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J. G. Dash
Physics Department, University of 8"ashington, Seattle, Washington 98195

(Received 9 November 1976)

A theory of the growth of thin films and the evolution of bulk characteristics is developed from a

thermodynamic basis. The work has been prompted by recent experiments on 'He, 'He, and N, films adsorbed

on uniform basal-plane graphite surfaces, which indicate that as coverage increases the characteristics of the

films may progress from a monolayer regime to a two-layer regime, and then at coverages which are specific

to each system and temperature, to the relatively abrupt appearance of nearly bulklike properties. It is shown

that the nature of film growth with increasing adsorption is controlled by three interfacial coefficients and the

spreading pressure, which permit three general classes of behavior: (I) uniform deposits at all thicknesses; (II)
bulk nucleation after a thin uniform deposit; {III)bulk nucleation with no preadsorption. Metal deposits on

inert insulator and semiconductor surfaces typically belong to classes II and III. Van der %'aals films are

conventionally considered class I, although several class II examples are known. The recent experiments

strongly suggest that He and N, on graphite are members of class II, and quantitative estimates of the helium-

graphite parameters are consistent with this possibility. Further aspects of class-II growth are also considered.

On ideal surfaces the clustering transition is guarded by a high nucleation barrier but in real systems the

barrier is reduced or entirely removed by substrate heterogeneities. This usually leads to the formation of

many isolated clusters which grow into "thick" islands coexisting with ultrathin film. The islands are shown

to be markedly flattened by the substrate field, and as more material is deposited they grow principally in the

lateral direction. %hen the coverage is sufficiently high the islands establish connectivity in a percolation

transition. Percolation transitions appear to take place in metal films; we propose that they occur also in

helium films. In 'He films below Tz the percolation transition can take place via Josephson tunneling between

droplets, at coverages too low for "geometric*' connectivity: this causes the superfluid onset temperature to

depend on coverage. A number of persistent puzzles associated with onset phenomena are understandable in

terms of the theory. It seems likely that models of superfluid onset in uniform slab geometry have little to do

with real films.

I. INTRODUCTION

Inelastic neutron scattering has been used re-
cently to measure the energy-momentum dis-
persion curve of 'He films adsorbed on Qrafoil. '
Carneiro et al. discovered a distinct loss peak
in films as thin as four layers, corresponding to
excitations having the energy and momentum
characteristic of rotons in bulk liquid helium. The
integrated intensity of the peak increases linearly
with quantity absorbed, but energy, momentum,
and width remain constant. Linear extrapolation
to zero intensity indicates a threshold thickness
slightly greater than two layers.

We believe that the results indicate the forma-
tion and growth of thin liquid droplets on top of
the threshold thickness films, i.e. , that the ad-
sorbed helium undergoes a first-order "cluster-
ing" transition. Clustering has been proposed to
explain recent calorimetric results for liquid 'He
films' and solid N, films adsorbed on Grafoil.
Clustering may help to explain several puzzling
features of superfluid onset phenomena in thin
He films adsorbed on various uniform and hetero-

geneous substrates.

The formation of small liquid or solid clusters
on the bare substrate or on top of a thin uniform
deposit is typical of strongly cohesive metal films
on insulating or semiconducting surfaces. 4 Clus-
tering is also indicated in a variety of physisorbed
film systems. ' ' Evidence in these cases has been
obtained primarily through vapor-pressure iso-
therms, in which the bulk vapor pressure is
reached at rather low average coverages.

The theory of clustering and droplet growth is
not satisfactory. Although several aspects are
understood, considerable areas are poorly under-
stood. For example, although the general con-
dition for the stability of uniform deposits is basic
to the phenomena of wetting and adhesion, ""its
application to adsorption has not been deeply ex-
plored. The critical region of nucleation and
early growth is usually treated as a kinetic prob-
lem, ""which has been a natural approach for
systems involving continuous beam deposition.
However, the recent experiments on physisorbed
films have emphasized their equilibrium proper-
ties, suggesting to us that a thermodynamic treat-
ment might be appropriate. This paper presents
the outline of such a theory.
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The paper is organized as follows. In Sec. II we

examine the stability conditions for the spreading
of a uniform thickness film on a solid surface, and

develop a criterion for the critical thickness at
which it may form droplets instead of a uniform
film. In Sec. III small droplets are examined with

respect to shape and size effects; they are found

to be strongly flattened by substrate field and very
thin at first appearance. SectionIVdiscusses
questions of nucleation on ideal surfaces, on highly
uniform real substrates, and on heterogeneous
adsorbents. In Sec. V we consider the growth of
droplets as more material is deposited, to a
coverage at which droplets merge to form long
connected paths. Section V Bdiscusses further
growth to thick-film regimes.

II. WETTING CONDITIONS

A. General macroscopic theory

In this section we treat the substrate as an ad-
sorbing surface but neglect the distorting effect
of the substrate field on the contact angle. We
also assume that the droplets, when they appear,
have bulk properties. Size effects as well as
effects of the substrate field a.re treated in Sec.
III. The conditions for clustering in a thin film
can be developed beginning with the Young-Dupre
equation for the contact angle 8 of a macroscopic
liquid droplet on a solid surface. '""'" For
"complete wetting, "where the liquid spreads out
to cover the surface uniformly, the angle 8= 0.
This requires that the interfacial tensions

ysv y1v+ ys1 &

where s, l, v stand for solid, liquid, and vapor. The
interfacial tension between the solid and the vapor
is affected by adsorption, which reduces y,„by an
amount equal to the spreading pressure Q of the
film. The relationship between y,„and Q follows
from the definition of surface tension together
with adsorption thermodynamics, but because it
is not very familiar a brief outline of the con-
nection wiLL be given here. The surface tension of
an interface between two substances or phases in
a thermodynamic system is defined as the excess
thermodynamic potential per unit area due to the
interface 10 11&14 16 j

The thermodynamic potential for all types of
systems is the difference between the Helmholtz
free energy F and the Gibbs potential G: Q=F
—G. For simple bulk matter G=F+PV; in sys-
tems having appreciable interfacial area there is
an additional contribution, proportional to A.
Thus, Q for the complete system can be decom-

4& y.0- yi. —y. & (5)

It is important to note here that y„ is the coef-
ficient of the interface between the solid and the
bulk liquid, regardless of what form the transi-
tional region may take, as long as it is relatively
thin. There is no need to inspect whether there
are any distinct phases or structures in the first
few layers of liquid near the solid, because the
coefficient y„ includes all of the change in Q pro-
portional to the area of the interface. If a liquid
drop forms on a film-covered substrate, its
thermodynamic properties cannot reveal whether
the drop rests on top of the film, or directly on
the surface, or whether there are intermediate
phases in the transitional region, provided that
it is thin (t «P/P)

posed into two parts: a term Q„=-PV, which is
equal to the proportionate contributions of the
bulk components as if entirely unaffected by the
presence of the interface, and an excess contribution

0,which includes all of the effects of the interface in-
cluding distortions which may extend over appreci-
able but limited distances into the bulk phases. If
the total thicknesses of the the bulk phases are
very great in comparison to the relaxation dis-
tances, the effects of the interface will. be pro-
portional to A. Changes in y caused by the ad-
sorption on an interface can be related to film and

vapor properties. Suppose that the interface be-
tween a bulk substance and vacuum has surface
tension coefficient y„=A,O/A. Now if a vapor is
introduced to the system, there will be some
change in thermodynamic potential of the total
system, part of which will be proportional to A.
This change is reflected in the surface-tension
coefficient: 5y=50, /A. This change can also be
considered an attribute of the film, although it
really belongs to the composite interface solid-
film-vapor, so that Q«, =—5Q, . Qz has in prin-
ciple both a volume and an area term:

Qy= —PVy- (t)A .
P is the spreading pressure of the film; Eq. (3)
can be considered as the defining equation for Q.

In most cases of interest the film is so thin that
the volume term in (3) is negligible. Then the
reduction in y due to adsorption is just equal to

If a substrate coefficient is y,0 in vacuum its
surface tension y,„when it is in equilibrium with
vapor is, therefore,

(4)

if the adsorbed film thickness t «Q/P.
With Eq. (4) we can now write the criterion (l)

for complete wetting in terms of P and the coef-
ficients for the bulk phases:
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FIG. 1. Schematic vapor-pressure isotherms illus-
trating the three main classes of film-substrate be-
havior.

The stability condition (5) leads to three distinct
classes of system, depending on the value of $ for
the saturated film. The maximum spreading pres-
sure that can be attained by a film at temperature
T is some $0 when in equilibrium with saturated
vapor at the bulk phase pressure Po(T). If the
inequality (5) is still satisfied for P= $0, then
the film wets the surface completely no matter
how thick the film becomes. Such systems will
be designated class I. In contrast, some systems
have a maximum fdt), which violates the inequality;
in these (class II) systems there is a "threshold"
coverage at which IIt) is just equal to the right-hand
side of (5). Beyond this threshold the contact angle
between bulk phase and the substrate is greater
than zero: there is no longer "complete wetting, "
and added material goes to form droplets on the
surface. The third class of systems has surface
tension coefficients such that the right-hand side
of (5) is negative. In these cases there can be
no physical solutions for P and hence no adsorp-
tion. The substrate is never coated by adsorbate
and if bulk phase is formed it does not wet the
surface at all, i.e. , H=n'.

The three classes have distinctive vapor-pres-
sure isotherms. In class-I systems the vapor-
pressure isotherm rises gradually (we are not
concerned here with steps associated with layer
completion); as P approaches P, the thickness of
deposit increases continuously toward ~. In
class-II systems the vapor pressure reaches P,
at a finite coverage: then the isotherm rises
vertically as bulk material is condensed. " Class
III isotherms show no adsorption; just a vertical
riser at P,. The three classes of isotherms are
shown schematically in Fig. 1. Examples of each
type of system are known. Type-I van der %aals
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FIG. 2. Experimental class-I isotherm: Kr on ex-
foliated graphite at 77 K, by A. Thorny, J. Regnier,
and X. Duval (Ref. 20). (The ordinate 8 is the number
of full-coverage layers. )

films include Kr and Xe on graphite. "" Type II
includes Ar on graphite, ' NO on CdI„' and SF, on

Cd, ' and apparently most metal films. ' Type III
includes Kr on Naand Na, O, 'and H, Oon graphite. '
Experimental isotherms illustrating each class
are shown in Figs. 2-4. Of particular interest
here are recent calorimetric measurements of
'He' and 'N, on Grafoil, indicating that these sys-
tems are class II. Clustering in relatively weakly
interacting van der %aals films is surprising;
especially in He. However, the theory applied to
He does indeed predict that clustering is likely.
A general approximation for predicting the class
of any system is described below: in Sec. IIB the
method is applied to He.

Quantitative tests of the theoretical stability
criterion Eq. (5) are limited by the difficulty in
measuring y„directly. However, an approximate
combining law allows an estimate of y„ from y,o
and y,„. If effects of surface excitations and re-
laxation are neglected, the interfacial tension of
dissimilar systems interacting via typical disper-
sion forces with comparable molecular densities
is given by"

(6}

where y~, y2 are the contributions to y„y, due to
the dispersion force interactions across a unit
area plane in each medium. Equation (6} provides
a consistent and fairly successful quantitative
basis for categorizing surfactants and deter-
gents, "especially for distinguishing between
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FIG. 4. Experimental class-III isotherm: Kr on Na

metal at 75 K (Ref. 6). One full-coverage layer corre-
sponds to V~, -4 units on this graph.
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classes I and III. If (6) is used to estimate y„ in

(5), one obtains the complete wetting criterion for
all classes:

0 & 2 [(y.', y'.)"' y,„] -.

In addition we can relate Q to the equilibrium va,-
por pressure P by means of the Gibbs isotherm
relation and in this way obtain a wetting criterion
involving quantities which are either directly mea-
surable or can be approximated from experimental
quantities. The Gibbs isotherm for a differential
process at constant T for a film and vapor in
equilibrium is dP = (v/a)dP, where a is the area/
molecule in the film and v is the volume/molecule
in the vapor. """" If the vapor density is suf-
ficiently low, v can be expressed in terms of P
and T by the ideal gas law. Then integrating the
Gibbs relation and substituting the result for P
in (I) we obtain a condition for complete wetting
at pressure P:

O. I 0

0.08-

P
kT a dlnP &2 y y —y

0

8. Wetting conditions for He films
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FIG. 3. Examples of class-II isotherms. {a) Ar on
Kr-plated graphitized carbon black at 74 K (Ref. 5). (b)
NO on lamellar solids (Ref. 8); Q„CdBr2 at 83 K; ~
CdC12 at 77 K; V, CdI2 at 79 K; (c) CH3C1 on Cd metal at
144 K {Ref. 9). [The ordinate 8 in (a) and (b) is the
number of full-coverage layers. In (c) 8= 1corresponds
approximately to V~ = 0.05 units. ]

Application of (8) to the system 'He-graphite
requires us to estimate several parameters.
The value y,„=0.37 erg/cm' for liquid 'He is
fairly constant for T& T„, to within the accuracy
required for the present considerations. The
dispersion coefficient y,"„for 'He is considerably
larger than y, „;we estimate it here by a continuum ap-
proximation to the surface energy. The attractive
potential energy across a unit area plane in a
continuum of density n interacting via 6-12 pair
potentials can be approximated by the expression

24 2 v(4 v)2/2en6/2o6 (9)3

Since the total interaction energy is strongly
weighted by the two layers in contact, the appro-
priate n in (9) corresponds to a medium with the
interatomic spacing of the first adsorbed layer on
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the substrate in question.
The quantity y„ for graphite has been determined

empirically via a series of studies with various
liquids and adsorbed gases' '"; results vary from
about 110 to 150 erg/cm2. If we take the central
value, and identify y, „ for Hewithu«calculated
above, the right-hand side of Eq. (8) is equal to
26 erg/cm'.

The spreading pressure can be estimated by
combining empirical results with an analytic ap-
proximation. The spreading pressure of a com-
pleted first layer of 'He on graphite has been de-
termined by analysis of vapor pressure and
calorimetric measurements '" it is found that

Q, = 14.9 erg/cm independent of T below 3 K.
~He films thicker than a few layers follow a pres-
sure- thickness law

p/p e-u/ AT t (10)

where t is the mean thickness in atomic layers. "~'
Using (10) we can obtain an analytic expression
for the increase of spreading pressure above P,
for any t & 1 by integration of (10) between the
limits t = 1 and t. We then obtain for the critical
thickness t, at which (8) becomes an equality,

—', an, (1 —t ) =2(y,oy, „) t —y, „]—P~, (11)

where n, is the surface density of a single layer
(assumed constant for all layers above the first).

The parameter n for 4He-graphite is not defin-
itely established. Measurements using different
techniques range from a high value of 1.8x 10 "
to 4 x 10""erg."" With a value midway between
the two extremes and n, = 0.08 A ',"the computed
t, =2.8 layers.

The calculated critical thickness I~ is compar-
able with the experimental values for the intial
appearance of bulklike properties in 'He-graphite
films. The extrapolated threshold thickness for
the roton loss peak seen in inelastic neutron scat-
tering was found to be between two and four
layers. The minimum thickness for the appearance
of anomalous mass transport at T T„("onset A")
was found to be between two and three layers. "
The minimum thickness for appearance of a
specific-heat anomaly at T- T, is between two
and three layers. " The success of the theoretical
estimate may be fortuitous to a certain extent
for some of the quantities required for the theo-
retical estimate are not known to high accuracy.
The critical thickness is very sensitive to
changes in the parameters, especially for thick-
nesses greater than - 2 layers. Most of the con-
tribution to P in a multilayer film comes from the
first few layers: in 'He-graphite Q, is about
half of the maximum exerted by a thick film, and
the contributions of higher layers decrease rap-

idly with increasing distance from the surface.
But we can at least conclude that clustering in
He films at low temperatures seems likely. The
estimated critical thickness for 'He on graphite
is somewhat greater than two layers, and this
value of t, is consistent with the indications from
several experimental studies.

5P!P,= 2y, „v,/rkT, (12)

where v, is the atomic volume of the liquid phase.
Equation (12) is valid for relatively large radii,
i.e. , to the late growth state, but we nevertheless
use it to illustrate the trend in shape throughout the
droplet regime. In equilibrium the chemical po-
tential of the droplets is equal to that of the vapor:
if the vapor is effectively an ideal gas, we can use
Eq. (12) to obtain an explicit dependence of the
chemical. potential p, on r, P„and T:

tI,(r, P„T)=kT ln o I+ rkT (13)

where X =h(2vmkT) ' ' is the thermal de Broglie
wavelength. If the substrate field is now intro-
duced, assuming it is a small perturbation on the
molecular states of the gas, its effect is a simple
shift of p, equal to the single-particle adsorption
energy. This makes the chemical potential a local.
function of the distance to the substrate as well
as of r, P„and T. If the adsorption potential
has the normal t dependence for intermediate
range, "

p(t, r, P„T)= p(r, P„T)—a/t '. (14)

In the equilibrium system the temperature and
chemical potential are uniform but the pressure is
not. If P„ is the pressure far from the surface,
the chemical potential throughout the system can
be referred to P„by the ideal gas expression

III. SUBSTRATE FIELD AND SIZE EFFECTS

At thicknesses greater than t, the stability con-
ditions favor droplet formation and growth in class-
II systems. In the early stages of growth the
small droplets are markedly distorted from the
spherical cap shapes of large drops. The dis-
tortions arise from a combination of curvature ef-
fect due to small size, together with an effect of
the attractive field of the substrate, which tends
to flatten the droplets against the surface. The
general features can be approximated by combin-
ing standard thermodynamic results. We first
consider the effect of droplet size alone. Cur-
vature causes an enhancement of the equilibrium
vapor pressure above the value P, of the bulk
phase: for spherical droplets of radius r sus-
pended in the vapor the relative enhancement is"
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p„=kT In(P„X'/kT) . (15)

r = 2y, „v, t'/a . (17)

The cubic dependence on t in Eq. (17), which
arises from the thirdterm in (14}, holds only over
intermediate distances, up to about 100 A, but
beyond this range retardation effects become
important and the exponent changes gradually from
three to four.

Equations (16) and (17) are derived for nearly
spherical, relatively large droplets suspended in
the attractive field of a substrate, but not for
very small droplets in the strong fields close to
the surface. For small droplets resting on real-
istic surfaces the fields are much stronger than
the range of validity of the approximations. In
addition, there are two distinct radii of curvature
in the distorted droplets, and instead of the fac-
tor r ' m Eq. (12) the correct term is the average
(r ')„=—,'(r, '+ r, ')." However in strongly flattened
profiles (r ')„ is dominated by the smaller of the
two radii, which is qualitatively described by
Eqs. (16}and (17). Nevertheless we expect that
the qualitative behavior we describe here does
occur, i.e. , the radius of curvature is relatively
small close to the surface and increases rapidly
with distance. Thus the qualitative shape has a
profile like that indicated in Fig. 5. Such shapes
have been obtained by Ruckenstein and I.ee" for
very small droplets, from computer calculations

Combining (13}and (14), and equating p(t, r, P„T)
to p,„, we get radius of curvature as a function of
distance from the substrate:

2y) vg P~ at

-P0

Equation (16) predicts that r increases rapidly
with distance. The dependence at large t is ap-
proximately as a power law. At large t, and
hence large r, the droplets are essentially bulk
phase, so that P, = P„. If a/kTt' «1, expo-
nential in (16) can be expanded to first order,
yielding

for molecules interacting with typical, pair po-
tentials at zero temperature.

We can obtain a rough estimate of the aspect
ratio of height to width from Eq. (17). The lateral
size l of a drop is dictated essentiallyby its max-
imum radius r (i.e. , of its "top cap"), while the
mean thickness K is somewhat less than the value
of t(r„) corresponding to this radius; we will put
K & t (r ). Thus, the mean thickness correspond-
ing to lateral dimension I(= 2r ) is

,'(af/—2y,„v,)at s

Equation (18) shows that small droplets increase
in size primarily by lateral growth, with very
modest increases in thickness.

Using Eq. (18) we can estimate the thickness of
small droplets of 'He on Grafoil, to compare with
the neutron results. Typical domain sizes of
monolayers on Grafoil, indicated by calori-
metric, "neutron scattering, "Mossbauer, "and
strain gauge" studies range from 80 A to a few

hundred A. Although the nature of the domain
boundaries on Grafoil has not been determined,
it is probable that they are due to localized sub-
strate imperfections such as dislocation lines and
growth steps. Features such as these have been
observed on single-crystal graphite surfaces by
electron microscopy. " Such surface imperfections
can control the nucleation, size, and lateral width
of droplets in thin early growth stages (see Sec.
IV). If we take l = 100 A and the remaining param-
eters appropriate to 'He then according to Eq. (18)
h-4 layers. The droplets are thus predicted to
be extremely thin, in qualitative agreement with
the scattering results. Moreover, the droplets
remain very thin even as they grow considerably
in lateral size: for E = 1000 A, 0 is still only about
8 layers. These estimates require that the quan-
tities 2y, „v,/kT and a/kT(k)' are small. Both
conditions are satisfied for the latter of the two
cases above, i.e. , for droplets of 1000 A lateral
size. For the smaller droplets one can expect
appreciable errors, but nevertheless the same
type of strongly flattened profiles.

IV. NUCLEATION AND HETEROGENEITY

8/&////ZDlZ8//8////FD//8//8/rWF///1

FIG. 5. Schematic profile of a small droplet of class-
II film, showing the flattening due to substrate attrac-
tion. The droplet is shown as coexisting with a thin uni-
form film on the substrate. The transition region at the
base of the droplet may have a distinct microscopic
structure, but its thermodynamic properties are de-
scribed by a single interfacial coefficient as long as it
is thin (t «@/P).

The equilibrium properties of very small drop-
lets are different from their bulk phases; of parti-
cular relevance here is the fact that their surface
tension coefficients are somewhat smaller. This
is due to the loss of the long-range part of the
attractive energy from atoms far from the droplet
surface. For droplet radii comparable with or
smaller than such distances the cohesive energy
is reduced and the surface tensions y,„and y, f
are also lowered. These changes modify the con-



J. G. DASH

W exp[16wy YP /3(kT) (5P) ] . (19)

The application of Eq. (19) to the nucleation of a
droplet resting on a surface requires only minor
modifications: the replacement of the single ten-
sion coefficient by the difference between the in-
terfacial coefficients before and after nucleation,
and a geometrical factor for the nonspherical
shape. Typical probabilities according to (19) are
extremely small. For example, if y= 1 erg/cm',
T=100 K, V=(100 A)', and 6P/P=0. 1, the prob-
ability W- exp(- 6 x 10'). Therefore the charac-
teristic times for nucleation on an ideal surface
are astronomically large. But on real surfaces
there are always some imperfections which can
reduce or entirely remove the nucleation barrier.
At kink sites and concavities the adsorption binding
energy is significantly greater than on the uniform
flat planes. At these locations the adsorbed film
is thicker than on the uniform regions. As the
vapor pressure is increased there is a tendency
for the local adsorption to "fill up" the concavities
and pits, because their concave shapes reduces
the equilibrium vapor pressure locally. This
preferential thickening can be so pronounced that
nucleation occurs at the special sites before the
bulk vapor pressure is reached, in which case
there is no longer any nucleation barrier for the
system as a whole, and droplets can just, grow
outward continuously from the nucleation sites
into the uniform regions. Depending on the extent
and nature of the heterogeneity, the onset of
clustering may have the nature of a first-order
phase change or a more gradual transition. If
there are only a few nucleation sites on an other-
wise uniform surface the major part of growth
takes place at the bulk saturation pressure Po;

ditions governing the clustering transition by
increasing the threshold value for ~t) given by the
right-hand side of Eq. (5), for droplets of small
size. Accordingly, if the transition is approached
from the low-pressure side, the creation of small
clusters is postponed to some point further along
the vapor-pressure isotherm, to pressures greater
than P,. Just as for the case of bulk phase con-
densation in a supersaturated vapor, the pressure
may have to be raised to relatively high values be-
fore the new phase appears: the onset of droplet
growth can be blocked by a high nucleation bar-
rier. This barrier may be overcome, in principle,
by thermal fluctuations, but for moderate super-
saturation conditions the mean initiation time via
fluctuations is extremely long. For the related
case of a liquid in a supercooled vapor the prob-
ability for the appearance of a droplet of volume
V at a slight excess pressure 5P above the bulk
equilibrium P is'~

indeed, droplet growth on the surface is then the
first stage of bulk phase condensation. However,
it is distinct from the later stages in that the
small droplets coexist with uniform regions of
film, so that the properties of uniform thickness
film and clusters of bulk are found together on the
same surface. [Calorimetric measurements of
'He, ' and of N„' adsorbed on Grafoil indicate a
range of coverage in which uniform thickness
(thin) film coexists with small clusters which have
nearly bulk properties (thick films). ] The co-
existence regime suggests that the thin film-
cluster transition is a first-order phase change.
It is a true first-order phase change in the limit
of a large ideal surface, where there can be at
most one equilibrium cluster; the transition is
then identical to bulk phase condensation. But
on a real substrate, where there are many nu-
cleation sites, the transition is broadened ac-
cording to the number and range of influence of the
sites.

On highly heterogeneous surfaces the distinction
between nucleation and droplet growth can become
completely blurred, so that there will be a gradual
evolution from preferential adsorption on the re-
gions of strongest binding to those of weaker bind-
ing, together with growth beginning on the prefer-
ential regions. In these cases the vapor-pressure
isotherm can approach Po asymptotically, re-
sembling class-I systems, even though droplets
may be formed on small quasiuniform regions.
The distinction between class-I and -II isotherms
is therefore quite sensitive to heterogeneity; it
is presumably the reason why relatively few class-
II isotherms have been reported.

Capillary condensation is a phenomenon some-
what related to the clustering transition. Capillary
condensation depends on highly concave surfaces,
which help to nucleate adsorbed films into bulk
liquid. ""If the structure of the adsorbent is
highly tortuous, with long fine pores, the con-
densed phase tends to fill entire channels rather
than distribute evenly on all surfaces. The filled
channels are analogous to the droplets of the
clustering transition; depending on the sizes of
the pores, there may be a regime of overlap be-
tween the onset of clustering and capillary con-
densation.

V. PERCOLATION TRANSITIONS: SUPKRFLUID ONSET

A. Establishment of connectivity

After the initiation of clusters, further deposit-
ion causes each droplet to grow; as discussed
above, this growth is primarily in the lateral di-
rection. The locations of the initial. droplets de-
pend on the distribution and types of substrate im-
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perfections. The droplets tend to be of uniform
size on very uniform substrates, for the imper-
fections of uniform surfaces tend themselves to
be uniform. As growth proceeds beyond the range
of the nucleating imperfections, the droplets still
tend to be of uniform size and shape, being
governed by contact angle, together with the com-
mon dependence of thickness on lateral size. When
they spread far enough neighboring droplets coal-
esce, forming irregularly shaped patches co-
existing with regions of thin adsorbed film. With
continued growth the average patch length in-
creases, and cross connections multiply. If the
connectivity is sufficiently great there will be
a continuous path of "thick" film over a macro-
scopic area of substrate. The statistics of this
connection process appear to be describable by
two-dimensional percolation theory. Recent mea-
surements" of the resistivity of an ultrathin Bi
film show that there is an abrupt drop in resistiv-
ity when the fractional area covered by the "thick"
regions reached 0.67; this value and the critical
exponent for the variation of connectivity with
average thickness are consistent with the pre-
dictions of the two-dimensional continuum per-
colation model 40

The relevance of two-dimensional percolation
theory to helium films has been noted pre-
viously""~ in an attempt to explain experimental
observations on heterogeneous films; we now
believe that it is relevant to uniform substrates
as well. Superfluidity requires a continuous liquid
path over macroscopic distances which are charac-
teristic of the experimental detection technique,
typically on the order of 1 cm. But for calorimetry
and neutron scattering the droplets need not be
connected in order to show characteristic prop-
erties of He II, hence a A.-point specific-heat
anomaly and the roton loss peak can emerge even
before there is long-range connectivity. Studies
of mass transport" and thermal relaxation and
specific heat" with Grafoil substrates show that
for a film of given thickness (greater than about
2-,' layers) there are two distinct transitions;
anomalies appear at both T& and a lower tempera-
ture To. At T, the mass transport coefficient
rises by several orders of magnitude and thermal
relaxation becomes extremely rapid. The onset
temperature T, is a function of thickness; 7.', is
higher in thicker films, approaching T„as t in-
creases toward the thickness of the saturated film,
which is on the order of 100 layers at a height
of -1 cm above a bulk liquid reservoir. We have
proposed earlier that the anomalies at T„are due
to clusters; here we associate T, with long-range
connectivity established in a percolation transi-
tion.

The hypothesis of a percolation transition to ex-
plain onset has to account for the fact that super-
fluid onset is a function of temperature as well
as thickness. In a purely "geometric" percolation
transition there is no temperature dependence to
the critical coverage. We believe that the tem-
perature dependence in superfluid onset comes
about via quantum phase leakage between clusters.
A similar mechanism has been advanced for
granular films of superconductors, ~ ' in which
the superconductivity of macroscopic samples is
a gradual function of temperature. Clusters or
grains of superconducting material separated by
oxide or normal metal have order parameter phase
angles which may be weakly coupled to nearby grains
through tunneling or normal conduction. The
phases of individual grains undergo thermal fluc-
tuation and are uncorrelated unless the tempera-
ture is sufficiently low or the coupling is suf-
ficiently strong. As either T decreases or the
separation between grains decreases the phases
of adjacent grains become correlated, and when the
connections multiply enough, the entire sample
establishes a single coherent phase path from one
end to the other. It is this general explanation that
is proposed for superfluid onset, the principal dif-
ference being that here the evidence for clusters
is only circumstantial and not yet established by
direct observation.

These considerations are not limited to be-
havior of He' on Grafoil but are also relevant to
other, less uniform substrates, although their
heterogeneity tends to obscure sharp features.
The critical thickness for clustering is probably
smaller on the other surfaces that have been used
for He studies. The binding energy for adsorption
on graphite is larger than on all others such as
SiO, and CaF„"and this indicates that the surface
tension of graphite is larger. Therefore the right-
hand side of the clustering criterion Eq. (5) in-
dicates a greater thickness for clustering on
graphite. The general trend according to (5) is
consistent with wetting phenomena in a more con-
ventional context: more "energetic" surfaces are
more readily w'etted. Since we conclude that
clustering occurs at lower converage thicknesses
on other surfaces (e.g. , Vycor and glass" ), we
can accordingly expect that percolation occurs
earlier. This can come about because of two
separate effects: in addition to a lower critical
coverage for clustering, there can be on hetero-
geneous surfaces an extensive network of favor-
able channels or pathways of stronger binding,
which would "fill up" at relatively low coverage.
In any event the appearance of suyerfluid transport
can occur at relatively low "thickness" on hetero-
geneous and weak binding surfaces. Varieties of
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B. Thick films

In class-II systems as thickness is increased
beyond the coverage for "geometric" percolation
the area of "thick film" continues to increase at
the expense of thin regions. At some coverage
the last spot of thin film disappears and the entire
sample is covered by a thick film: we will suppose
that its thickness is some definite value t, . It is
of both fundamental interest and practical im-
portance to be able to predict t, for a particular
combination of substrate and deposit.

According to the current theory there is no in-
trinsic value of t, which is characteristic of just
the materials; t, is also dependent on the size
of the sample. Complete coverage of a sample
by a thick film is equivalent to its being covered
by a single droplet. The thickness-width relation
for a droplet is given by Eq. (18). The approxi-
mation will serve for a large droplet as well as
for a very small one, provided that the thickness
is not so great as to require a change in the ef-
fective exponent due to retardation. Assuaging
that retardation is unimportant, we get

t, - ~ (nL/2y, „v,)'~3 (20)

for a surface of lateral dimension L. We note
that t, is the mean thickness; the film is thicker
in the center than at the edges. The variation in
thickness over the central portion of the sample
may be quite slight, especially if the droplet is
strongly flattened by the substrate field; this
flattening is more pronounced in small and thin
droplets, hence in samples of small L. But if L
is relatively large, then the profile of a thick
covering film approaches a spherical cap shape.
The thickness variation of the sample may be
very great, depending on the contact angle at the
boundaries. Of course these arguments concern
equilibrium films only and not to those such as
metal evaporated coatings which are typically
deposited on cold substrates. But for van der
Waals films where there is usually sufficient time
and vapor pressure for equilibrium to be attained,
these considerations should apply. Helium films

thermal and transport superfluid onset measure-
ments which have been carried out in many labor-
atories over several decades have been inter-
preted recently in terms of percolation theory, "'~
and an experimental. test of the hypothesis was
carried out with positive results. ~ The interpreta-
tion and experiment now seem to be quite as rele-
vant to relatively uniform films as Grafoil as to
more heterogeneous systems.

are particularly interesting examples of equili-
brium deposits: thick superfluid films of 4He have
been studied for many years. By the current argu-
ments, such films are not likely to be very uni-
form over appreciable areas. According to (20)
the mean thickness of liquid 'He on a surface of
dimension -1 cm is about 400 layers; if material
is removed so as to reduce t, then the edges of the
"droplet" would draw away from the boundaries of
the substrate, leaving the edges with only a thin
coating of thickness t, . Our estimate of t, con-
trasts with typical thicknesses -100 layers de-
termined in experiments on saturated films in con-
tact with liquid HeII. However we have not in-
cluded gravitational energy in the theory. It is
known that the gravitational energy is a significant
factor in such situations, and a straightforward
treatment of gravity together with substrate at-
traction yields thicknesses comparable to those
observed. '4

According to the theory, there is no range of
finite thickness beyond t, for which any class-II
film can be truly uniform in thickness. Therefore
the parameter in Eq. (20) can only be an average
effective value beyond the clustering transition,
and the local thickness is actually a function of the
size and shape of the surface on which the film is
adsorbed, as well as on substrate imperfection,
gravitational potential, and similar weak influ-
ences.

VI. CONCLUSN)NS

This paper presents a thermodynamic approach
to the problem of clustering behavior in thin ad-
sorbed films. It is clear that the theory is quite
incomylete at its present state of development.
No attempt has been made to justify or improve
upon the simple combining law for interfacial ten-
sion. " We have not attempted to inspect the de-
tailed dependence of surface tension on the struc-
ture of the surface or the droplet phase. " The
several approximations, for surface tension,
spreading pressure, and droplet shape, are quite
crude and might be improved considerably al-
though probably with some loss in simplicity.
However, within the limitations of the approxi-
mations, the analysis seems to work reasonably
well. In addition to He, for example, it offers
reasonable agreement with measurements on N,
films, ' both with respect to the critical thickness
and also the typical cluster size at onset.

The theory is not intrinsically limited to weakly
bound van der Waals films. Some brief attention
has been given to other types of systems including
metal coatings on semiconducting and insulating
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substrates, where clustering at early stages of
deposition is a familiar phenomenon. In metal
films as well as in 'He and 'He films the disper-
sion force contribution to the surface tension is
significantly different from the total coefficient,
and its magnitude is of considerable fundamental
and practical interest. " According to the theory
presented here, systematic measurement of the
coefficients of metal films might be carried out
by studying clustering on various well charac-
terized substrates.
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