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Crossover scaling functions for a two-component spin system with quadratic anisotropy g and cubic
anisotropy ¥ are calculated to first order in € = 4-d and in ¥, near the transitions within the ordered phases
below the multicritical point (T = T,,,g = 0). Emphasis is placed on the mechanism by which the system is
driven to bicritical or tetracritical behavior by the dangerous irrelevant variable 9. Explicit expressions and
graphs for the various thermodynamic scaling functions are presented.

I. INTRODUCTION

In two previous papers,!'? henceforth referred
to as I and II, the crossover scaling functions of
an n-component spin system with a bicritical (or
tetracritical) point were calculated, to first order
in € =4 - d, for the disordered phase (in I) and for
the Ising-like (m =1) ordered phases (in II). How-
ever, the calculations presented in II lose validity
asymptotically as the vicinity of the flop line is
approached (i.e., near the transition line in the
ordered phase). Here we present calculations of
various thermodynamic functions for a two-com-
ponent (r =2) system, that are valid in this pre-
viously excluded region.

Physical systems described by the present study
include uniaxial antiferromagnets like GdAlQ,,*
and the planar ordered or XY-like antiferromag-
nets, such as Cr,TeO;,* and KCuF,. Since experi-
mental data of increasing accuracy are becoming
available for these systems,3'* we believe that the
various scaling functions obtained here will be of
both theoretical and experimental interest.

As in I and II we consider a Landau-Ginzburg-
Wilson-type Hamiltonian but with the addition of a
term of cubic symmetry, specifically

== fdﬁ{%[(gsll)2+(€sl)2
#rstest) - Lgy(s? - s2)]
+u(st+52)% +7,s8s2}, (1.1)

where 7, is the amplitude of the cubic term® which
breaks the n-component isotropy even when the
quadratic anisotropy parameter g, vanishes. As
has been pointed out by various authors,®*? the
stable fixed point (when g,=0) is isotropic, with
7*=0 provided n<n*(d) =4~ 0(¢). Thus 7 is ir-
relevant in the regime of interest to us here:
however, it must be classified as a dangerous
irrelevant variable.® Its effect is most prominant
in the ordered phase, near the region of quadratic
isotropy (small g,). As demonstrated by Bruce

and Aharony,® and by Mukamel,* the system will
exhibit either bicritical or tetracritical behavior,
according to the sign of ¢,. For 7,>0 bicritical
behavior is expected but for 7,<0 tetracritical.
This result is also given by mean-field theory®:*,
however, mean-field theory predicts an incorrect
shape of the tetracritical lines (see Fig. 1). The
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FIG. 1. Bicritical (a) and tetracritical () phase dia-
grams with ¢ = (I'-T,)/T,,, where T,, is the multicritical
temperature, while g is the anisotropy parameter. The
dotted lines indicate the mean-field predictions.
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correct form of these critical lines was obtained
by Bruce and Aharony® who used scaling arguments
and Feynman-graph expansions. However, the
associated scaling functions have not been calcu-
lated previously.

It is of interest to note,* that when an antifer-
romagnet is viewed in a space of the uniform mag-
netic field H=(#, ,H,), and temperature T, one
can obtain for a given system (i.e., fixed 3,) both
bicritical and tetracritical behavior, as illustrated
in Fig. 2. The present calculation is limited to
the dotted planar regions of Fig. 2.

The cubic term plays an additional important
role which is independent of the bicritical nature
of the problem. For n=2, g,=0, and 5,=0 we
obtain an isotropic XY system. Since there are
no ordering fields present in (1.1) the system be-
low the multicritical point T, is on the coexistence
surface (in the full space that includes ordering
fields). However, isotropic systems with n>2
possess singularities at the coexistence surface
associated with spin wave or Goldstone modes.
These have been treated by Nelson.!? We will en-
counter the effects of these singularities as the
flop line is approached in the bicritical case:
however, the incipiently divergent fluctuations
will be damped by the presence of the anisotropic
cubic term and no singularities actually appear
for nonzero 7,

Our analysis differs significantly from that of
Nelson'?; while he combined trajectory methods
with parquet-graph summation techniques, we have
been able to obtain the results using only trajectory
integral methods.

The techniques of calculations used in this paper
are similar in spirit to those of I and II. However,
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FIG. 2. Three-dimensional phase diagram with one
tetracritical planar section and many bicritical sec-
tions. For fixed-positive cubic anisotropy , the sec-
ond quadratic anisotropy field &’ may be taken as cou-
pling to a cross term sys, in (1.1). In application to
a cubic antiferromagnet (Ref. 4), & corresponds to
(H}-H}), while &' corresponds to (H}+H3}). Our pres-
ent results apply asymptotically in the planar regions
shown dotted.
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the presence of an additional operator requires
the solutions of certain differential equations that
were not previously handled.

In our discussion we treat the cubic term as a
small parameter.'® Thus the various scaling func-
tions are derived to first order in e =4 -4, and
first order in §,. This limitation should not be
serious in many practical cases where the cubic
terms are indeed relatively very small.

Even with this approximation the analysis is
quite involved technically. A short discussion
based on scaling assumptions is presented in Sec.
II as a preview of the form the results must take.
The final expressions for the various crossover
scaling functions are presented in Sec. V, to which
some readers may prefer to proceed directly.
Section III summarizes the solutions of the differ-
ential equations generated by the renormalization-
group procedure. The matching conditions and the
reduced Hamiltonian are derived in Sec. IV A,
while the matching relations for various thermo-
dynamic functions are given in Sec. IVB. Section
VI summarizes the results.

II. SCALING ANALYSIS OF MULTICRITICALITY

We are interested in a system described by the
Hamiltonian (1.1), asymptotically close to the
multicritical point.’* The temperaturelike scaling
variable will be

LV o=V oo = Vo+a ug+ay . (2.1)

As usual ¢t =0 and g, =0 locates the multicritical
point. In this work we are interested in the or-
dered region ¢t<0. Later on we shall make a spe-
cific choice for u,, so that we need consider only
the additional scaling variables 0 =7, and g =g.
(We will assume g,>0, with no loss of generality
since n=2.) The scaling or homogeneity assump-
tion for the singular part of the free energy takes
the form!*

f(t,g, D)=~ f(b 1¢,b 2g,b*3p), (2.2)
where 1), 1,, and A, are the appropriate scaling
exponents. With the choice b =| £|~1/ 1 this takes
the form

f(t,g,z')')=a|t[2'°‘W(z,y), 2.3
where, as usual 2 - q =1/, with a being the X Y-
like specific-heat exponent, while

z2=A,g,/1t%, ¢=x,/A,50, (2.9

y=Azij/[t|¢") b, =)\3/>\1<0; (2-5)

and W(z, y) is the scaling function of interest. The
scale factors a, A,, A, are nonuniversal, and in
higher order vary analytically with ¢, g, etc. [We
may choose to normalize by W(0,0) =1, (9w /az),
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=1, etc.] We must note that 7 is irrelevant; as
such, one would expect, asymptotically close to
the multicritical point, to have

W(z,y)=W,0), (2.6)

with © entering only through the various scale
factors. However, since ¥ is a dangerous ir-
relevant variable the asymptotic equality (2.6)
fails for the derivatives of W(z,y). Thus, we
have to formulate the scaling hypothesis with o
explicitly displayed. For #>0 we expect bicritical
behavior, and for <0 tetracritical. This will be
obtained if W(z,y) has a singularity on a locus in
the (z,y) plane, given by some equation

x=X(z,y)=0, (2.7)

which has no solution for y >0 (or 7> 0).
For small z,y we expect an expansion of this
equation of the form

z2+Cy°=0, (2.8)

Our calculations show that § =1, which, in turn,
implies that the critical locus can be characterized
by an exponent i through

g~Itl, v=¢+lo,l. (2.9)
Thus we expect the free energy to have the form
flt,g,@)=at > *[x*4W,(,9) +W,(z,9)], (2.10)

which is, in fact, in agreement with our results.
(Here « is the Ising-like specific-heat exponent
on the critical lines.)

IIl. RENORMALIZATION-GROUP DIFFERENTIAL
EQUATIONS

Our method of calculation is based on the re-
normalization-group trajectory integral procedure
developed by Rudnick and Nelson.!® The applica-
tion of the method to bicritical systems has been
discussed in detail in I and II. The basic idea is
the following: under application of the renormali-
zation-group transformation'® (generated by in-
tegrating out modes with § vectors in an infinitesi-
mal shell near || =1) the Hamiltonian of (1.1)
flows in its parameter space. Various thermo-
dynamic functions can be derived once these flows
are known. The flows are obtained in practice
from approximate solutions of the differential re-
cursion relations, that are accurate to O(e) as long
as the quadratic coefficients », and 7, of the re-
normalized Hamiltonian do not become too large.
When either 7, or », (assumed to be initially
small) become of order unity, the respective spin
variables can be integrated out, leaving a reduced
Hamiltonian that depends only on the remaining
(possibly still critical) spin variables. Our con-
vention ensures 7, >7, initially. In the disordered

phase the recursion relations are such thatr, (1)
>7,(l), for all [ (where [ is the continuous vari-
able that describes the extent of renormalization).
Thus, in the disordered phase the s, spin vari-
ables are integrated out. In the ordered phase we
can identify two regions that require different
treatments. In the vicinity of the paramagnetic
critical line the situation is similar to that in the
disordered phase. However, in the vicinity of the
flop line (or the critical transition lines 7'} and
T; ) the components s, are to be integrated out.
This second case is the subject of the present
treatment. A more detailed discussion of this
point was presented in II.

Since we work in a region where (s;) =M ,#0, it
is convenient to introduce a shift by defining

Sy =0 +M,, (3.1)

where M is the exac! parallel spontaneous mag-
netization. On writing s, =s we then obtain

== [aR{C ~ho +1[7,0%+ 7,57+ (V0)*+ (Vs)?]

+u(o®+s2)*+0s%0%+ w0+ w,os?},

(3.2)
where
ry=r, +12uM2, 7 =7, +4uMi+20ME,
wy,=4uMy, w, =(4u+20)M,,
C=3r Mi+uMs—hM,, (3.3)

F=h=v,My—4uM?3,
- 1 — 1
Y =Vo—38, VY. =Vo+38.

For convenience we have introduced an ordering
fieldn into (1.1) coupled to s,. Applying the mo-
mentum shell integration renormalization group
now yields the recursion-relations correct to
0(e),

dd—’;"=2f“ +12K,uq, +K,(4u +27) q,

-18K,wiqi -2K,w? ¢%, (3.4)
471 97, 412 Bg, — 2
dl 7 +12K,uq, +4K,0q, - 4K,wiq,q,,

(3.5)

%=(1+%€)WL - 12K, 0w\ g}

-6K,dw,q; - 12K, uw %

- 16K, uw,q,9, 8K, 0w, q,q,, (3.6)
i;)liﬂl +3€)wy — 6K, w,q¢

- 4K,uw, q] - 2K, uiw,q} , (3.7)
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dh__

dl (3-3e)h -3Kwq, -K,w,q, , (3.8)

Z—’l‘=eu - 4K, (10u?+ud+152), (3.9)

j—f=ea_4K4(1zua+%52), (3.10)
where

q =1/(Fu+1)’ q.=1/F, +1), (3.11a)
and

K,=1/87%. (3.11b)

It should be noted that (3.9) and (3.10) are obtained
from the recursion relations exact to O(e) by re-
placing ¢, and ¢, by 1: this approximation intro-
duces an error of only O(e?) into the subsequent

%=eu - 4K, (104 +ud) , (3.13)
28 e~ 48K up. (3.14)

The solutions of these equations are found to be
5(0) =0 /@, u@)=a@) -350),
a(l)=,e?/Q, Q()=1+40K,di,(e® -1)/e, (3.15)

as may be checked by substitution. In what fol-
lows, we shall choose #,=€¢/40K, = u, which elimi-
nates an irrelevant transient, and yields

(1) =Doe™ ¢ u(l)=u, - 15Q1). (3.16)

In solving (3.4) to (3.8) we follow the procedures
outlined in II. The solutions, correct to O(e),
obtained this way are

w, () =4u@)M (1),

solutions.!+!® We shall further simplify the anal- (3.17)
ysis by assuming w, () =[4u@) +25()]M (),
€l < Ty<uy=0(e) , (3.12) with .
= 1-(e/2)]1
and, as explained, by neglecting terms of O(32). M) =Moe (3.18)
Then (3.9) and (3.10) reduce to!3 and «(!) and (1) given by (3.16), and
R() =hel* /2t ~[1(1) - 5g(DIM (1) - 4u() M()?
+K[2u(@) +o) M@0 {1-T, Q) In[1+T, (D]} +6 K, uMO{1-T1,(0) n[1+T,(D]}, (3.19)
70 =T, (1) =6 Ku(@{1=7,(0) In[1+ T, ()]} = K, [2u()) +5()] {1 - T, (1) In[1+ T, M1}
+9K, 0, ()*{In[1+T7,@)]+T,(1)/[1+ T, O} +Kw, OH{In[1+T, @] +T,1)/[1+ 7.0}, (3.20)
FD=T,(1)-6K,u®{1-T, ) m[1+T, ()]}
~ 1 -1 1 L
- K,[260) +5@1{1~T,0) m[1+ T, 0]} +2K,007 Lo@ 10 +T;:2} _;LZ; In[1+7.0)] (3.21)
Ty (1) =t@) = 38 + L2uM@)?, T, (1) =t()+Lg() +[4u() +25(0) M 1)?. (3.22)

In these results we have introduced

t(l) =tyer’, t,=7,+8K,u,[1-7,In(1+ r)l,
with

A =2-2%¢, (3.23)

and

g() =g,e*2'[1-35(1)/8u,], Z,=g,(1+30,/8u,),
with
A=2-1€. (3.24)

Note that to leading order we have #, =T, () and
’FJ.(Z) =T, .

These solutions of the recursion relations will
be used for I <I*, where I* is determined by re-

quiring that #,(I*) be of order unity. As will be
shown later, 7, (I*) can still be small at this
matching point. Explicitly the matching condition
we will use has the form

T,1%) =1+0(). (3.25)

IV. REDUCED HAMILTONIAN AND THERMODYNAMIC
FUNCTIONS

A. Reduced Hamiltonian and explicit matching conditions

Since T,(I*) depends on M(I*), it is necessary
to determine the latter also in solving the match-
ing condition (3.25). This is achieved by recalling
that M, was chosen as the exact magnetization;
thus the shifted Hamiltonian must satisfy the re-
lation
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(q)x(l)=ffo.a=oe5c(l)/j fex(l) =0. (4.1)
o s c °s

To evaluate this condition at I =1* we first integrate
out the noncritical ¢ components. (We may re-
mark that the present treatment differs from most
of our previous work in that the spin variables that
are integrated out appear not only in j¢, but also

as the variable whose expectation value is to be
calculated. This situation was encountered before
only in the calculation of the perpendicular sus-
ceptibility x,, in I and II.) First we define the
reduced Hamiltonian by

e%reals] = f exp(ic, [1%;0]+ 3¢, [1*; 5]+ 3¢ [1%;0,5]) ,

(4.2)

where 3¢(1*) has been decomposed into three kinds
of terms according to the dependence on ¢ only,
on s only, or on both s and g. We also have

3¢, [1*;0] =3¢ [1%;0] + e [1%; 0], (4.3)
where
3.0[1*;0] == 5 [(Vo)?+ 7, (1) 0%]. (4.4)

Now we may expand to get

eFreals] = g%, 0%, 5]

xf esc,?[t*.a]{1+ @ei[1*,0] + 304 [1*,0,5])

S

+%(JCI} [l*,0]+3CX[l*,O',S])2
+eeo}. (4.5)

The various integrals can be performed and when
the contributions are reexponentiated, we obtain
an explicit expression for 3, s]. Before carrying
this out, however, we shall determine the match-
ing condition based on (3.25) and (4.1).

The condition (4.1) may be expressed diagram-
atically as shown in Fig. 3. The solid lines rep-
resent the propagators of the ¢ variables, which
are to be integrated; the dot represents the ex-
ternal g,. The broken lines represent the s vari-
ables; these rvemain unintegrated: the closed loop
denotes the last term of Eq. (4.6). Thus we ob-
tain

1 3
- dq
A ) = 3K, (1) -/o‘ ’Fn(‘g*) +q°

1
—wlf d“q(sqs_q),cmd=0. (4.6)
0

By using (3.25) we may replace 7,(I*) =T, (I*) +O(e)
by 1. The third term on the left is simply the en-
ergy of the reduced system, given by'”

1 1
2 -L- dq(sq s'°>3cred
=Es (tred’ ured) +%K4[1 - tred 1!1(1 +tred)] ’

1
Es (tred;ured) == Emtred (4-7)

1/3
x[(“ Bt (rapre-1)) 1]

If E, is expanded in powers of € wWith u,.,=0(e) we
obtain £, =0(1); thus any term that has the form
uE, will be of order €. Although we will leave E|
unexpanded, in order to preserve the singularity
associated with it, we shall bear this fact in mind
in what follows.

Now we substitute 7 (I*) from (3.19), with s =0
into (4.6). On performing the integral in the sec-
ond term of (4.6), and using (4.7) for the third
term, we obtain

4u(IM(I?==-[t0*) - 38(0M]+A, (4.82)
==8[u(*) +35(I*)] E (Freds Urea) - (4.8b)
To impose (3.25) we recall from (3.22) that
T,(1%) =% - $g(1%) + 12u(*) M(%)?
=-2[t(1*) - zg(M]+34, (4.9)
where we have used (4.8) to derive the second

equality.
Now we define our matching condition more ex-
plicitly by

—t(*) +3(*) =3, (4.10)
which obviously ensures
T,(*)=1+3A. (4.11)

Since by the argument that follows (4.7) we have
A=0(e), and 7,(I*) =T, (1*) +O(e), this matching
condition is consistent with (3.25).

We can turn now to the evaluation of the reduced
Hamiltonian., It has the form

3eq = — j%[(VS)% ¥1ed S2] + treqS* + const. (4.12)

FIG. 3. Diagrammatic representation of relation (4.1).
The solid lines represent the propagator associated with
0; the heavy dotted line represents the integral in (4.6);
the dots denote the concentraction with the “external”

o -0 variable.
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Fred — F(/,*) = I + + Q
/\
/' \ /N
/N /N
(a) (b) (c)

FIG. 4. Diagrams that contribute to 7,,q. The broken
lines represent the s variables, and are not integrated,
while the solid lines represent the propagator associated
with a.

The diagrams that contribute to 7,4 are shown in
Fig. 4, and 7, (I*) is given in (3.21). The third of
the diagrams [Fig. 4(c)], exactly cancels the third
term on the right-hand side of (3.21). The re-
maining two diagrams, Figs. 4(a) and 4(b), appear
also in Fig. 3 and (4.6), yielding

2w, __‘Zf_dl__
(@) +() =~ T,(% (h(l *) = 3K qw, (1 )-[ Tn(l*)"'qz)

=202 (1% f (0Swe,

= 4[u(1*) +5(1%)] f (SeS-ae., » (4.13)

where the last equality is correct to O(7), and
follows from (3.17), (4.8a), and (4.10). Of the
various terms in (3.21) we turn now to T, (%),
as given by (3.22), namely,

T, (%) =t(@*) +3g(*) +4[3u@®)]M(I*)?.
Using (4.8a) and (4.10) gives
T, (1% =g(I®) +25(1*)M(1*)2+A

PPN /| (%) < (1*) )
g (1%) + 209 A\ 209 (4.14)
Finally, substituting in (3.21) and using (4.13),
(4.7), and (4.8b) in the equation for .., of Fig. 4,
we find

Vrea =€ (1*) + ((,3) +2K,[u(l*) +9(1%)]

x{1=T,0"In[1+T, (%]} -6K,u(*
X{1=T, (M In[1+T, (1))} +2K,w2 (1%

T"(l*)ln[1+T" (I¥] =T In[1+T, l*)]
T,(*) -T,(1%

(4.15)

Note that the terms containing A cancel exactly.

Now, in order to map onto an Ising-like model
and use known results we want?:!% 7, to have the
form

Viea = red 6K ured[l tred ]-n(l +tred)] +O(tred

(4.16)

By comparing with (4.15) we see that the most

obvious candidate to play the role of ¢4 is g(I*)
+35(1*)/4u(1*). However, we must first identify
U.q. The four-spin term in the reduced Hamil-
tonian will contain, in addition to u«(I*), a con-

tribution!? from the diagram of Fig. 5(a). Thus
a four-spin term of the form

u(l*) f $41Sq1SqnSem 8(q+q' +q" +q™)
qq’q”q"

- %wl(l*)z f

aa’qa"q™

sqsqlsq'lsqlll 5(q +q' +qlf +qm)
7y (%) +(g+q')?

(4.17)

is generated. We may separate the second term
into g-independent and g-dependent parts by using
the identity

1/r+Q)=1/r-@/rir+Q). (4.18)
The g-independent part yields
Ureg = u(l*) = 3w (¥ /7 (1% == 5(1*) +0(e?).  (4.19)
The g-dependent part is more strongly irrele-
vant'®: however, since we want to match 7,
to the initial form of (4.16), we shall take it into

account in an approximate way, namely through
the decoupling

si= s¥(s?) (4.20)

which will further feed into 7,4. After some minor
approximations, this procedure yields 7,4 in the
form of (4.16) with

tea =g (1*) + (%) /4 u, , (4.21)
where u, is defined just before (3.16), and
Ureqg == D(1¥) . (4.22)

These relations together with (4.10) fully define
:‘cred'

AN 7/
N/ ! \
~ ! \ -,
\\ ] //
N/
N e
4 N

Ve ~ //\\
/ \
_ S~ / \

(@) (b)

FIG. 5. (a) Diagram that contributes to %red; () sixth-

order terms (in s) generated by integrating the o vari-
ables.
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B. Discussion of (.4 and solution of the matching condition

Before going further into the calculation of ¢,y
and u.4, a few general conclusions can already be
drawn. The way in which the sign of the irrelevant
cubic variable determines the behavior in the or-
dered phase is revealed by (4.21). We have as-
sumed, (with no loss of generality) that g,>0.
Thus when 9,>0, t.4 has a positive lower bound.
Thus no critical line (corresponding to #,,=0) is
expected. However, in this case we also have w4
negative; thus we have apparently mapped onto an
Ising-like model in the region of a possible first-
order transition. Also, keeping only the terms
up to fourth order in s seems to have led us from
a stable two-component Hamiltonian to an unstable
one-component system. However, we have to re-
member that on integrating out the ¢ variable, we
will also generate terms (of order €2) of the form
ug s® [see Fig. 5(b)]. These terms are positive,
and serve to stabilize the reduced Hamiltonian. It
is easy to show, that 3C,q(fred, %red, #g) li€s in the
disordered part of the phase diagram; the first
order transition occurs when 7,4 = 7 ;~u2, /u,; and
while our 7,4 is of first order in 3,, u%4/u, is of
order (7,)% so thatr,,>>7, This point, and its
implications for the scaling functions will be dis-
cussed further below.

On the other hand, for #,<0 we can map onto a
critical one-component system. (The critical point
can be approached from the disordered phase.)
This, of course, leads to tetracritical behavior,
with a critical line given by

bred =g(l*)+6(l*)/4uc=0- (4.23)

Now let us turn back to (4.10) to determine the
matching point I* as a function of ¢,, g,, and 7.
Using ¢(I) and g(I) from (3.23) and (3.24), and u(l),
7(1) from (3.16) we get

—toer 4 ig e (12 200 pearss) oy (4.24)
8u,
As in Sec. II we define the scaling variables
2=Eo/t® ¢ =\ /n=1+%e, (4.25)

y=@6/Bug)t!% ], ¢, =—e/5x;=-55¢.
We require a solution to (4.24) of the form

e’ = (=) My, y). (4.26)
Substitution yields the equation

PM+z(1-3yy~e/®) =4, (4.27)
To solve this we represent y? as

PE=p2 (142, ++-+)

and to first order in y or 7, find

i=(2+2)"1+3y2/(2+2)],
pi==[5@+2)]" (4.28)
x{3(2+2) In(2+2) = 32y [1 -3 1n(2 +2)]}.

Next we may determine {4 and u,, from (4.21)
and (4.22) as

trea=2g 2(1 = Byy=e/%) + 2yye/s, (4.29)
Ureg == By yPp~¢/°
=—8u,y+0(?)=—€y/5K,, (4.30)
which yields
o e 430
with
7=z +4(2)¢/10y . (4.32)

The O(e) term in (4.31) is lengthy and will not be
presented explicitly. Also, in order to keep the
various scaling-function expressions tractable,
we have, in the amplitudes, dropped terms of or-
der ey, keeping only terms of first order in € and
Y.

C. Thermodynamic functions related to ¥( .4

(a) The perpendicular susceptibility is defined

as
s [ Joosee/ [ [estsomon

and is related to that of the system at [* by!:!5
X1 =e21*XJ. [x(l*)] =62,*X[3(:red] . (434)

(b) For the parallel susceptibility we likewise
have

X1|=fjo'o°'oeac/ffex- (4.35)
s o s Yo
Although the corresponding formula

X =e*! * X [3e(1%)] (4.36)

is still valid, the relation of y, [3¢(I*)] to proper-
ties of the reduced Hamiltonian is not simple. A
careful diagramatic analysis'® yields

Xn (l*) =1+16 [u(l *) + % ﬁ(l*)] Es(tred) urcd)

+8[u(l*)+ﬁ(l*)]cs(tred; ured) ’ (4'37)
where the energy E(tq, % 4) is given by (4.7),
while the specific heat is defined by

9FEs (tred} U rcd)

ot (4.38)

Cs(trem ured) ==
Thus, we conclude that on approach, in the tetra-
critical case, to the locus T, where the s com-

cr

ponent becomes critical, the susceptibility asso-
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ciated with the 0 component diverges as an Ising-
like specific heat. This is to be compared with
the analogous behavior near the critical locus T!;
there the susceptibility associated with the non-
critical component remained finite, behaving like
an Ising-like energy.?

(c) The spontaneous magnetization M is given
by (3.18) as

M, =g~(1-€/21 *M(l *) ,

where M (1*) can be found from (4.8) and (4.10).
(d) The free energy is given, as in II, by the
sum of a trajectory integral and the contribution

at 7*, namely,
1 ¥

F =const + f e MG dl+e”*Fc(®], (4.39)
0
where

GM)=iK{In[1+7,(@)]+In[1+7, ()] -1},  (4.40)

while the constant term is generated by the shift
of s,. The calculation of F [35¢(I*)] is achieved by
first performing the ¢ integrals, which leaves the
free energy of the reduced Hamiltonian.

The ordinary (nonstaggered) magnetization in the
antiferromagnetic interpretation of the model is
given by the first derivative of F with respect to
g. The second derivative yields the nonordering
susceptibility x,, while the second derivative with
respect to ¢ yields the specific heat. Since the
analysis that leads to these functions is rather
messy, and differs little from that of II, we quote
only the results.

V. THERMODYNAMIC SCALING FUNCTIONS

Our calculations are, in fact, valid to first or-
der in € =4 —d, and in 7, independently. For reas-
ons of simplicity, however, we have retained only
terms of first order in either € or 7, in the various
amplitudes (discarding terms of order €7,). For
convenience we recapitulate here the various vari-
ables that enter the scaling functions, expressed
in terms of the parameters of the initial Hamil-
tonian (1.1): these are

t=7r,+8K,u.[1-002)], (5.1)
u.=€/40K,=u,+57,, (5.2)

J

1-22

F=g,(1+30,/8u,). (5.3)
The scaling variables are then

z=g/1t1%, =X/, =1+55¢, (5.4)

y=o, 1'% /8u,, ¢ =-5¢, (5.5)

Z =z +4(2)¢/*%y , (5.6)

while important parts of the scaling functions are

Ex,y)=(lx|/249){| x|"#[R (x, »)]** -1}, (5.7

Clx,y) =(1/249){1 - | x|"#[R (x,y)]'/*}, (5.8)
where

Rx,y)=(1+3y) [ x |2 -2y, (5.9)
from which one finds

E(x,0)==15(|x "2~ x]). (5.10)

When $,<0, i.e., for y<0, the variable Z may
vanish; in fact, the equation Z =0 defines the
tetracritical line on which Ising-like exponents
are observed. The thermodynamic functions then
have the following scaling forms:

(a) Spontaneous magnetization:

M3=(1/4u.) | t12(Q,+¥Q,) +O(€%, €y,5%) ,  (5.11)
with
Qo=1+1z —1e(3+22)In2+2) -EE,y), (5.12)

Q.=1-z, B=i(1-3¢). (5.13)
(b) Parallel susceptibility:
X =177 (Q:+yQ5) +0(e?, €y,5?), (5.14)
with

Q.=[1/2+2)]{1-teIn(2+z)
+[2/(2+Z)]E~(Z-:y)+c(2,y)}, (5-15)

Q:=32/(2+2)%, vy=ym=2)=1+1¢. (5.16)
(c) Perpendicular susceptibility:
xo =l t177ZTV[RE, y)]YAQu+y) (5.17)
with

Q=1-%eln(2+z), y=ym=1)=1+>¢. (5.18)
(d) Free energy (singular part):

1 - €
Fs=—EZ1Z|t|2 “[(2+z)2 <1+2y 7z —ﬁln(2+z))

+32%[1-9y - SeIn(2+2)]+1 - e In(2 +2) - % E3RE, ] -1y - t|a} ,  (5.19)

with

a=am-2)=xe, a=rc.

(5.20)
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(e) Nonordering magnetization:

-~ i 1 2
BF |48

= 2 _ __BL__E_. _i-—&'~ 1/3 _ 1
M=~ 52, o <1+3z 2y 2 10 (2+z)In(2 +z) 8 {Z=%[R(Z,y)] 1}) , (5.21)
with f=2-a - ¢.
(f) Nonordering susceptibility:
- aM -y 1 1-1 ..3£ 1+In(2 )]_ 3 {--&[R"(Z~ )]1/3 1 & 22)
)(A’_agozltl 24140 R 20[ + ( +z 16y 2 »y - } ’ .

withy =2 —q@ - 2¢.

These results have to be considered in two dif-
ferent cases. When 9, is negative, they apply only
for 7 >0 and the various thermodynamic functions
exhibit Ising-like singularities on the line 2 =0.

When 7, is positive, the reduced Hamiltonian has
tea =0, with u,4<0. As was discussed in Sec. IVA,
the reduced Hamiltonian is, in fact, stabilized by
terms of the form u,s%. We also have u,=0[v(*)]
=0(ey), with t,4=0(y). Thus 3¢, corresponds to a
single-component Hamiltonian, and since #,.4> u2,/
ug We are in the region of the (f.4,%.q) plane that is
shaded in Fig. 6. As the bicritical point is ap-
proached along the flop line (z ~0) the various scal-
ing functions in terms of the reduced variables,
degenerate into those of a Gaussian system.®
However, the divergences of the various suscepti-
bilities on the coexistence lines are again damped
by the cubic term; specifically we find from (5.15)
and (5.17) the magnitudes

Xu”(ﬁo )-5/2’ )(.L”(ﬁo)-1 (5.23)

red A

W’“

FIG. 6. Phase diagram of an Ising-like system in the
(£,4) plane with a line of critical points (f;eq=0, %4> 0),
and a first-order transition (bold line). The integration
over o maps ¥[s, o] onto Hamiltonians ¥C4ls], lying in
the shaded region.

r

on the first-order line. This is in agreement

with the predictions of Wallace.?® However, when
=0 (y =0), Gaussian singularities are seen in the
limit g~0 (z~0) as is evident from (5.10), where
the term | x|*~€/? corresponcs to a g'~% singu-
larity in which o, =} € is the Gaussian specific-
heat exponent. This behavior corresponds, of
course, to the isotropic (z>2) coexistence curve
singularities associated with the so called Gold-
stone modes (or spin waves).

A graphic appreciation of our results can be
obtained by plotting the various scaling functions,
evaluated at ¢ =1, against the variable z~g/| ¢|®
for fixed y. This corresponds essentially to vary-
ing the quadratic anisotropy field at fixed cubic
anisotropy and constant temperature below the
multicritical point. (However, in a general situ-
ation this may not correspond precisely to con-
stant temperature owing to linear and nonlinear
corrections to the scaling axes.?')

Figure 7 displays the variation of the spon-
taneous order M ,, with z at values of y equal to
0.1 and 0.01 corresponding to bicriticality (dot-
dash curves), at y =0 describing limiting iso-
tropic bicriticality (solid curve), and at y =-0.01
and -0.1 which corresponds to tetracriticality
(dashed curves). The vertical dotted lines rep-
resent the critical lines 7'}(g) marking the tran-
sition to the mixed phase which occurs for y<0
at Z=0. Note that the plots of M, should continue
smoothly into the mixed phase but the present
calculations do not extend to the mixed phase re-
gion. It can be seen from the graphs that the plots
for y =0 and y <0 terminate at £ =0 with an infinite
slope (vertical tangent). This represents the ex-
pected Gaussian or Ising-like singularities, re-
spectively. It should be noted, however, that the
vertical scale in Fig. 7 is considerably magnified
(and excludes the zero) so that these singularities
will not be easy to detect experimentally.

Figure 8 shows corresponding plots of the scal-
ing function for the nonordering magnetization M
(which would correspond to the ordinary uniform
magnetization in the case of an antiferromagnet).
The singularities on the phase boundaries T}(g)
and g =0 (for the isotropic case) are comparatively
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FIG. 7. Scaling function for the spontaneous order
M, (evaluated at €=1 as a function of z ~g/|¢|® and fixed,
scaled cubic anisotropy y "T’o/lt|¢”=170|t|l¢vl)- The dot-
dash curves represent bicritical conditions (7,,y>0);
the solid line corresponds to the limiting isotropic case
(7 y=y=0); the dashed curves represent tetracritical
situations (9, y<0). The dotted vertical lines corre-
spond to the Ising-like critical lines 77 (£) marking the

boundary of the mixed phase regions in the tetracritical
case.

stronger than in M,. The visibility of the singu-

larities is improved by differentiation with respect

to the anisotropy field g as evident from Fig. 9,
which shows the corresponding scaling functions
for the nonordering susceptibility x,. The diver-
gences correspond to specific-heat-like singu-
larities. The parallel ordering susceptibility

Xy ~8%F /oh2~8M, /oh, [where h=(h, ,h,) is the
ordering field], displays on the phase boundaries,
singularities of the same character, but of ap-
preciably smaller amplitude. The appropriate
plots are displayed in Fig. 10. In the bicritical
situation (7y, y>0) both response functions peak on
the first-order boundary, or flop line, but the
sharpness of the kink there depends strongly on
the value of the cubic anisotropy.

Experimental observations of the variation of
the nonordering magnetization M on the first or-
der, or flop line in the bicritical situation, offer
a direct route to measurement of the crossover
exponent ¢ since the exponent for M(T) is f=2 - a
- ¢.3*+22 However, the presence of cubic aniso-
tropy adds a component to the variation of M (T)
which could affect such a determination. To gauge

this effect we plot in Fig. 11 the effective expo-
nent
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0 : 1 1 1 1

-

(o] 0.2 04 ¢
z~g/|t|

FIG. 8. Scaling function for the nonord

ering magneti-

zation M, at e=1, as a function of z at fixed y. The solid
line represents the isotropic limit, 7=y =0.

BH(T) =t 5 Inff(T,g =0,7,)

(5.24)
as a function of
Iny=|¢,|In|¢| +In| 7,| +const., (5.25)
as given by the scaling form with g=2=0. Since
T 7 1
o i
] !
st | l'
N |
A 1
‘ :
X_v? . A |
Itl \ N
\ \\
\
. ]
‘\. \\ \\
VoA N
\
L \\ AN S yE-ol
\NY*® o1 =~
NN T
N, S~ T
2+ ~ ~. \\‘~\ B
. ye0OT T = TITTimooooo o
= — : ]
. hy?oT ____________
Oo L L " 1 | . . X
0.2 0.4 g 08
2~g/l1t1*

FIG. 9. Scaling function for the nonordering suscepti-

bility x, as a function of z at fixed y. The
are specific-heat-like.

singularities
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FIG. 10. Plot of the scaling function for the parallel
ordering susceptibility x, as a function of z at fixed y,
displaying weak, specific-heat-like singularities. Note
that the parallel spin components are already ordered:
it is the perpendicular spin components which are start-
ing to order as the critical line T, (g) is approached
(when Z —0).

| ¢,| = 15€ will be small in realistic cases, it can
be seen that the effect is not a large one. How-
ever, it must be recalled that our result is only
valid to first order in ¥, and may thus be some-
what misleading for larger values of y.

Finally, Fig. 12 displays the scaling function
for the perpendicular susceptibility x, ~0>F/ah?

L l T T
(o] (o]
B v -B
-0.01— T
-0.02— -
log,y = % log‘oltl + const.

1 1 L | L

-3 -2 -1

FIG. 11. Plot of the effective exponent 5*( y) for the
nonordering magnetization relative to its asymptotic

value B vs log,yy, which varies as (]!56 logyqtl, for
€=1(d=3).

15
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FIG. 12. Plot of the scaling function for the perpen-
dicular ordering susceptibility x, as a function of z at
fixed y, displaying strong Ising-like susceptibility di-
vergences, which correspond to the ordering of the

perpendicular spin components which occurs in the
mixed phase.

~dM , /ah,. Since the perpendicular spin compo-
nents described by M, are ordering as the critical
line T}(g) is approached below T,, we expect this
response function to diverge strongly in the tetra-
critical cases. Indeed, the exponent of divergence
v is just the Ising-like susceptibility exponent
y(m=1)=~1+3¢. In the isotropic limit, =0, this
goes over to a Gaussian or classical divergence
with exponent y; =1 as can be seen from (5.17).

VL. SUMMARY

We have extended the calculation of crossover
scaling functions in the ordered phases of bicriti-
cal and tetracritical systems to the region of
small quartic symmetry breaking. This regime is
of particular theoretical interest, because of the
central role played by a dangerous irrelevant vari-
able.® We have clearly demonstrated, in the con-
text of the trajectory integral approach, the me-
chanism by which such a variable determines the
nature of the phase diagram and the thermody-
namic functions. Our calculations have yielded
explicit crossover scaling functions for various
thermodynamic quantities of interest. We expect
that these expressions will be useful in analyzing
current and future experimental data.

There are various worthwhile extensions of
these series of calculations. First, no theoretical
results have yet been obtained for the mixed phase
(i.e., on the “shelf” in Fig. 2). Second, extension
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to the general three-dimensional space of Fig. 2
would be most interesting, since this corresponds
to the experimental situation where complete align-
ment of the fields with appropriate symmetry axes
is often very hard to achieve.® We hope in the
future to undertake studies in these and related
directions.
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