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Minority carriers in graphite and the H-point magnetoreflection spectra*
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Analysis of the H-point magnetoreflection spectra of graphite is shown to be sensitive not only to the
magnitude, but also to the sign of the Slonczewski-Weiss-McClure band parameter h. The demonstration that
A, is small and negative provides a definite assignment for the larger of the minority de Haas —van Alphen
periods to the Brillouin-zone corner, the H-point. This assignment is in good agreement with other
experimental data.

I. INTRODUCTION

The search for an interpretation for the two
experimentally observed minority de Haas-van
Alphen periods represents one of the major un-
resolved problems in the electronic-energy-
band structure of graphite. ' ' In this paper, it
is shown that the negative sign of the Slonczewski-
Weiss-McClure band parameter 4, determined
from analysis of Jl-point magnetoref lection data,
in conjunction with these minority de Haas-van
Alphen periods leads to a definitive assignment for
one of the minority de Haas-van Alphen periods.

The first observation of a minority de Haas-van
Alphen (dHvA) period was reported by Soule in
1964 for single-crystal graphite. ' His result of
P, = (1.35 + 0.3) x 10 ' G ' was soon confirmed by
the observations of Williamson et al. ' who re-
ported a period of P, =(1.35+0.1) x 10 ' G '. In
their dHvA study, Williamson et al. also reported
a period of P, = (3.03 + 0.15) x 10 ' G ' in pyrolytic
graphite. " By studying the quantum oscillations
of the Hall conductivity o„„,Woollam was able to
identify the period P, as characteristic of a
minority- hole pocket. '

Soon after the discovery of minority dHvA
periods, it was proposed'" that a minority period
could be associated with an extremal Fermi cross-
sectional area about the H point on the Brillouin-
zone boundary. According to this interpretation,
the minority surface shown in Fig. 1 results from
the translation by a reciprocal-lattice vector of the
cap portion of the Fermi surface which protrudes
beyond the Brillouin-zone boundary (see Fig. 1).

At first it was thought that there was only one
kind of minority dHvA period and that it had dif-
ferent values for single-crystal as compared with
pyrolytic graphite. ' More detailed studies later

showed that the two minority periods both occur
in single- crystal and in pyrolytic graphite. "
Although the model shown in Fig. 1 predicts two
minority periods when spin-orbit interaction is
introduced, " the magnitude of the spin-orbit
interaction is very small (& I meV)"" and can
account for a difference of no more than =10/o be-
tween two spin-orbit split minority periods.

The Fermi- surface extremal cross- sectional
area about the H point in Fig. 1 can be calculated
from the Slonczewski-Weiss-McC lure (SWMcC)
model to yield a minority Il-point dHvA period of"'

P„=(3e/2hc) aoyo/Ez(Ez 4), - (1)

in which the lattice constant a, =2.46 A. A value
of y, = 3.1 eV is obtained for the largest of the
graphite band parameters (corresponding to the
nearest-neighbor interaction energy) from H
point magnetoreflection data" and from a recent
analysis of diamagnetic susceptibility data, in-
cluding the effects of trigonal warping. " The
Fermi energy E~ is determined by the semi-
metallic requirement of hole and electron carrier
compensation and by the magnitude of the observed
majority electron and hole dHvA periods, and is
therefore set at E~= —0.025 eV with an estimated
error -+ 5%. With the values for yo and E~ fixed,
it is possible to achieve agreement with either of
the minority-carrier periods P, or P, depending
on the choice of the sign and magnitude for &.
With the choice of the negative sign, a fit to P,
is achieved for 4= —0.006 eV, while the positive
sign provides a fit to the other period P, for
4 =+ 0.017 eV.

Previous studies of these minority periods have
not conclusively identified either Pi or P2 with
Pz.@' Woollem"' has suggested that both periods
are associated with the Fermi surface near the
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where the various quantities in Eq. (2) are given by

&, =n+y 1+ ~y,l, &2=4 —y~I'+&y~l', e3=~ymI', B=yo()ao)eH/8c, v='(y /y)i', I'=3cos(7/$). (3)

Even at the highest magnetic fields (150 kG) used inthemagnetoreflectionexperiments, the paramagnetic
terms in //, s H (pe is the Bohr magneton) are very small compared with other pertinent energies, and are
for this reason neglected in writing the magnetic Hamiltonian [Eq. (2)]. The effective-mass wave functions

used to derive Eq. (2) are written

C2"$„,Cs,p„,, C„p„„);N —1,

0, 0,
C20$O, 0, C~~, P,); N=O,

C,,'Q,); N = 1, -
(4)

where the p„denote harmonic os-cillator typ-e

effective-mass functions associated with the four
n-band wave functions located at the Brillouin-
zone edge. The coefficients C are constants which
express the magnitude of the various harmonic
oscillator states contained in a particular eigen-
vector of the magnetic Hamiltonian. The solutions
of the magnetic eigenvalue problem, Eq. (2), lead
to a set of four Landau ladders, in which the levels
are labeled by the index N. The ( dependence of
these ladders is illustrated in the Landau-level con-
tour diagram given in Fig. 3. This figure is con-
structed for b, & 0, in accordance with the find-
ings of the present study, but in contrast with

previously published Landau- level contour dia-
grams. " In Fig. 3 we have also taken ys=0 for
simplicity because neither the energy levels nor
the optical matrix elements near the H point de-
pend on ys.

We will now use these Landau levels to interpret
the magnetoref lection spectra. The magnetoreflec-
tion resonances emphasize contributions from
regions in the Brillouin zone where there is a
singularity in the joint density of states connecting
the Landau levels involved in the transition. From
Fig. 3 it is seen that both points K and H satisfy
the resonant condition. In this paper, we will be
concerned with Landau-level transitions about the
H point, which we refer to as H-point transitions.

In Fig. 3, we have labeled the magnetic energy
levels at the H point in accordance with the no-
tation given above. The level crossing which
occurs between the levels labeled N = 0 and N
= —1 in Fig. 3 is a simple level crossing; i.e. ,
there is no interaction between the levels as they

E (+2)
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E (+i)0

- 0 15
0 02 03

( ~ &rc/2 w

E (-l)

0(-2}

E (-1)

E, (-2)

(Es(-1)
o~ H H Ws E"( 2)(0) (1) (2) 8
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FIG. 3. Magnetic energy levels labeled by N along
the HXH axis for H=50 kG and y3 ——0. The levels at
the H point are labeled by both a Landau-level quantum
number and ladder index. The crossing of the Eo (+1)
and E &(+ 2) levels is a consequence of the negative sign
of 4. The magnetic energy levels of the E& and E& bands
are shown as dashed curves, and away from the H point
are labeled by (N). The band parameters used to con-
struct this figure are approximately those in sets C and
J in Ref. 26 with yo ——3.16 eV and b, =—0.008 eV.

cross. For interaction to occur, these levels must
differ inquantumnumberby&N= + 3n, n=1, 2, 3, . .. .
This result has the significance that the H-
point energy level and wave function designa-
tions are given by the same formulas, indepen-
dentof the sign of 4and independent of the ordering
for the two lowest quantum-number levels at the
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H point.
Since the magnetic energy levels at the H point

in the Brillouin zone depend only on the two band
parameters y, and 4, the study of H-point inter-
band Landau-level transitions can be utilized to
evaluate these parameters independently and ac-
curately. At the H point we have $ = 2, I'=0, and
the magnetic Hamiltonian is independent of y, .
Thus the Hamiltonian in Eq. (2) can be decoupled
to yield the four H-point eigenvalues with N ~ 1,

E"(+ 1) = —4 + g (& + 4NB)

E»(+2) = —,
' 4+ —~[dP +4(N+1)B]'i'.

(5)

(6a)

In Eq. (5) we have used the superscript index H to
denote the H point in the Brillouin zone, the sub-
script N to refer to the quantum index in Eq. (2)
and the arguments z 1 and + 2 to classify the
Landau-level ladders, with+ 2 being the highest in
energy, followed by+1, —1, and —2 in that order.
We note the degeneracy of levels in the + 1 ladders
with levels in the + 2 ladders at the H point:
E»„(+1)=E(+»2) for N~ I.

The eigenfunctions associated with these eigen-
values are

X,', (or g„and ~',P into block form. Writing
5)'„=UX)'„U ', we denote the (2 x 2) blocks by

(1la)

and

t' (I'/2m)» 0

(I'/2m)» )I

(11b)

in which the Landau-level ladder index is included
in S„asa subscript (1 for +I ladders and 2 for
+2 ladders). The k p parameter vf& is related to
the SWMcC parameters by

v,», = Sa,y, /2&6 (11c)

The nonvanishing matrix elements for Landau-
level transitions correspond to the AN = + 1
selection rule and are given by

(4-,(+ I) I~„,I c "»(+I))=M2»,",C,", " '"C,", "

(12a)

and

(@H (+ 2) I+ I
c,»(+ 2)) ~g&» c+2,»c 2, » le-

4»(+2)=(Cia' p», 0, 0, C~2' p»„). (6b) (12b)

in which the coefficients C",,'" and C'„'"are related
to C, and C," in Eq. (4) by

C", » = (C»- C») /~2,
C+2,» (C»+ C») /~2

In the limit
I
4 I«(BN)'~', which is generally satis-

fied for magnetic fields at which interband Landau-
level transitions are observed (except for the very
lowest quantum-number levels)

C+2, » I/~2 C+2, » ~ I (8)

C+ly N+1 C+2y N C+ly N+1 C+2y N
31 32 & 11 12 (9)

To find the selection rules for intraband and in-
terband Landau-level transitions, we consider
matrix elments of the optical-perturbation Ham-
iltonian'

3C,', = —(e/Kc)(A'Q, y+A ~'„), (10)

where A' denotes the vector potential for right
and left circular polarization, and the matrices
~'„aredefined explicitly in Ref. 10. These ma-
trix elements are expressed in the same rep-
resentation as was used to bring the magnetic
Hamiltonian [Eq. (2)] into block form at the H
point. This unitary transformation also brings

and the level degeneracy at the H point implies that

in which only the nonzero components of the eigen-
functions 4»»(+ I) and 4»(+2) in Eq. (6) are
employed in calculating the indicated matrix
elements. Application of the approximations in
Eqs. (8) and (9) yields

= (C» i(+ 2) I&.» I
4»»(~ 2))= v".H~ (»)

The nonvanishing matrix elements for the other
sense of circular polarization can be found from
the relation

(14)

in which the (n, n') and (j,j') indices denote Landau-
level and Landau-ladder indices, respectively.
In making an actual Landau-level transition, an
electron absorbs electromagnetic energy in going
from an occupied to an unoccupied state. This
restriction yields the selection rules for observ-
able transitions' with N~1:
E"„(-2) —E"„„(+2) and E"„(-1)-E„"„(+1), (15a)

with Q circular polarization, and

E„(-1) E„,(+ 1) and E»»( 2) E», (+ 2), (15b)-
with Q+ circular polarization, following the nota-
tion for circular polarization used in Refs. 18
and 1S. Interband Landau-level transitions are ob-
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served in a magnetoref lection experiment when-

ever the photon energy her is equal to the energy
difference between any one of the four pairs of
coupled magnetic energy levels, subject to the
selection rules of Eq. (15}. The resulting reso-
nant conditions for N~ 1 on ladders (1) and (2) for
both senses of circular polarization are

and an eigenvalue

Eo(+ 1) = h. (20)

+ 1 Landau ladder and is a special level with an
eigenfunction

400(+ 1) = (0, (f&„0,0)

@~» ' = EN+ 2) E~-i(--2)

=E"„„(+1)—E"„(-1),
h~~" =E~(+1}- E~, i(- 1)

= Eg, (+ 2) —E"„( 2), -
h~ "= h~„' ' = —,(&'+ 4NB) '~'

+ ~ [6'+ 4(N+ 1)B]'~'.

(16a)

(16b)

(16c)
4",(+2) = (0, 0, 0, Qo}, (21)

This level is not degenerate with any other level
at the H point and has only a very small magnetic
field dependence for H &150 kG. From Eq. (17) it
is seen that there is no state 4,"(-1), correspond-
ing to the —1 Landau ladder.

Finally, the magnetic Hamiltonian for N=- 1 is
a 1 x1 matrix which also gives rise to a special
state

X(-,', 0) = 0 o

0)
in which the entries in rows and columns 1 and 3
correspond to the ~ 2 Landau ladders, for which
the eigenfunctions are given correctly by Eq. (6b)
with N= 0.

The magnetic field dependence of the levels
Eo (+ 2) is similar to that of the other levels in the
+2 ladders and these levels follow the general
degeneracy pattern given by Eq. (5),

EB(~ 2) EH(+ 1)
~ a~ ~ (a2+ 4B)l/2 (18)

The (2, 2) entry in Eq. (17) corresponds to the

At high magnetic fields, the dominant term in Kq.
(16) is the term proportional to B= y', SaoeH/2hc.
Since this factor is also proportional to the quan-
tum number N or to (N+ 1), the H-point magneto-
reflection data at high quantum number and high
magnetic field are sensitive to a single-band
parameter

I y, I, and have been used to provide
an accurate value for

I y, I.'~'0 For lower quantum

numbers and lower magnetic fields, the term in

becomes important and a value for
I
n

I
can be

deduced from magnetoreflection data in this
limit. ' " %hat is of particular interest is that
the transitions discussed in Eq. (16) are sensitive
only to the absolute values of y, and of ~.

On the other hand, the Landau-level transitions
to the lowest quantum states, E,"(+1) and E",(+ 2)
assume a different form and are in fact sensitive
to the sign of 4. Therefore we shall give special
attention to these transitions in the present work.
The levels for N = 0 are found by applying a similar
unita, ry transformation as is used to bring Eq. (2)
into block form. The transformed Hamiltonian
for N = 0 at the H point ($ = —,) is written

with a nondegenerate eigenvalue

E",(+2) = 0. (22)

(c'o(+1) I&.u. x I4x(-1)) =tv,",c,", , (24)

and from Eqs. (8) and (9) the approximate rela-
tions

(4",( 2) l~....l4."(-»)
= ( 4,"(+ 1)

I
i),„,I 4,"(-1))= w,", (25)

are obtained showing that the square of the matrix
element controlling transitions to the two special
levels is approximately twice as large as to the
ordinary degenerate H-point levels. The other
interesting feature about these special transitions
is that they both occur only for the Q+ circular
polarization.

For convenience this special state is associated
with the + 2 ladder. From a semiclassical point
of view, both the +2 and —2 Landau ladders
have in common the lowest quantum-number state
4",(+2); similarly, the +1 Landau ladders have
in common 4,"(+1) as their lowest quantum-number
state.

As far as transitions to the Eo (+ 2) Landau level
are concerned, the discussion given above for the
N —1 levels applies equally well. Although the

Eo ( 2) level is similar to other levels in the -2
ladder, transitions from this state can be made
to the special level E",(+ 2) only for the case of
Q+ circular polarization [see Eq. (15)]. The
optical matrix element for this transition is

(4",(+2) I~-.
„

I4,"( 2))=W~ v,",c-,',". (28)

The other special H-point Landau level transition
is made to the nondegenerate level Eos(+ 1) and

again only occurs for the O+ circular polarization
[see Eq. (15)]. The matrix element in this case
is
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Interband transitions to these special levels
satisfy the resonant conditions

h&u'", = E"(+ 1) —E,"( 1)=-[—n+ —(&'+ 4B)'~'],

(26a)

)I(u,2' = E x(+ 2) —E,"(-2) = [- —,
' n+ —,

' (n'+ 4B)' '],
(26b)

in which the subscripts on the frequency + include
both N = 0 and a ladder index since these transitions
are no longer degenerate, as is the case for
N —1. The presence of the term & 4 outside of the
square-root radical in Eqs. (26) leads to a sen-
sitivity to the sign of 4. Upon reversal of the sign
of 4, the magnitudes of the quantities in square
brackets in Eqs. (26a) and (26b) become inter-
changed. The significance of this result is that
to obtain the sign of 4 from an H-point magneto-
reflection experiment, not only is it necessary to
observe the two transitions to the nondegenerate
H-point states, but it is also essential to identify
each of these transitions with the appropriate
+1 or +2 ladder. Thus the H-point magneto-
reflection line shape must be used to assign these
magnetoreflection resonances to a particular Lan-
dau ladder.

From the above discussion we see that the mag-
netic energy levels are arranged into two ladders
(+ 1 and + 2). Interband Landau level transitions
about the H point are made between ladders —1 and
+ 1 and between ladders —2 and+2. Because of
the degeneracy of the H-point levels for N» 1 we
will see that the experimental line shapes for
transitions between these degenerate levels will
be similar for Q+ and Q circular polarization.
On the other hand, the line shapes of the transi-
tions to the nondegenerate levels Eos(+ 1) = n and
E",(+2) = 0 will be different from each other and
from the higher quantum-number transitions. We
use this difference in line shape to distinguish
whether the final state for an observed magneto-
reflection resonance is the E,"(+1)or E",(+2)
level. Then Eqs. (26) can be used to determine the
sign of 4.

In carrying out a magnetoref lection line-shape
calculation, it is necessary to find the energy
levels and matrix elements not only at the H point
as discussed above, but also away from the H
point. This information is readily obtained from
the full SWMcC magnetic Hamiltonian by expand-
ing the terms in 3C and X,', about the H point
(t' = ~). As we move away from the K point, the
magnetic energy levels in ladder —1 increase in
energy to join up with the magnetic energy level
structure associated with the E, valence band
(see Fig. 3). In contrast, the magnetic energy

levels in the —2 ladder decrease in energy as
we move away from the H point and eventually join
up with the magnetic energy levels of the E,
valence band. In a similar way, the magnetic en-
ergy levels of the + 1 ladder join up with the E3
conduction-band l.evels while the levels in the + 2
ladder join up with the Ey conduction-band levels.
The repulsion between the levels in ladders -1
and —2 (and correspondingly in ladders + 1 and + 2)
arises through the y, I' and y, I' terms which are
nonvanishing away from the H point.

III. H-POINT MAGNETOREFLECTION STUDIES

Magnetoref lection studies of interband Landau-
level transitions about the H point in the Brillouin
zone were reported as far back as 1965' ' in a study
directed toward obtaining quantitative values for
the parameters which enter the SWMcC band
model for graphite. ' These early studies were
carried out with unpolarized light and were in-
terpreted using Eq. (5) so that only the mag-
nitudes of the two SWMcC band parameters yp
and 4 were determined, the quoted values" being

( yo (
= 3.18~ 0.02 eV and

(
n

(
= 0.009 ~ 0.003 eV.

Magnetoref lection measurements have for con-
venience been carried out on pyrolytic graphite
from which large optical surfaces are easily pre-
pared. There has been some question as to
whether the SWMcC band model was applicable to
pyrolytic graphite, and if applicable whether the
band parameters of the model would be the same
for pyrolytic and natural single- crystal graphite.
Recent studies on pyrolytic, single-crystal, and
kish graphite" show that the magnetoref lection
spectra at several photon energies are the same
for the three varieties of graphite. The conclusions
drawn from that study" are that the SWMcC model
applies to all three varieties of graphite for the
same choice of band parameters.

We now present results on the magnetoref lection
spectra in graphite, directed toward the analysis
of the H-point resonances. Magnetoref lection
traces taken with unpolarized and Q+ and Q
circularly polarized light are illustrated in Fig.
4. These traces show several H-point resonances,
denoted by m, m'= integer, with m identified with
N in Eqs. (16) and discussed more fully below. It
is seen in Fig. 4 that the interpretation of the
widely spaced H-point resonances is complicated
by the superposition of numerous closely spaced
K-point resonances denoted by their (initial, final)
Landau- level indices. In order to determine the
experimental line shape for the H-point reso-
nances, we have as a first approximation connected
the midpoints of the K-point resonances as shown
in Fig. 4 and the resonance point has been taken
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FIG. 4. Magnetorefiection trace on pyrolytic graphite
taken at Sco = 0.2294 eV with circularly polarized light
(from Ref. 17) and at 8~= 0.1988 eV using unpolarized
radiation (from Ref. 20). The K-point transitions are
labeled with parentheses indicating (initial, final) levels.
The H-point transi. tions refer to the superposition of
two transitions: E~(- 1) E~+ & (+1), E~ ~(- ) E~(+ 2)
for Q polarization labeled by the integer m, and
E",&(

—1)-E"(+1), E"(-2)-E~ &(+2) for Q+ polarization
labeled by the integer ~'. All four transitions contri-
bute for unpolarized radiation where the H-point reso-
nance is labeled by the integer m. The figure illustrates
the construction of an experimental H-point resonance
line by connecting the midpoints of the closely spaced
K-point structures.

at the ref lectivity maximum. Similar line shapes
are observed for H-point resonances with m «1,
independent of whether the incident light is un-
polarized or is Q+ or Q circularly polarized.

In the original study of H-point transitions, "
the choice of the resonance point within the
magnetoref lection linewidth was arbitrarily taken
at the ref lectivity maximum. This choice has
now been substantiated by a magnetoreflection
line-shape calculation for the resonant structures
associated with H-point interband transitions. "
The present study of H-point interband transitions
for m~1 is in good agreement with the earlier
work'3' and provides values for the band param-
ete»

I &o I
= 2 18+0.07 eV and

I
&

I
= 0 008+ 0.004

eV. The data for H-point resonances are sum-
marized by the points in Fig. 5.

In the present work particular emphasis is given

to the two nondegenerate states at the H point de-
noted by Eos(+ 1) and E",(+ 2). Transitions to
these special states differ from H-point transitions
to all the other H-point states (which are doubly
degenerate) with respect to polarization depen-
dence, line- shape characteristics, greater sen-
sitivity to the magnitude of 4, and sensitivity to
the sign of &, as is discussed below.

The intensity of an H-point magnetoreQection
resonance which is identified with the doubly
degenerate final states arises from four degener-
ate contributions: two for Q circular polariza-
tion, Eg(-1)-E„"„(1)and E„",( 2)-E„"(+2);andtw-o
for O+ circularpolarization, Eg„(-1)-E"„(+1)and

E$( 2) -E&,(+2). Transitions to the two nondegen-
erate H-point levels occur only for the Q+ sense of
circular polarization, which follows from the
discussion in Sec. II. Although the special transi-
tions E,"( 1)-Eos(+1) and-EOH( 2)-E",(+-2) are of
comparable energy for large magnetic fields,
these transitions must be treated as nondegenerate,
having an energy difference approaching

I
&

I
at

low magnetic fields. In Fig. 6 the magnetoreflect-
ion traces taken by Schroeder et al." to study
K-point interband transitions are seen to provide
evidence supporting the polarization selection
rules for the special H-point transitions. For the
upper trace taken with Q circularly polarized
radiation, we see that the baseline remains in-
dependent of magnetic field, consistent with the
absence of H-point transitions, while the lower
trace taken with Q+ circularly polarized radiation
shows a characteristic baseline variation, con-



4084 W. W. TOY, M. S. D RESS E LHA US, AND G. DR ESSE LHA US 15

O

I O
z

CJ
LLI

IL,
ILI
K

(7,6)
(6,5) (5,4)

(4 3)

PYROLYTIC GRAPHITE

hcu = 0.06934 eV

(5,6) (3,4) (2,3) (0,4)

(3,2)

0 POLARIZATION

POLAR IZATION

point. This physical picture predicts a magneto-
reflection line shape where the contribution from
the H point itself (the resonant magnetic-field
point) occurs at the ref lectivity maximum with

tails extending to higher magnetic fields (from
the ~ 1 ladder contributions) and to lower magnetic
fields (from the +2 ladder contributions). A sim-
ilar line shape is predicted for transitions to the

doubly degenerate H-point levels under Q+ cir-
cularly polarized radiation. A detailed line- shape
calculation based on the SWMcC model" confirms
this physical picture of the magnetoref lection

I I I I I I I I I

0 10 20 - 30 40 50 60 70 80 90 100

MAGNETIC FIELD (IIG)
054

( )

FIG. 6. Magnetoreflection traces in pyrolytic graphite
at Se =0.069 34eV for Q and Q+ circular polarization
(from Ref. 18). At this photon energy, no H-point re-
sonances have been identified in the trace for Q polar-
ization, which shows a number of K-point transitions.
From the trace for Q+ polarization, structures asso-
ciated with the m'=-1 and m = 0 transitions at the

H point have been identified. The arrows indicating
these H-point transitions are drawn using the least-
squares-fitting results of Fig. 5.
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0 48
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sistent with the presence of an H-point transition
superimposed on the numerous K-point transi-
tions. In accordance with the nondegeneracy of
the Eos(+ 1) and E",(+ 2) levels, the H-point transi-
tions in Fig. 6 are interpreted in terms of two

resolved resonant structures, and this is dis-
cussed more fully below.

Further insight into the difference between the
H-point transitions to degenerate and nondegener-
ate states can be obtained from consideration of
the magnetoref lection resonant line shapes. The
simplest case to consider is that to the degenerate
levels using monochromatic circularly polarized
incident light where the magnetoref lection trace
is generated by sweeping the magnetic field
(e.g. , see traces in Fig. 6). For O circular
polarization, the Landau level diagram of Fig. 3
indicates that the transitions for the + 1 ladder
E„(1)-E„„(+1) exh-ibit a magnetic field thres
hold at the H point (t' =-,'), with transitions oc-
curring at higher magnetic-field values as we
move away from the H point. Because of the sharp
maximum in the joint density of states at the H
point, the maximum contribution to the resonance
line occurs for g values in the neighborhood of (

Figure 3 further shows that for the +2 ladder,
the transitions E„,(- 2) —E„(+2)exhibit a mag-
netic field cutoff at the H point (g= &), with transi-
tions occurring at lower magnetic fields as we
move away from the H point, the maximum con-
tributionagainoccurringfor ( = &, because of the
singularity in the joint density of states at the H

054—

0.52—

O
4J
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4J

(c)
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0 010 eV
----- 0 005——0.001
4cu = 0.2224
0+ POLAR IZATION
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FIG. 7. Results of the H-point magnetoreflection line-
shape calculation for transitions to degenerate H-point
levels using the SWMcC model. Results are shown for
three values of the relaxation time where 5/v is ex-
pressed in units of eV. (a) Contribution from the E&(-2)

Ep(+2) transition to the m' = 1 resonance for Q+ cir-
cular polarization at Scu = 0.2224 eV, illustrating the
high-field cutoff. (b) Contribution from the E2(-1)

E&(+1) transition to the same m' = 1 line under the
same conditions, illustrating the low-field threshold.
(c) Composite of (a) and (b) to simulate trace which
would be observed experimentally tor Q+ polarization.
A similar line-shape results from the superposition of
the corresponding two contributions for Q polarization,
and from the superposition of all four contributions in
the case of unpolarized radiation.
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resonant line shape, as is shown in Fig. 7 and is
discussed further below. Results calculated for
the H-point transition E,(2}—Eo(+2) for Q+ circular
polarization at 8+=0.2224 eV are shown in Fig.
(7a} for relaxation times given by ff/r = 0.001,
0.005 and 0.01 eV; the longer the relaxation
time, the greater is the intensity, and the more
pronounced is the high-field cutoff for the resonant
transition. The companion transition E2( 1)-
-E,(+ 1) for the same sense of polarization, the
same photon energy and the same relaxation times
is shown in Fig. 7(b) and here the characteristic
low-field threshold is evident. We note that the
intensity for the transition E,( 1)-E-, (+ 1) is
greater than that for E,( 2) E-o—(+ 2) resulting
in a slightly asymmetric composite line shape
for the observable transition between the de-
generate H-point levels, shov;n in Fig. 7(c).
This slight asymmetry is however difficult to
observe experimentally because the H-point reso-
nances are observed in a background of numerous
K-point resonances.

Because of the similarity between the calculated
line shapes for the m ~1 transitions using Q+

and Q circular polarizations, the H-point mag-
netoref lection line shapes observed with either
linearly polarized or unpolarized radiation are
similar to that discussed above. Experimental
H-point resonances labeled m'= 1 in the traces of
Fig. 4 illustrate the similarity in line shape be-
tween resonances for unpolarized and for Q+ and

Q circularly polarized radiation. In Fig. 4 we
use the integer m' to label the two degenerate
Q+ polarization transitions Es„(-1)-Es(+ 1)

and E"( 2)-E-,(+2) and the integer m to label
the two degenerate Q polarization transitions
E"( 1)—Es„(+1-)and E",( 2)-E"(+2).-To de-
note transitions observed with unpolarized light,
the + superscripts are deleted.

This physical picture ean also be applied to the
consideration of the line shape for the special
H-point transitions to the nondegenerate levels. In
discussing these transitions, we will use the no-
tation m'=0 to label the E,"( 1)-E,"(+1-) transi-
tion and m'= —1 to label the E,"( 2)-E",(+2) tr-an-
sition. These special. transitions appear only for
the Q+ polarization. It is of interest to note that
previous studies in the low-photon energy range
have emphasized the Q polarization because of
the important information on the warping of the
Fermi surface provided by the variety of "for-
bidden" resonant structures that are observed with
the Q polarization. "

Experimentally, the line shapes for transitions
to the special nondegenerate H-point levels appear
to be significantly more asymmetrical than those
for the transitions to the degenerate levels. From

Z f(c) f(&)}-2 tp1'

1(l l(e/m)P' (l') ('
5(d 'E( ~ )+N/T )g ~

(27)

In this equation &„,is the energy separation
(&„—e,) between states P and I, where I denotes
the set of appropriate quantum numbers to de-
scribe a Bloch electron in a magnetic field: band
index, Landau-level index, wave vector along the
applied magnetic field, and a wave-vector com-
ponent in the plane perpendicular to the magnetic
field. In the case where l = l', the term in Eq. (27)
within large parentheses is to be interpreted as

Fig. 3 it ean be seen that the m'= —1 transition
exhibits a magnetic- field cutoff corresponding to
the transition at the Hpoint itself, with contribu-
tions to the resonant structure occurring for lo~~er

magnetic fields as we move away from the H point.
This characteristic line shape also results from a
detailed line- shape calculation discussed below.
If «0, in accordance with Fig. 3, contributions to
the m'=0 resonance will occur at higher magnetic
fields than the resonant transitions associated with
m' = —1. The shape of the Landau-level contours
of Fig. 3 predicts a magnetic-field threshold at
the H-point for the m'= 0 transition, with contribu-
tions occurring at higher magnetic fields as we
move away from (= &. Since Fig. 3 shows that the
joint density of states for the m'=- 1 transition
decreases more slowly than that for the m'=0
transition as we move away from the H point,
the intensity on the low-field side of the m'= —1
transition is expected to fall off relatively slower
than the intensity on the high-field side of the

transition; this prediction is confirmed by
the detailed line-shape calculation. On the other
hand, if 4&0, which is the assumption that has
been used in the construction of Landau level con-
tours in previous work, "the resonance associated
with the m'=0 transition exhibits a singularity at a
lower magnetic field than the resonance associated
with the m' = —1 transition. The arguments given
above for the general line shape for each of these
transitions apply for either sign of &. However,
the shape of the m'= 0 transition near the reflecti-
vity peak could be somewhat different for the
two choices of the sign of 4, because of the sen-
sitivity of the curvature of the E,(+1) level near the
H point to the sign of this parameter.

To il.lustrate these features we show in Fig. 8
the results of a line-shape calculation for H-point
transitions to the nondegenerate levels using the
SWMcC model for the energy levels' and the optical
matrix elements which enter the expression for the
optical conductivity"
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FIG. 8. Results for H-point magnetoreflection line-
shape using the SWMcC model for transitions to the
two nondegenerate H-point levels at Sco = 0.069 34 eV
(same photon energy as in experimental trace in Fig. 6)
and a relaxation time given by 8/v = 0.001 eV. (a) Line
shape for the composite m'=-1, m = 0 H-point transi-
tions with 6 & 0. (b) Line shape for the m' = 0, m'=-1
transitions with 6& 0. The actual calculations were
made for 4=-0.006 eV in (a), and 6=+ 0.017 eV in (b),
which are reasonable choices for b, in making the iden-
tification of P2 with PH in (a), and P, with PH in (b). For
both the m = 0, -1 transitions the resonance point is at
the reflectivity maxima.

the derivative of the Fermi function Sf(e,)/Se, . For
simplicity, the relaxation time connecting states
l and l' is taken as a constant independent of en-
ergy, wave vector, or state designations. In this
H-point magnetoref lection line- shape calculation
we have considered in detail only contributions for

0.45 to emphasize the H-point structure and

to suppress contributions from the K-point transi-
tions. The magnetoreflection line shapes in Fig.
8 are calculated for the same photon energy as in
the experimental trace of Fig. 6 with a relaxation
time given by 8/r= 0.001 eV, and considering the
possibility of either the negative value of 4
= —0.006 eV [Fig. 8(a), corresponding to the identi-
fication of the dHvA period P, with P„]or the

positive value of n =+ 0.017 eV [Fig. 8(b), correspond-
ing to the identification of P, with P„].The H-
point resonance occurs at the ref lectivity maxima
in these structures.

If we could extract two well-defined H-point
structures for the special nondegenerate transi-
tions from the experimental data, then the sepa-
ration in magnetic field between the two structures
could be interpreted to yield an accurate value for

~
n

~
and the line-shape characteristics (see Fig.

8) could be interpreted to yield the sign of n.
Unfortunately, these H-point structures cannot be
sufficiently well resolved experimentally to provide
a truly convincing identification by themselves for

the sign of ~.
On the other hand, by correlating the H-point

magnetoreflection results with the dHvA results
for the minority periods, we are then able to de-
duce both the magnitude and sign of ~. For ex-
ample, for the photon energy h&u = 0.0693 eV (for
which the traces in Fig. 6 are taken), the identi-
fication of the minority period P, with P~
(n= —0.006 eV) predicts a resonant field of 31
kG for the m'= —1 transition and 42 kG for the
m'= 0, while the identification of P, with P„
(4 =+ 0.017 eV) predicts a resonant field of 25 kG

for the m'= 0 transition and 46 kG for the m = —1

transition. The experimental trace in Fig. 6 for
Q+ polarization shows an H-point ref lectivity
maximum at about 31 kG with a line shape gen-
erally consistent with that shown in Fig. 8 for the
m' = —1 transition.

The location of a second H-point resonance in

Fig. 6 at higher magnetic fields (-40 kG) is dif-
ficult to identify directly from the experimental
trace. Some guidance in this identification is
provided by the anomalous line shape in the K-
point resonances in the region of the H-point
resonances. For example, following the assign-
ment suggested tentatively by the identification
with the dHvA minority period P„wenote that the
ref lectivity maximum between the (7, 6) and (6, 5)
K-point transitions is anomalously broad, suggest-
ing that the H-point maximum occurs just beyond
the (7, 6) K-point resonance. Likewise, at higher
magnetic fields, the anomalous appearance of the
ref lectivity maximum between the (6, 5) and

(5, 4) K-point transitions is also consistent with
an H-point resonance occurring just below the

(5, 4) K-point resonance.
Although this argument by itself is somewhat

tenuous, some confirmation for these ideas can
be derived by considering the relative photon en-
ergy dependence of these superimposed H- and
K-point resonant line shapes. Because of the
larger Landau- level separations at the H point
relative to those at the K point, the resonant
structures on a given magnetoreflection trace
which are identified with the H-point transitions
are expected to move to higher fields more rapidly
with increasing photon energy than the neighboring
K-point resonances. According to this argument,
we would expect the anomalous flat-top reflectivity
maximum between the (6, 5) and (7, 6) K-point
transitions in Fig. 6 to disappear as we go to
higher photon energies and the H-point structure
has moved to the position of the (6, 5) K-point
resonance near the ref lectivity minimum. Then
at yet higher photon energies we would expect
H-point structure to appear in the region between
the (6, 5) and (5, 4) K-point resonances. To make
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this argument definite, let us consider the assign-
ment of 4 = —0.006 eV which appears to be roughly
consistent with the trace in Fig. 6. Experiment-
ally, we find that at a photon energy of 0.084 eV
(data are now shown here) there is no anomalous
flat top on the reflectivity maximum between the

(7, 6) and (6, 5) K-point transitions, but instead
a similar flat-top anomaly appears in the re-
flectivity maximum between the (6, 5) and (5, 4)
K-point transitions which can be identified through
the 4=- 0.006-eV assignment with the m' = —1
resonance located at 47 kG; also at S=0. 084 eV,
there is an anomalous flat-top feature in the re-
flectivity maximum between the (5, 4) and (4, 3)
K-point resonances, which is consistent with the
placement of the m'= 0 transition at 59 kG. Thus,
the magnetoreQection trace at b ra = 0.084 eV is
rather similar to that shown in Fig. 6, except that
the two anomalous flat top ref lectivity maxima
have translated by one K-point quantum number.
A change in the appearance of the magnetoreflect-
ion trace is found as we go to a slightly higher pho-
ton energy, as for example Iv) = 0.088 45 eV [see
Fig. 9(a)] where the H-point resonance identified
with the rn'= -1 transition has moved over and is
very close to the halfway point between the (6, 5)
and (5, 4) K-point transitions. For this particular
photon energy, the ref lectivity maxima for both
the K-point and H-point transitions lie close to
each other, thereby giving rise to a well-defined
ref lectivity maximum, but rising significantly
further above the baseline than any of the other
ref lectivity maxima. At hcu=0. 08845 eV, the m'
= 0 transition is expected to be close to the in-
dicated arrow for the 4= —0.006 eV choice. From
Fig. 9(a) this resonance appears to result in a
flat-top anomaly in the ref lectivity maximum be-
tween the (5, 4) and (4, 3) K-point transitions,
somewhat similar in appearance to the situation
between the (6, 5) and (5, 4) K-point resonances in
Fig. 6. It is of interest to note that the (4, 3) K-
point resonance has a reflectivity value close to
the baseline reflectivity.

In Fig. 9(b) we see what happens when the photon
energy has increased to h& = 0.0966 eV. Here
no flat-top ref lectivity anomalies are found, which
also turns out to be consistent with the assign-
ment of 4= —0.006 eV. At this photon energy the
resonance for the m'= —1 H-point transition has
moved to 63 kG which lies about 2.5 kG above the
(5, 4) K-point resonance and appears as a well-
resolved peak; the ref lectivity structure peaking
at 63 kG does not fit into the picture for any of
the K-point resonances. The assignment of
4= —0.006 eV locates the m'=0 H-point reso-
nance at 77 kG, which lies very close to the
ref lectivity minimum associated with the (4, 3)
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FIG. 9. Magnetoreflection traces taken at various
photon energies with Q+ circular polarization {a) S(d

=0.08845 eV, {b)h~ =0.0966 eV, {c)k~=0.1045eV. Com-
parison of the traces indicate that as the photon energy
increases the H-point resonances move more rapidly to
higher magnetic fields than do the K-point resonances.
Changes in the line shape of the superimposed H- and
K-point resonances are utilized in analyzing the H-
point spectra. The arrows for the H-point resonances
are drawn using the least-square-fitting analysis of
Fig. 5.

K-point resonance. The only evidence for the m'
= 0 transition is the high value for the ref lectivity
at the (4, 3) K-point resonance which is well above
the baseline, in contrast with the appearance of
this resonance at other photon energies [see Figs.
6 and 9(a)].

At the photon energy of 5~ =0.1045 eV shown in
Fig. 9(c), the location of the m'= —I transition is
predicted to be at 75 kG and appears as an addition-
ai structure superimposed on the (4, 3) K-point
structure as indicated in the figure. The H-point
m = 0 transition is predicted to be at 90 kG at this
photon energy and is not discernible in this figure
except for the anomalously high baseline reflect-
ivity at the high-field end of this trace. As we
move to yet higher photon energies, the reflect-
ivity maximum between the (5, 4) and (4, 3) K-point
transitions sharpens up as the m'= —1 H-point
resonance moves into coincidence with the (4, 3)
K-point transition.

The consistency between the observed H-point
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structures and the predictions of the ~= —0.006-
eV assignment provides strong evidence in support
of the identification of the P, = 3.03 ~ 10 ' G ' with

P„in Eq. (1). If, on the other hand, the P, =-1.35
x 10-' G ' is identified with P„,then the locations
of the m'= 0 resonance are predicted to be at 25
kG in Fig. 6, at 53 kG in Fig. 9(a), at 56 kG in

Fig. 9(b) and at 60 kG in Fig. 9(c); likewise, the
locations of the m'= —1 resonances for this sec-
ond assignment would be at 45 kG in Fig. 6, a.t
67.3 kG in Fig. 9(a), at 83 kG in Fig. 9(b), and
at 96 kG in Fig. 9(c). Because of the broadening
of the H-point resonances lines due to relaxation
processes, there is a small shift between the re-
flectivity maxima and the H-point resonance fields.
These shifts can be predicted from our H-point
magnetoref lection line- shape calculation and do not
amount to more than 2 or 3 kG in the case of max-
imum shift. From this discussion, it is clear
that the experimental observations for the H-point
transitions are not in good agreement with the
predictions resultir g from the choice of 4=+0.017
eV.

To obtain an independent determination of &,
magnetoref lection traces in the photon energy
range 0.0670&@~& 0.1045 eV have been analyzed
to yield resonant magnetic fields for the m'= 0
and m'= —1 H-point transitions. The resonances
obtained in this way are summarized in Fig. 5 as
the solid circles, and a least-squares fit to these
data using Eq. (26) and y, = 3.16 eV yields a value
of 4 = —0.008+ 0.004 eV indicated by the solid
curves. It has not been possible to identify both
the m' = 0 and m+= —1 transitions in all the ex-
perimental magnetoref lection traces. In those
traces shown in Figs. 6 and 9 where such an
identification could not be made, the predicted
resonance point is denoted by an arrow. Analysis
of these H-point transitions is inconsistent with an
assignment of

I
n

I
&0.012 eV.

to H&c (8=90') has been measured by Williamson
et al. ' and is found to be P, (0')/P, (90') =2, taking
into account their error in the magnetic-field
calibration. ' The corresponding anisotropy of
the period P„canbe estimated by approximating
the H-point minority Fermi surface in Fig. 1 by
an ellipsoid with the semimajor axis wave vector
parallel to the 5 direction given by

&z, = (I/&Ho) l(E. —n)
I (28)

and with the semimajor axis wave vector perpen-
dicular to the c direction given by

kz ~ ——(2/ 3) (I/yo ao)[E&(Ez n)] ~~-

so that

(29)

(30)

This ratio has a value of 2.1, assuming values for
the various parameters of y, =3.16 eV, y,= 0.39
eV, a, =2.46 A, co=6.74 A, E~= —0.026 eV, and
4 = —0.008 eV. The agreement between this esti-
mate for the anisotropy of P„and the anisotropy
measurements on P, is satisfactory, in view of the
uncertainty in the experimental data and the ap-
proximations made in the calculation. On the
other hand, the measurement of the anisotropy
ratio for the minority period P, yields a value'
of -13, which is too large to be consistent with
the anisotropy of P~ for any reasonable choice
of 4. This difficulty with the anisotropy of P,
has also been discussed by Spain. "

Because of their small effective masses, the
high-mobility minority carriers are believed to
contribute significantly to the Hall effect." Esti-
mates of 3 x 10"/cm' to 8 x 10"/cm' have been
made"'" for the concentration of these minority
carriers at 77 K. The volume for an H-point
pocket is approximately given by

IV. DISCUSSION

An analysis of H-point magnetoreflection data
in conjunction with the results for the dHvA
minority periods provides strong evidence that
the SWMcC band parameter & has a negative
sign and a value close to —0.006 eV, with the
magnetoreflection results yielding 4 = —0.008
+ 0.004 eV. This study leads to an identification
for the minority period P, = 3.03 x 10 ' with P~,
the circular orbit about the H point for the mag-
netic-field orientation H )) c.

There is also other evidence in support of the
identification of the minority period P, with P~.
The anisotropy of the minority period P, as
the magnetic field is rotated from H ~[ c (8=0')

4w E (E —n)'I
H 3 P 2 (31)

thus a minority-carrier concentration of 5 x 10"/
cm' is obtained for the choice 4= —0.006 eV, and
21x 10"/cm' for the choice &=+0.017 eV. There-
fore, the Hall-effect data also support the iden-
tification of P, with P~.

Since the H-point minority-carrier pocket volume
V„doesnot depend strongly on band parameters as
associated with interplanar interactions for I 6/E~I
«1, V~ would not be expected to exhibit a large
pressure dependence. From analysis of the pres-
sure dependence of the Hall data, a small pres-
sure dependence of -1%/kbar is found for the
minority- carrier concentration w hich contributes
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to the Hall effect." In contrast, the pressure
dependence found experimentally for P, is large,
indicating a 6% variation in extremal area per
kbar. ' Thus, the results for the pressure dependence
of the Hall constant is consistent with the identi-
fication of P, with P„.Further discussion of the
pressure dependence of the electronic structure
and of the various extremal cross-sectional areas
is found in a recent publication by Dillon, Spain,
and McClure. "

Further evidence for the identification of P,
with PH comes from a recent analysis of data on
the diamagnetic susceptibility y by Sharma,
Johnson, and McClure. '4 Their analysis indicates
that a value of 4= —0.010+0.002 eV is required
to yield satisfactory agreement between the sus-
ceptibility data and K-point magnetoreflection
data. " These authors find that a value of at least
0.35 eV is required for y, to obtain a fit to g for
6=+ 0.004 eV, as proposed by Woollam' in iden-
tifying P, with P„.Such a large value for p3
disagrees with y, values found from cyclotron
resonance ' and K-point magnetoreflection
studies. "

It has been suggested that a second minority
period around the 8 point might arise from the
spin-orbit splitting indicated in Fig. 1. However,
the magnitude of the spin-orbit splitting is not
large enough" to give rise to an II-point minority
period corresponding to P„ashas been pointed
out by various authors. " Soule' originally sug-
gested that P, might be associated with "outrigger"
pieces of Fermi surface. Spain" later suggested
that because of the trigonal warping of the Fermi
surfaces, P, may originate through the formation

of a carrier pocket in the region of the legs con-
necting the electron and hole Fermi surfaces. It
is also possible that the period P, might be identi-
fied with the creation and annihilation of special
Landau levels" which are introduced at the K
point by the trigonalwarping of the Fermi surface.

Eberhard, Vegas, and Briggs" have suggested a
totally different identification of the period P,
based on studies of the angular dependence of Py.
In particular, they have shown that the relation

is well satisfied as the magnetic field is rotated
from H~~ c to H& c. In Eq. (22) the dHvA frequen-
cies f„f„andf„,respectively, correspond to the
minority period P, and the majority electron and
hole periods, P, and P„.Thus these authors iden-
tify P, with a beating effect between the majority
electron and hole periods. In a somewhat similar
vein, Nakao has suggested" that the dHvA period
P, may be associated with magnetic breakthrough
effects between minority and majority hole orbits
near the H point. Such magnetic breakthrough
phenomena could arise through a y3-induced
mixing of the magnetic energy levels of the E3
bands when they cross the magnetic energy levels
of the E, and E, bands near the 0 point.
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