was in contact with a
temperature controlled surface, while the remain-
ing sides were in contact with dry air. The tem-
perature of the sample was measured using a
Rosemount Model 146 MA-200 F platinum resis-
tance thermometer. Its resistance was measured
using an ac Kelvin Bridge made from two ratio
transformers, with a lock-in amplifier as a null
detector. The temperature resolution was +5x10
K, but the absolute temperature was only known
to withi, n +0.05 K.

The power dissipated in both the heater and sen-
sor was 3 mW/cm. A computer simulation of the
temperature distribution due to this heating
showed the amplitude of the ac temperature dis-
turbance near the heater to be -30 mK and to be
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FIG. 3. Specific heat of Cr203 near the antiferromag-
netic transition temperature as a function of tempera-
ture.
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FIG. 2. Specific heat of Cr203 very near the transition
temperature measured using 3 and 1.5 mW/cm heating
power. Temperature axis for the results obtained using
1.5 mW/cm has been shifted as discussed in the text.

-10 mK near the sensor, at a heating frequency
of 14 Hz. In addition the power dissipated in the
heater and sensor resulted in a dc temperature
difference of -80 mK between the surface of the
crystal in the region of the strips and the opposite
side, which was in thermal contact with the tem-
perature controller. This dc temperature differ-
ence varied -1% per one degree Kelvin change in

the crystal temperature due to the temperature
dependence of the thermal conductivity, and it was
easy to allow for this small effect. The volume of
the sample actually probed by this method lay with-
in -100 pm of the strips, and its dc temperature
was uniform to within +12 mK when using 3 mW/
cm heating power.

In order to determine whether the specific-heat
measurements were dependent upon the heating
power used, measurements were made near the
Neel temperature using powers of 3 and 1.5 mW/
cm. The results are shown in Fig. 2, and indi-
cate that the specific-heat measurements are in-
dependent of heating power. The temperature
axis for the data taken at 1.5 mW/cm has been
shifted by -40 mK to allow for the change in the
average temperature of the sample volume with
heating power. We estimate the specific-heat
measurements to be accurate to 2' and they have
a precision of 0.1%. In the actual experiment data
were taken in two separate runs, each run cover-
ing the entire temperature range. The values of
the temperature for which data were taken were
different for the two runs, but all the results fel. l
on a singLe smooth curve. The general behavior
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FIG. 4. Specific heat of Cr&03 near the antiferromag-
netic transition temperature as a function of log&0(1T

of the specific heat near the transition may be
seen in Fig. 3 which shows most of the data using
a linear temperature scale. A more sensitive.
presentation can be obtained by using a l.ogarith-
mic temperature scale, and all of the data are
displayed this way in Fig. 4. For the sake of ac-
curacy the data are also presented numerically
in Table I.

As mentioned above this technique also yields
values for the thermal conductivity, and these re-
sults are presented in Fig. 5. In addition to a
gradual. decrease with increasing temperature,
the thermal conductivity exhibited an artifactual
peak with an amplitude of 2/0, at a heating power
of 3 mW/em. This peak occurred near that tem-
perature for which the variation of the specific
heat with temperature was maximum; i.e. , on the
high-temperature side of the specific-heat maxi-
mum. We regard this peak as an experimental
effect and not indicative of the true thermal con-
ductivity because the amplitude of the peak de-
creased as the heating power was decreased.
The peak height was -2.0% at 3 mW/cm heating
power and decreased to -1.5% at 1.5 mW/cm.
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TABLE I. Specific heat of Cr203 as a function of temperature in the vicinity of the anti-

ferromagnetic to paramagnetic phase transition.

Cp (Jg K ) T (K) c, (Jg 'K ') c~ (Jg 'K ')

290.678
292.226
293.808
295.599
297.773
297.778
300.061
300.062
302.643
302.647
304.245
304.578
304.901
305.322
305.564
305.837
305.985
306.115
306.248
306.347
306.458
306.549
306.594
306.630
306.668
306.712
306.780
306.800
306.811

0.7966
0.8030
0.8107
0.8135
0.8303
0.8301
0.8434
0.8436
0.8639
0.8630
0.8771
0.8808
0.8821
0.8891
0,8934
0.9012
0.9038
0.9088
0.9123
0.9172
0.9214
0.9278
0.9299
0.9313
0.9349
0.9390
0.9463
0.9484
0.9499

306.838
306.855
306.862
306.879
306.896
306.903
306.913
306.924
306.934
306.936
306.954
306.975
306.976
306.996
307.006
307.017
307.019
307.027
307.037
307,047
307.051
307.063
307.078
307.087
307.102
307.115
307.133
307.168
307.198

0.9549
0.9570
0.9585
0.9621
0.9673
0.9694
0.9688
0.9739
0.9747
0.9735
0.9627
0.9276
0.9176
0.8912
0.8797
0.8718
0.8717
0.8689
0.8675
0.8646
0.8632
0.8604
0.8583
0.8563
0.8549
0.8529
0.8521
0.8487
0.8460

307.206
307.226
307.251
307.337
307.407
307.485
307.619
307.734
307,870
308.014
308.178
308.376
308.566
308.771
309.156
309.286
309.935
311.588
312.923
313.630
314.362
315.881
317.535
318.357
319.326
320.257
321.253
322.334
323.431

0.8460
0.8439
0.8419
0.8378
0.8363
0.8322
0.8275
0.8247
0.8214
0.8159
0.8133
0.8112
0.8078
0.8051
0.7997
0.7985
0.7941
0.7831
0.7732
0.7711
0.7684
0.7635
0.7605
0.7596
0.7570
0.7554
0.7540
0.7530
0.7524

The half width of the peak was -23 mK at 3 mar/
cm and decreased to -21 mK at 1.5 m~/cm.
is rather curious that this effect occurs in such
a way as to have no noticeable effect on the mea-
sured values of the specific heat. Data from the
rather narrow temperature interval over which
this effect occurred were not used in the subse-
quent analysis, which shows this to be the transi-
tion region. There are several potential causes
of such an effect, including the strong tempera-
ture dependence of the specific heat, possible
nonuniformity of the transition temperature
throughout the sample, a very small latent heat
associated with a slight first-order transition,
or inability of the sample to respond fully at the
higher heating frequencies in the immediate vicin-

amount of heat required to change the sample tem-
perature 0.2 mK.

IV. DATA ANALYSIS

The specific-heat data have been analyzed using
a nonlinear least- mean-squares fitting program,
with each point weighted with an uncertainty of

O.i7
D

5 o.i6-

~ o.i5-

$ o.i4-
~g

ity of the transition. The possibility of detecting
very small latent heats using this technique is
quite promising. For example, a latent heat of
only 8X10 ' J/cm' would result in a distortion of
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the sinusoidal temperature disturbance by one per-
cent which would be readily observable. Such a
small latent heat would probably be undetectable
by conventional means since it corresponds to the

FIG. 5. Thermal conductivity of Cr203 near the anti-
ferromagnetic transition temperature as a function of
temperature. Peak observed at T, is an experimental
effect, and is discussed in the text.
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0.1%. In carrying out this analysis we have been
guided by the previous work of Kornblit and

Ahlers, '""and we mill employ notation similar
to theirs throughout the remainder of this paper.

In its most general form the function which has
been used in the analysis of specific-heat data is
given by

C, = (A/~) ltl (I+D Itl*)+ &+Et, (2)

where t= (T T-,)/-T„and A, a, &, D, E, x, and

T, are adjustable parameters. In general those
values of the parameters which result in the best
fit to the data for T&T, will differ from those ap-
propriate for T&T„and the parameters used for
T&T, are denoted by being primed. This function
is capable of describing cusped (a&0), or divergent
(a &0) behavior, and in the limit a-0 it approaches
a logarithmic divergence. The dominant singularity
is considered as being due to the term A lt l, with the
factor (1+Dltl*) representing a correction to the
leading power-law singularity. The term B+Et
is included to represent the lattice contribution
and any regul. ar contributions due to the transition
itself. Rather than attempting to subtract the lat-
tice contribution beforehand, it is important to
include such a term in the actual fit so that the
uncertainties in this term will be allowed for in
estimating the standard deviations of the other
parameters. " The function we actually used in
carrying out the fitting is

C~=A lT T, l (1+DlT-T,l*)+B+E(T-T,) . (3)-
This slightly different form has the advantage of
reducing the correlation between sets of parame-
ters" such as A, n, and T,; D, x, and T„ and
E and T,. It should be noted that this affects the
standard errors for the parameters in a rather
complicated way, and it is not possible to dire~5
ly compare standard errors for A and A, D and
D, or E and E. Confusion with regard to the units
of the various parameters appearing in Eq. (1)
can easily be avoided by regarding T-T, as actual-
ly being a dimensionless ratio, (T T,)/1 K,. Thus-
the units of A, &, and E are Jg 'K ', and a, D,
and x are dimensionless.

In analyzing the specific-heat data using Eq. (3)
we initially set D=D'=0 and imposed the constraint
E= E', so that this term would be required to be
regular. The additional constraint T, = T,' resulted
in no significant reduction in the quality of the fit,
and consequently this constraint was also imposed
for the remainder of the analysis. In order to test
the extent to which the scaling law prediction += o."
is consistent with the data, we performed the
analysis using various portions of the data deter-
mined by tm;, &ltl&tm«, where t= (T To)/T&» with—-
T, fixed at 306.985 K. Figure 6 shows the result-
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FIG. 6. (a) Exponents a and n' as a function of tmq~
with tm~x fixed at 9X10 3. (b) Exponents e and &' as a
function of tm~x with i~I~ fixed at 2& 10

ing values for a and a' both as functions of t;„
with t~~ fixed at 9X10 ', and as functions of tmgx

with t;, fixed at 2&10 '. Since a and Qt' were
found to be equal for most of the cases analyzed,
this means that these fits involve a redundant
parameter. This results in poor convergence of
our fitting program, and makes it difficult to esti-
mate the standard errors. Consequently, the
error bars shown are a subjective estimate based
on a variety of fits. Throughout the remainder of
this analysis the errors shown are one standard
deviation. The results show that a= a'= -0.12 ex-
cept when data very far from the transition are
included. The value -0.14 is the result which has
been observed in Heisenberg systems with short-
range forces, and is also predicted theoretically.
The fact that a and e' do not remain equal when
data are included for which t,„&4&10 ' may in-
dicate the need for terms of higher order than
linear in describing the regular contributions, or
it may be indicative of other systematic effects,
as discussed below.

Since over a wide temperature range the data
support a= e', this was also incorporated as a
further constraint. In order to test for possible
"rounding" of the transition, or crossover from
Heisenberg to Ising behavior caused by the weak
anisotropy, we fixed t,„at 9x10 ' and analyzed
the data as a function of t~;, . The results of this
analysis are presented in Table II and show no
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TABLE II. Values of the parameters obtained in fitting various portions of the data to Eq.
(3). The constraints &=~', T~ = T,', and &=o" were employed in all cases shown, and any

additional constraints imposed are indicated in each case. The rms deviation of the fit from
the data is also shown in each case.

Tp (K)

Fmax

A (Jg 'K ')

E(Jg 'K ')

T (K)

a (Zg 'K ')

B' (Jg" K ~)

S' (ag 'K ')

D

306.985

8x10 4

9x 1P

-0,15+ 0.04

-0.26 + 0.09

-0.12+ 0.03

306.990 + 0.07

0.97+0.04

1.16+0.09

306.985

5x10 4

9x 10

—0.15+0.02

—0.26 + 0.06

—0.12 + 0.02

306.992 + 0.03

0.97+ 0.02

1.16+ 0.06

306.985

2x10 4

9x 10

—0.14 + 0.01

-0.26 + 0.02

—0.12 +0.01

306.990+ 0.006

0.97+ 0.01

1.16+ 0.02

306.970

2 5x lp 4

9x10 3

—0.15+0.01

—0.28+ 0.02

—0.12+ 0.01

306.983+ 0.01

0.98 + 0.01

-0.0033+ 0.002 —Q.0034 + Q.QQ1 —Q.QQ37 + 0.0007 -0.0033+ 0.001

0.04+ 0.04

p.71+ 0.02

0.11+0.01

rms deviation

Constraints

0.09%

D=D' =0

0.08%

D=B' = 0

0.08%

D=D' =0

0.08%

a=a', x=x

evidence of crossover or "rounding" for t i„as
small as 2&10 '. The accuracy with which the
data are fit by Eq. (3) is shown by the deviation
plot of Fig. 7, which was obtained using the pa-
rameters listed in Table II with t;„=2&10 and

t „=9&10 '. The values of T, obtained by these
fits are very consistently equal to 306.99 K, which
is the temperature for which the anomalous peak
in the thermal conductivity was observed. There
are three aspects of the results of this analysis
which deserve further comment. First, the ratio
A/A' is consistently equal to 0.56, which is quite
different from the value 1.4 which is observed for
Heisenberg systems, ' and the universal. parameter
6'—=(1-A/A')/a is -3.7, whereas other systems in-
dicate (P=—+4, independent of spin dimensionality. '
Second, there is a consistent indication that &~&'
which means that the specific heat is apparently
discontinuous at T,. Third, the parameter E is
negative, while comparison with the nonmagnetic
analog Al, O, shows that the lattice contributions
correspond to an E of -+3x10 '. Thismay indicate
that there are significant regular contributions to
the specific heat caused by the transition itself,
or it could be a consequence of systematic effects
such as lattice expansion.

Since the result BWI3' indicates that pure power-
law behavior may not be adequate to describe the
data, we reanalyzed the data in the range 2.5x10 '
&jt( &gx10 ', with the additional constraints B=B'

0.2—

0 0
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FIG. 7. Percentage deviation of the specific-heat data
from the best fit to Eq. (3), with D=D'=0, a. =a', and
T,=T,' . The analysis was carried out for 2xli)-I ~ ~t

~«9xlp" 3 and the resulting values of the parameters are
given in Table II.

and x=x', but allowed D and D' to be nonzero.
The results of this fit are given in Table II, as
well, and must be regarded as rather peculiar.
The fact that x is negative makes the correction
term the leading singularity; but since D=O, the
behavior is still cusplike for T&T,; while since
x=—a, the behavior is nearly logarithmic for T
&T,. In reality, although this fit appears very dif-
ferent from the previous fits conceptually, it is
actually almost identical to them numerically.

In order to consider the case of physically mean-
ingful correction terms we next constrained x to
lie near 0.5, which has been found satisfactory
for other systems. '"'" After some difficulties
in fitting we found that very good fits could be
obtained using data from the range 2xlo '~~t~
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~9&10 ', with T;-306.96 K, but that the quality

of the fits was nearly independent of the value

assigned to x, over the range 0.4 &x&0.6. We
also noted that even with x fixed, the fitting pro-
gram gave indications of redundancy in the param-
eters. Consequently we fixed x at 0.5 and also
fixed the ratio A/A' at various values. We found

that with x fixed at 0.5 we could obtain essential-
ly perfect fits to the data (rms deviation 0.08%)
irrespective of the ratio A/A', for the entire
range explored, 1.15&A/A'& 2.05. However, the
resulting values for the universal parameter 6'

were not in agreement with results for other sys-
tems, and were oniy weakly dependent on A/A',
ranging from -7.5 to -9.5 as A/A' increased from
1.15 to 2.05. In order to be certain that no further
redundancy in the parameters was involved, we
fixed A/2 ' at 1.40, with x = 0.5, and began syste-
matically decreasing a from its optimal value of
-0.05. This procedure forced the universal pa-
rameter 6' to assume steadily decreasing values,
and thus represents an inquiry into the extent to
which the data can be forced to agree with the re-
sults obtained for other systems. As expected,
the rms deviation increased rapidly as e was de-
creased, and for n=-0.09, which results in 6'

=4.4, the rms deviation was found to be 0.22%.
This fit, which is presented in Table III, is sta-
tistically unacceptable. However, in light of the
discussion to be presented below, the reader
should bear in mind that it actually provides an

accurate description of the data. We should also
like to mention one rather puzzling aspect of this
analysi. s. Other systems rather consistently in-
dicate' A/A'=1. 4, while our apparently very sim-
ilar data are incapable of distinguishing between
values of A/A' ranging from 1.15 to 2.05.

Since the use of correction terms of the form
1+D~T T, ~-* did not yield results in agreement
with those obtained for other systems, we re-
turned to a pure power-law description, but im-
posed the additional constraint I3=&' so that the
specific heat would be continuous at the transition.
This analysis was carried out for two values oft,„with tm;n fixed at 3x10 ', and these results are
also presented in Table III. Because the resulting
values for T, change somewhat when the constraint
8= &' is imposed, the value T,=306.915 K was
used in computing t. With I;,„fixed at 9x10 ',
the rms deviation increased to 0.15' when the con-
straint B=B' was imposed. Again, this fit is not
acceptable in a statistical sense, but does provide
an excellent description of the data, although the
deviations are systematic, as may be seen from
the deviation plot of Fig. 8. This fit is actually
very similar to that presented in the first column
of Table III, because the latter resulted in very
small values for D and D'. With t „fixed at 5.4
&&10, the rms deviation is 0.28%, and again the
deviations are systematic as shown in Fig. 9. Ob-
viously this fit, which is totally unacceptable in a
statistical sense, actually provides a rather ac-

TABLE III. Values of the parameters resulting from attempting to obtain fits in agreement
with the results observed for Heisenberg systems.

TG (K) 306.957 306.915 306.915

& min

~max

A (Jg K )

A' (Jg 'K ~)

T, (K)
-1K-i)

B' (Jg K )

E (Jg ~K ~)

D

2x 10

9x 1P

—0.34

-0.25 + 0.002

-0.09

306.921+ 0.001

1.15+0.002

+0.0062 + 0.0006

—0.02 + 0.004

-0.03 + 0.003

3x]p 4

9x10 3

—0.40 + 0.06

—0.31+0.06

—0.07 + 0.01

306.900+ 0.005

1.22+ 0.06

+0.0042 + 0.0005

3x 10

5.4x10 2

—0.24 + 0.02

—0.16 + 0.02

—0.13 + 0.01

306.852 + 0.005

1.06 + 0.02

+ 0.0024 + 0.0001

rms deviation

Constraints

0.50

0.22%

B=B', x=x',
&= —0.09 A/A' = 1.4

0.15%
At

D=D' =0, B=B
0.28%

B=EY=0, B=B'
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FIG. 8. Percentage deviation of the specific-heat
data from the best fit to Eq. (3), with D=D'=0, o. =a.',
Tc=7~„and B=B'. Analysis was carried out for 2
x10 Is IF I ssxlo I, snd the resulting parameters are
given in Table III.

curate description of the data over the entire tem-
perature range studied, except for )t)&2x10
where some "rounding" is evident as was shown
in Fig. 4. The results of the fits presented in
Table III are in rather good agreement with the
results obtained by Ahlers and Kornblit' in their
analysis of Heisenberg systems, but, of course,
they do not represent optimal fits to our data.

V. DISCUSSION

The above analysis shows that if one regards
the standard errors for the various parameters
as reliable estimates of the actual uncertainties
in the values of the parameters, then Cr, O, ex-
hibits a behavior which is neither Ising nor Heisen-
berg in nature, and furthermore there is no evi-
dence of crossover from one type to the other. In
reality, however, the standard deviations for the
parameters only indicate the rms deviation which
the best-fit vat, ue of each parameter would exhibit
if the experiment were repeated many times using
the same sample. The standard deviations are
estimated by determining the amount by which
any one parameter must be changed, uhile re-
optimizing all the others, so as to result in a
statistically significant increase in the value of
X' resulting from the fit. The actual difference
between two fits which differ by an amount which
is statistically significant is remarkably little.
Consider, for example, the fit given in the third
column of Table II. If the parameter A is in-
creased by taboo standard deviations, and all the
other parameters are readjusted so as to optimize
the new fit, the new fit and the optimal fit differ
by less than 0.06% over the entire range 2x10
«It[(+gxlo '. Such a small difference can be con-
sidered significant only if one is certain that the
fitting function employed is of exactly the correct
form, and that there is no possibility of even very
slight systematic error either in the measure-
ments themselves or in the comparison to theory.
In attempting to study critical behavior by means

C, -C„=Ta'PPKr, (4)

where a~= (1/U—)(SU/ST)~ is the thermai-expansion
coefficient and Kr=—-(1/v)(@r/&P) r is the isotherm-
al compressibility. For Cr, O, we may estimate
u~ from the x-ray diffraction data' as a~ = 5.4
&10 ' K ', and obtain K& from sound speed data"
as Kr=3.2xlo " cm'/dyn. Equation (4) then im-
plies that C~ and C„differ by about 5% near T„
and since n~ varies rather rapidly with tempera-
ture near the transition, the difference between

C~ and C„may readily change by a factor of 2.
Consequently we feel that although the pure power-
law fits obtained with the constraint 8= 8' and the
fit obtained using correction terms and forcing 6'
=—4, are total. ly unallowed in a statistical sense,
it would be extremely misleading to rule them out
on the basi. s of standard errors obtained by the
fitting procedure, because they do not allow for
just this sort of systematic difficulty in compar-
ing theory and experiment. This difficulty cannot
be eliminated merely by correcting C~ data so as
to obtain C„data, because the derived data for
C„would correspond to different sample volumes
for each temperature, and further correction for
this effect would be required. Even if this were
carried out, it would be correct only for systems
for which fixed volume implies a rigid lattice.
This is definitely not the case with Cr, O, because
as the temperature increases, the c dimension
expands more rapidly than the a dimension, whil. e
an increase in pressure decreases a far more
than c. Since exchange constants are strongly
distance dependent, the effects of l.attice expan-
sion could well. result in systematic errors for
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FIG. 9. Percentage deviation of the specific-heat
data from the best fit to Eq. (3), with D =D'= 0, n
Tc = Tc, and B=B'. Analysis was carried out for 2
x10 4~ ft j «5.4&&10, and the resulting parameters are
given in Table III.

of specific-heat measurements in solids this poses
a particularly severe problem, not necessarily
because of uncertainties in the measurements, but
because the quantity measured is C~ the specific
heat at constant pressure, while the theoretical
results are calculated for the case of a rigid lat-
tice." One may estimate the magnitude of the
possible differences involved using
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many, if not all, systems. It is far from obvious
that such errors can be dealt with simply by in-
cluding a linear term in the fit and varying the
range over which analysis is carried out. These
difficulties in comparing theory and experiment
are not confined to complex materials such as
Cr,O, . For the ideal cubic system, RbMnF„Cq
and C„differ by -1.5% near T, and again the dif-
ference is quite temperature dependent. In fact,
the difference between C~ and C„will show a
strong systematic dependence on T-7', for all
materials because ~~ behaves in a manner sim-
ilar to C~ near the transition. " In order to ob-
tain a realistic comparison of the behavior of
different materials and between experiment and

theory, the magnitude and temperature dependence
of possible systematic errors in the measure-
ments must be stated, and in addition possible
systematic errors in comparing the measured
quantity C~, and the theoretical results for the

rigid lattice case must also be estimated. Once
this has been done, any fit which describes the
data within these limits must be considered ac-
ceptable. Obviously if the existing experimental
results are viewed in this light, even materials
for which systematic errors are as small as a
few tenths of one percent will permit vastly more
latitude in the values of the various parameters
than is allowed by the standard statistical errors,
resulting from fits to high precision data.
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