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The correlation energy per particle (expressed in rydbergs) of a two-dimensional electron gas is calculated by
summing the ring diagrams. For high densities, this is found to be of the form C + Dr,Inr, + O(r,), where r,
is a dimensionless parameter such that r? is proportional to the number of electrons per unit area. The value
of D is —0.172 and that of C is —0.38 +=0.04, the latter involves a numerical evaluation. By the same
methods, we have also calculated the difference in total energy of the nonmagnetic and ferromagnetic states
and we find for r, > 2.3 the system may be ferromagnetic. We have also obtained some exact relationships
between the pair correlation function at zero separation and the asymptotic behavior of the structure factor
and the momentum distribution function. These are of interest in relation to scattering experiments.

I. INTRODUCTION

The conduction electrons in a metal are tradi-
tionally described as a dense gas of electrons with
a neutralizing uniform positive charge in three
dimensions. Between 1950 and 1960, sophisticated
methods were developed to study the various as-
pects of this model system. It was soon realized
that a clear comparison between the experimental
results and those derived from this model cannot
be made. However, much intuition was developed
concerning this system in three dimensions.! Re-
cently, two physical systems have come to be
known as being essentially a two-dimensional ver-
sion of the above electron-gas model with con-
tinuously variable density. They are electrons
confined to the surface of liquid helium and to the
interface of metal-oxide-semiconductor sand-
wiches. They seem to be more closely describ-
able by the electron-gas model than the conduc-
tion electrons in metals in three dimensions, and
for this reason there is much interest in calculat-
ing various properties of this two-dimensional
system using the sophisticated methods developed
twenty years ago. There are many surprises
here. The dispersion of the plasmons in this sys-
tem goes to zero for long wavelengths in contrast
to the three-dimensional (3-D) situation. This
has been experimentally confirmed.? Zia3 calcu-
lated the correlation energy of a high-density
electron gas in two dimensions based on the Gell-
Mann and Brueckner method* developed earlier
for the corresponding 3-D system. Zia has made
several errors in his calculation as we shall show
in the present paper. The correlation energy per
particle in rydbergs approaches the form
C+ Dy Iny,, where », is the conventional dimen-
sionless electron gas parameter and »? is pro-
portional to the number density per unit area of
the system. Zia concluded that D is negligible

and thus C dominates. He found C= —0.021x+20%
and D=+2.2x 10™%, We find that his D ought to be
87 times larger and has a negative sign. For
very low densities, it is surmised as in three
dimensions that this system may crystallize into
a Wigner solid.>® One of us® estimated that for
intermediate densities, the system may perhaps
exhibit ferromagnetism just as Bloch found in the
3-D system. One of us” has also computed the
effects of exchange contributions to the plasmon
dispersion etc. There are various other many-
body aspects of these two systems that have been
studied and one may refer to the conference re-
port cited in Ref. 2 for information concerning
them.

The plan of the present paper is to set up the
correct Gell-Mann-Brueckner approach to the
correlation energy problem in Sec. II for a mag-
netically polarized electron system. A relation
between the paramagnetic and the fully-saturated-
ferromagnetic state correlation energies is esta-
blished similar to the one for the 3-D case given
by Misawa.® In Sec. III, we carry out the calcula-
tion of the correlation energy of the high-density
system for the paramagnetic state. In the same
section, we also mention an alternate theory of the
correlation energy based on the dielectric-func-
tion approach. This method is very physical in
that it brings out certain aspects of the plasmon
and particle-hole states explicitly. We derive an
expression for the cutoff wave vector for the plas-
mon, beyond which it will decay into a particle-
hole pair.

In Sec. IV, we give certain exact relationships
concerning the pair correlation function, the
structure factor, and the momentum distribution
function for the two-dimensional (2-D) system,
similar to the ones derived by the second author
for the 3-D system.*!° In Sec. V we give a sum-
mary of the results derived in this paper.
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II. CORRELATION ENERGY OF A POLARIZED
ELECTRON GAS

We first establish the notation used in this work.
We use units where %, the Planck constant, di-
vided by 27 is set equal to unity. The mean radius
per particle of the system with the total number
of electrons N confined to the surface area S is
defined by the dimensionless parameter 7,,

¥- nriad, a,= m_le"’ is the Bohr radius. (1)

Here m is the mass and e is the charge of the
electron. The Fermi momentum for the nonin-
teracting system for spin ¢ is kg, and is such that

[S/(2m?) n(kK%y+ k%) =N. (2)

If ¢ is the relative magnetization of the system,
0<¢<1, we define

kpy=kp(1+ 22, kp,=kp(1-)P/2, (3)
so that

k%/271=N/S. (4)
Combining (1) and (4) we thus have the relation

ar,akp=1, where a=1/N2 . (5)

The Hamiltonian of this system of electrons is
k
H= Z om CL,C,M
ko
1
LT Erec.

ko

CliwwCrro Cros

(6)

where the wave vector k is two dimensional. V(g)
is the Fourier transform of the 2-D interaction
potential between electrons (e¢?/7,,) and is

V(q)=21;e2/|ﬁ[. ("

Cpos Cl.,. Obey the usual anticommutation rules.
The ground state of the noninteracting system is
the filled Fermi sea defined by

A. K. RAJAGOPAL AND JOHN C. KIMBALL 15

The average kinetic energy per particle of the
system is given by

k?
"*Z fm Zm rz?)f ‘““'

or expressed in rydbergs, using the relations
(4) and (5),
k%/2m= 1/a?r2, (9)
we have
T/N=(1+¢%)/20%72. (10)

The first-order interaction energy per particle is
the Hartree-Fock energy and is given in a con-
venient form:

E__1( S \e
N ‘2((2,,5’) S

“ZJ,

a2k,
) 1<k pg

X f a’k,
L)

1<kpq
: {(E-Ey) 7
d’y 1-
xf —I-I.. e .
(11)

Doing the %,, %, integrations first, using the iden-
tities

Ee: kpg
f d% ei®ris f kdk 20 (k7)
1rl<kpg (]

=2nk,,J—‘(5;‘i) (12a)
and
2 2(k 7’) 4
[ R i 20
we obtain
E/N=-(4/3nar)[(1+£0/2+ (1 -2, (13)

The second-order interaction energy per particle

®,= Ci|0). (8)

(k<hpg) is given by
Ro-gm 2 [ @ [ a [ at, g, 00001 - £ (R )]
N 8,” &2 1 o2 o\

X[1- £ ()] (3 - 0

1

1
002 qla+k‘1+§2|)?+a' (ﬁ_—l+iz) .

(14)
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Here f,(k) stands for the usual Fermi function The first term in (14) is the direct term and the
which at T=0 K, is just a step function. All the second is an exchange contribution. E,/N in ryd-
momenta here are scaled by ., so that bergs is independent of .. It may be further

noted that the exchange term in E,/N, because of
SR =00k = (L+ 213), fi(k)=0(k - (1= £1/3), (15) 8 o/,

the condition 8, ., is found lo be independent of
where magnetization, {, as is seen by a simple scaling

of the momentum vectors for each of the up and

o(x)= { 1 if x<0, down spins and then adding them up. We call this
0 if x>0. E{®/N:

7.1 de d%k, [ d%k, FR) flRy) [1 - f(R+ D)1 - f(K,+T)] - -

=g [ [ [ ) ) 1= SR DI AR D ] R

(16)

Here f(k) is the same as (15) with £¢=0. Note that there is no divergence in E(z”)/N or in the direct term
in contrast to the 3-D calculation. Following Gell-Mann and Brueckner,* the direct term in the second-
order energy is called the lowest-order ring diagram and will be denoted by E(z')/N and is expressed in
the form

E(r) - 1) © - o 2 .

B e s O [T [ @] (522 Qa0+ @01 amn
where

Q“(u)=fdzkfﬂdte'”“"z/z"a'?’ e""“’fa(k)[l—fo(k+q)], (18)

with f,(k) defined as in Eq. (15). Note that @,,(«) is real and even in . The contribution from the ring
diagrams in the nth order is given by

E(r) 1 -1) @ - o n
o = - g .(_n_)- L dufdzq 1| (EWL;[Q“(uHQ“(u)]) . (19)

For n=3, observe that E{”/N is divergent for small q. Summing over all the ring diagrams then, we ob-
tain a closed form expression for the energy of the system:

E®® _1+g 4 1 2 [ 12 FU) Flo)[1 = £ (R + )1 - (K, +d)
" 2t~ Frar, [ O Q=0 g [ @' [ fa, lqlaiﬁﬁizltqha}%ﬁ{:ﬁ ]
1 « -
* T IR (1+ gt [Qa,(u)+Qq,(u)])- 72 [Qu)+ @] . (20)

The last term in Eq. (20) is the ring contribution to the correlation energy of the system and is denoted
here by E{"(¢;7,)/N.

We will now establish a relationship between E{"(;=1; 7,) and the {=0 (paramagnetic) energy, following
the lines of Misawa who found a similar relation for the 3-D case. Note that for ¢£=0, we have

E(0;7.) 1 e - ar, ar
c N’ s/ - 4772¢1r1’§ [” dufd2q|qt[ln<l+ nqs Qq(u))— -Tq‘l Qq(u):l, (21)
and for ¢=1,
E"(1;7) _ 1

« - ay, ar
G gty [ f im0, 2% 00
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where

Qqe(u)=f dzkf-:dtexp[— |t[<q_22+ a‘Eﬂe”““f,(k)[l - f(k+3)].

In view of Eqgs. (3) and (15), scale E, d,t,u as follows:

R-2/7E, -2,
=58, u—2"%,
and obtain
Qu1/24(21%u) = Q (u) ,
and so using (23) and (24) in Eq. (22) we get

(23)

(24)

EN1;r) 1 » 2 | ar, ar, ]
N S -47[2&2734.[,, dufd q[q] I:ln 1+m Qq(u)>——2—WQq(u) .
r
Hence, In the high-density limit, we need the small g

(r)(1.
ELLv) s (0; 57 >/ N (25)

This result is similar to the one derived by Misa-
wa for the 3-D system, where the scale factors
are different.®. We find the ferromagnetic state to
be lower in energy compared to the paramagnetic
state for »>2.3. This result is of course specu-
lative because it is based on a high-density expan-
sion. In the Hartree-Fock theory, this happened
for »>2. This should be contrasted withwhat happen-
edinthe 3-D case, namely, 7,> 6.1 (Misawa’s origin-
alresultthat7 > 7.4 contains anumerical error) com-
paredtothe Hartree-Fock result, »,>5.45.

An explicit evaluation of @ («) is possible. Here
we give it for small q:

Qu(1)=Q(u;8) and Quu)=Q (u; —¢),  (26)
where it is enough if we know @ ,(«; ¢) for #> 0 and so

1 *rt 27 q+ 2k cosf
cE)== : 05—t ———— . (27
Q3 8) qfo kdkfo 4 T hoosoE © 27

E°®(z=0;r) _ 1 8

limit of Eq. (27) and it is given by

(27R(u’) for 0<g<(1+%)/?

Q(u; %)= w=u/(1+¢)"2,
0 otherwise,
(28)
where
R@)=1-|u|/(u®+1)*/2. (29)

III. CORRELATION ENERGY OF A PARAMAGNETIC
ELECTRON SYSTEM-HIGH-DENSITY LIMIT

We will now discuss in detail the calculation of
EC®B(£=0;%,)/N. We will first use (24) and (26) to
make a few comments in relation to the work of
Zia, We will then mention an alternative, equiva-
lent expression for EGB(§= 0; 'VS)/N in terms of the
dielectric function calculated in the random-phase
approximation.

In this case {=0 and we have

ar,

1 f“’ - a7,
= - (b 2 s _
- 3557 - Trar B g | duqu|q| [m<1+ - Qq(u)> = Q,,(u)]. (30)

S

In the high-density limit, we may use the ¢—0 limit of Qq(u) to evaluate the 7 Inr  term in the correlation
energy. Then Eq. (30) can be reduced further to the form

ESB(£=0;7) 1 8
=57

_ (b)
N 2a%2 7 3nar, +E;
1 g 1
+W Lo du [1n(1+2a7st)—2arsR-(2owsR)2 +(2ar,R)® 1n<1+m>], (31)

Isolating the most divergent part, we finally obtain
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E°B(£=0;7) 1 8 (b, g
A R B LAY ) —— E r
N (rg=0) 2072 " 3rar, + (B2 )=

In evaluating (31), we need an integral over R3(u)
which is found to be

f duR*)=10 - 37.

In (32), the constant terms, independent of 7, have
been isolated and as noted earlier, these are the
second-order terms, E{” + E{® given by Egs. (16)
and (17) (with n=2). These integrals must be
evaluated without approximation to obtain the con-
stant term and this can only be done on a computer.
The result of a Monte Carlo calculation is

(ES® + E{")/N=- (0.38+0.04), (33)
E(z")/N= 0.21+0.02 .

Zia’s result differs from ours in the following
respects: (i) Zia’s second term, the lowest-order
exchange contribution is a factor of 2 smaller;

(ii) our third term, the second-order exchange
energy, independent of 7, is —0.38+ 0.04, not
—0.021; and (iii) Zia’s 7 In¥, term is 87* too
small and has a minus sign. We thus have

EC®(r)/N~1/r?-1.2/r,-0.38
-0.1727,Inv + O(7,) . (34)

The frequency and wave-vector-dependent longi-
tudinal dielectric function for this system has
been calculated by Stern in the random-phase ap-
proximation.!! Using this we can express the
correlation energy of this system due to contribu-
tions from all the ring diagrams as in the 3-D
case.”* Further, we may rewrite this in terms
of a zero point plasmon contribution and a scat-
tering contribution to the correlation energy. The
plasmon dispersion relation is, in this approxi-
mation, given by [Re €,(g; w)=0 and Im e, =0]

m2e q2k2 q2 2 qz
- Z—qr{e(w‘-(“’w*m wen (ot g7

senfon - )

q2 2 2k
[ (o= %) —,,-F] o o
The cutoff wave vector ¢, beyond which the plas-

mons are unstable towards electron-hole pairs is
obtained when

wl’l(qmax) = qzmax/z'n + Qmax kF/m (36)
in Eq. (35), and we obtain

(10 3mr,Inr + O(r,). (32)

@oa = 2m e [(@ax+ 20 max el = qrasl + (37)

This again differs from Zia’s expression; he gives
Lme? on the right-hand side of Eq. (37). In view
of the complete equivalence of the final result for
the correlation energy via the random-phase-ap-
proximation dielectric function and the Gell-Mann-
Brueckner approach, we shall not give these ex-
pressions here.

IV. PAIR-CORRELATION FUNCTION AND THE
STRUCTURE FACTOR

When two electrons are separated by a short
distance, the physics which governs their be-
havior becomes a two-particle problem, and some
exact relations can be obtained in the limit of
zero interparticle separation.®!® The results ob-
tained here are valid only for a strictly 2-D elec-
tron gas. In real systems with a nonzero width w,
the results remain approximately valid for values
of interparticle separations and inverse wave vec-
tors which are larger than w but considerably less
than 7 a,.

The pair distribution function is proportional to
the probability of finding two electrons separated
by a distance ». This function is normalized to
1 for large ». For small », properties of g (»)
can be obtained from the square of an effective
two-electron wave function ¥(T). This wave func-
tion must be a solution to a Schrddinger equation
which, for two dimensions, has the form

[—§E<£—’27+71’ aay>+e—]ll)(1’) €i(r), (37

where p is the reduced mass of the two-electron
pair equal to one-half the electron mass. No
angular-momentum terms appear in Eq. (37) be-
cause only the s-state portion of (») contributes
significantly to g (») for small ». The term on the
right-hand side of Eq. (37) includes complicated
many-body effects, but since these effects are
finite as »—0, the coefficient of the singular
terms on the left-hand side of the equation may be
set equal to zero. Expanding ¥(») as a power se-
ries in 7 yields

W)= 1+ (1/a)r+ - . (38)
Since g (#) is proportional to y*y,

dg(r)| _2

@ |, a_og(o) ) (39)

where a, is the Bohr radius. This result differs
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from a corresponding relation in three dimen-
sions® ! only by a factor of 2 which comes from
the different form for the Laplacian.

The structure factor S(g) is essentially the
Fourier transform of the pair-correlation function
g (7). Following the notation of Pines,*

1-g0)= 507 3 e [1-5)], (40)

or, in two dimensions,

1 -
sz [ eTHL-s@)a%,
F

1-g(n)= (41)

;lep- J:Jo(qr)[l -S(g)]qdq.

The large-g behavior of S(g) leads to the discon-
tinuous derivative of g(») as » approaches zero.
The appropriate behavior of g(7) is produced by
an asymptotic 1/¢° dependence of [1 - S(q)].

We define the function 8(g) by

8(q)=1-S(q) - v/q(1+4?), (42)

where

r=lim{¢*[1-S(¢)]}. (43)

With this choice of ¥, 8(¢) vanishes so rapidly for
large ¢ that it does not contribute to the derivative
at g (») at the origin. Using Egs. (41) and (42),

dg ()

8 o(qV) dq>

=-~lim 4
o PO\d7 R Jo

= :2?7:‘ lim (% [L,(n) - Lo(r)]> . (44)

Here I (7) is a Bessel function of imaginary argu-
ment and Ly(#) is a Struve function.

Only the Struve function varies linearly with »
for small 7,

Ly»)=2v/ng+ 00, (45)
Hence,
and

£(0)= 2 lim {¢%1-5(¢)]}. (47)

The probablhty of finding an electron of wave vec-
tor k ,n(k), is given by (¥ being the normalized
many-electron wave function)

N T e(name - >
n(k)'—'is_ f gl (r-r )EP*(P, Toy e ’VN)

N
yvy)dirdiy’ H d®r;

1=2

X Y7y Voyoo-
(48)

the probability of finding two electrons at points
T, and T, is

g(t,,T,)=N(N - 1)fw* T, Tp,.0.,Ty)

PR - 2.
Xd(rl,rz,...,rN)INI arg;

=3

(49)
and the pair-correlation function is
S - -
2= [ g(F+FT)a,. (50)

In (50), the normalization S/N?2 is chosen to make
g(r) =1 for r~~. The dominant contribution to
n(k) is produced by the kinks in ¥ which occur at
zero interparticle separation. In Eq. (48), the
lowest-order terms in 1/k which contribute to
n(k) occur when both » and #’ are near the same
electronic coordinate. For large &,

NN- 1 iR el(mane - - -
n(k): _(_g_) f . eike(r-r )d)*(r) Toy onns rn)
Q(rp)
XY T,T,, ..., Ty)dord®y
d?r;, (51)

i=2

where fm;z) means T and ¥’ are near T, and the
additional factor of N — 1 appears because the sin-
gle coordinate (T,) was selected from (N —1) in-
distinguishable possibilities. When T is near 7,,
¥ may be approximated by

N L <1+ h‘%r—[>z/}(rﬂrz,'rz, ce s 7y),

(52)

and n(k) becomes

n(k) ~ < >g(o)<feﬁ°?e-'/aodzy>2 (53)

or

n(k)= (N/SY g (0)/a2)(27)* /%° (54)
and

g(0)=-L Ilrg[ken(k)] . (55)

From the x-ray and electron-scattering experi-
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ments for large momentum transfers, one may ob-
tain S(g) and n(%) and the results obtained here re-
late the large momentum limits of these to g(0),
the zero-range correlation function. Such mea-
surements will yield valuable information concern-
ing the zero-range correlation function, for ex-
ample, deviations from the Hartree-Fock value of
£(0).

V. SUMMARY AND CONCLUDING REMARKS

Our main results are as follows: (i) Eq. (20),
an expression for correlation energy of a polar-
ized electron gas which includes the ring diagrams
of all orders and first- and second-order exchange
processes; (ii) the relation of Eq. (25) between the
correlation energies of the paramagnetic and fer-
romagnetic states; (iii) the expression for the

energy for high densities, Eq. (34). This corrects
the result of Zia; (iv) we have shown that »,>2.3,
ferromagnetic state is favored. This result is
based on Eq. (25), the approximation given by Egs.
(28) and (29) and explicit numerical evaluation of
Eq. (31). Compare this with the Hartree-Fock
result,® »,>2; (v) Eq. (39) relating the discon-
tinuity of the pair-correlation function to the value
of this function for zero separation. This is exact;
and (vi)

5= 5 Umlel1-S@))= 2 lmleno).
(56)

This result may serve as an experimental measure
of g(0), the zero-range correlation function.
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