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We generalize the Anderson model of magnetic impurities in metals, introducing a local coupling between the
impurity orbital and a boson field. A systematic finite-temperature Hartree-Fock and random-phase-
approximation investigation is presented; particular attention is paid to the problem of multiple solutions of
the Hartree-Fock equation, and the various phase transitions in parameter space appearing in this
approximation. Regions of slow interconfigurational valence fluctuations are identified, and applications to the
problems of mixed-valence rare-earth materials and resonant two-electron states in amorphous materials are

suggested.

I. INTRODUCTION

This work presents a systematic investigation
in the mean-field approximation of the properties
of an extension of the Anderson model® of a mag-
netic impurity in a metal, in which a boson field
has been coupled to the impurity.

We initially derived this model using Tomonaga
boson? methods from a combination of the Ander-
son model and a single-site isolated rare-earth
impurity version of the Falicov-Kimball model,?
in an attempt to investigate model systems show-
ing the “mixed-valence” phenomenon.* This de-
rivation is presented elsewhere,® but sketched
briefly in Sec. VIII. Applications of the model
are not however restricted to this: another sug-
gested interpretation is as a model for resonant
two-electron centers, which have been postulated
to play an important role in amorphous materials
with strong electron-phonon coupling.®

In the mean-field approximation, various dif-
ferent phases and phase transitions appear in the
parameter space of the model. These are of
course artifacts of the approximation; the proper-
ties of finite systems coupled to a Fermi sea
with its infinite number of low-energy excitation
modes must change smoothly as the parameters
are varied. Nevertheless, the phase diagrams
are very suggestive, and, when suitably reinter-
preted, indicate what we can expect an exact
treatment to yield.

The bulk of this paper is devoted to an investi-
gation of the interesting properties of this model
in its own right, without reference to particular
interpretations. Applications are suggested at the
end of the paper. Section II reviews the model;
Sec. III derives a variational functional for the
free energy, and the Hartree-Fock (HF) equa-
tions; Sec. IV explores the stability of the various
types of solutions, and determines the HF phase
diagram; Sec. V supplements this by examining

the stability of the spectrum of collective excita-
tion modes in the random-phase approximation;
Sec. VI discusses the relation of mean-field re-
sults to the true properties, with emphasis on
the interesting regimes of slow interconfigura-
tional valence fluctuations and the Kondo effect;
Sec. VII shows how composite systems, treated
as an assembly of isolated impurities, may be
pinned precisely in a valence fluctuation state;
finally, Sec. VIII summarizes the results, and
briefly discusses the possible physical realiza-
tions of the model, namely mixed-valence com-
pounds and two-electron centers.

II. MODEL

The Anderson model' has found many applica-
tions in the study of magnetic impurities in metals
and the Kondo effect. In the usual second-quanti-
zed notation, its simplest, nondegenerate form is

H=H+ Edz Nyo+ Ungyig, + VZ(‘/’;CM* H.c.),
[ o

(1)
H°=zm:€kn,m, zp,=; VyCre -

The fermion operators cl; (c,,) create (destroy)
particles in orbitals Ikc} of a noninteracting Fermi
gas; cl, creates a particle in a localized “extra
orbital” orthogonal to the |ko>. As this extra or-
bital is visualized as being very localized, while
the |k> are extended, correlation effects between
electrons in the local orbital will play a more
important role than those in the Fermi gas; in-
teraction terms in the Fermi gas are neglected,
but an interaction term Ungn,, between localized
electrons is retained. A hopping matrix element
V connects the extra orbital and 3, a local com-
bination of Fermi sea orbitals having the same
point symmetry as c;. The Fermi-sea orbitals
may be analyzed into point-symmetry-group
representations around the site of the extra orbital;
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only those with the same symmetry as the iﬂ{-
purity are relevant to the problem, and the others
have been discarded; hence H? is essentially non-
degenerate, as is the impurity.

We have generalized this model by adding a
boson field, and a linear term coupling it to the
charge in the extra orbital.

H boson= Z wata,, (2)
q

Hboson-fel‘mionzgz Nyq E(a“a“+ H.c.) (3)
T 7

Two possible interpretations of the bosons are
discussed in Sec. VIII: for the time being we
merely note that the boson spectrum should be
thought of as extending down to zero energy.

As interactions in the model are essentially
local, H® and H ™" may both be completely char-
acterized by their spectral densities projected
on to the relevant local combination of states.
For HP° this is

V(w)=7rz [0, P8(w =€) - (4)
For Hboson
f(w)=wz | [?o(w-w,). (5)

Because of their normalization, both »(w) and
f(w) must have some high-energy cutoff or band-
width: if V is small only the boson bandwidth will
turn out to have any direct relevance to the prop-
erties of the model.

We will use a mean-field approach, decoupling
fermions and bosons. This will be valid if the

—
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relaxation time for the boson field, given by the
boson bandwidth, is either much shorter or longer
than the time for electrons to “hop” on or off the
extra orbital, given by the resonance width A

~V2(ep).
III. MEAN-FIELD THEORY: A VARIATIONAL APPROACH
TO THE FREE ENERGY

A finite-temperature version of Hartree-Fock
theory may be based on the free-energy inequality

F(H etf)+ (H °°">”efrl ZF(H eff +Hcorr) . (6)

7

This is the generalization of the Rayleigh-Ritz
inequality, and holds for any partition of the
Hamiltonian into H *ff + H <™, We take H °f to be
a single-particle effective Hamiltonian; H °°** is
the residual interaction term. The Hartree-Fock
equations are obtained by varying H *f, and find-
ing stationary values of the left-hand side of (6).
In our case, it is sufficient to introduce six
variational degrees of freedom; the parameters
(ap,(aly, {cl,cq). The four quantities (c} c,.) may
be regrouped into a mean charge, (N, =3 5,
x (¢} ¢, (summation over o, ¢’ implied), and a
mean spin vector (S,)=35,.{c} c,), Where & are
the Pauli matrices. By a suitable rotation of the
spin coordinates, (§,,) may be lined up along the
z axis, making (c! c,.,) vanish.

We write
a=aq—<aq>, (7)
EfM=E,+Uln,)+g Z(aq{aa)+ H.c.) (8)

The Hamiltonian, H ®f4+ H ™ can be written in
the form

H otf=_ Z wq(a:xaa >+ U(n,”Xn“) +g E <nda> Z(aa<aa > +H. C.) +Z wa bz ba

- ; €4t Z EStin, + VZ(:/J; Caot H.c.)+[z: (wq(aq)+ga3‘ Z (n,,u)> b+ H.c], 9)

Heorr= U(nd, - <"df>)("d{ - <n,u>) +g Z (4 - <ndc ) Z(aaba+ H.c) (10)

It is easily shown that the variational equation for (aq) is only satisfied when the linear boson term in (9)

(square brackets) vanishes, so we set

<aq>=_ gg—:‘k- Z (ndo).

(11)

The displacement of the boson field gives rise to an effective attractive interaction between electrons,

with coupling constant C,
= 2 aalz >
C=2g Z J—wq >0,

and the effective Hamiltonian reduces to

(12)
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He“=éc<z (nd0> U(n,,,><nd;>+z€ nka"'z Eeﬁndc+VZ(¢ocdo+Hc)+Z web q bgs (13)

o
EMM=FE, - Clng)+(U-C)nyy) - (14)

This effective Hamiltonian H*f ((n,,) isquadratic in fermions; in the Appendix its free energy F(H®f) is
evaluated in closed form, using Green’s-function equation-of-motion techniques and coupling-constant

integration. We find, for arbitrary E’,

F(Heff)=FO(E,)—U<ndf><nd‘>+%c<2 (nm,)) 2‘[Tl f ‘8‘5—+‘f

Ef((n,,) is given by (14) and
S(w)= f do’ V(w,)

Fy(E")= F<Z €pllpet Z E'Nge+ Z Webg q> .

eff
(2= B2, (19
(16)
m

The contour T circles the real axis from (-« —i¢) = (+ 0 —ij¢) = (+ 0 +i€) = (=0 +ie) =~ (= —ie). It will be

convenient to define the function

n(x)= —e 1 ﬁ_ dw 1

e+1 w-x-2(w)’

(18)

The expectation value of n,, in the system H*!f is then given by

(o) gett = Tr(ndae"s”eu)/Tr(e‘B”e“) =n(EST).

(19)

n(x) can be shown to be monotonic decreasing from 1 to 0 (Fig. 1): furthermore, we will characterize it
by assuming »’(x) has a unique minimum value of — 1/ U, at x=x,, near the Fermi level. This behavior

is very general and insensitive to the details of the spectral density v(w), provided it is not too pathologi-
cal. For the canonical case’ of a quasiflat spectral density v(w)~const, we have, for g"'=T=0,

n(x)=7"tcot™ (7 x/Uc) y (20)
where U,=7V?v(0), and x,=€,=0. U, increases with temperature, and for 7> U 0), U(T)~4T.
We may rewrite (15) as
2 BStt
F(H**")=const+3 C <Z (nm)) - Ulng)ng)+ f n(x)dx . (21)
o ] 0

The full variational function is the left-hand side of (6), and we will write it in terms of the E¥f as the
variational parameters. Remembering that <ndo> is an arbitrary variational parameter to be eliminated
using (14), while the expectation value (n,,)zeft is given by (19), the function is FEF(E§!, EST) given by

F¥(x,y) = F(x,9)+3 C{2E,+ (U - 2C)[n(x) + n(y)] -

(x+9)}/(U=20)), (22)

F(x,9)=const+ E[n(x)+n( )]+ Un(x)n( v) - 5 C[n(x) +n( )] - fxzn’(z) dz - fyzn'(z)_dz . (23)

F(x,y) is a smooth function of (x,y) and bounded
below; it thus has an absolute minimum at a solu-
tion of

2 o ([E, - Cn(x)+ (U = CYn(») = x]=0
9x
(24)
oF
ET

From (22) we see that at this minimum, F(x,y)
and F®F(x, y) have the same value. Hence

F¥(x,y) > F(x,y) > F(H* + H*™) (25)

r
This inequality, with expression (23), is basic to
our work, and we will use F(x,y) as the varia-
tional function for estimating the true free energy.
From (24), the equations for stationary values of
F(x,y) are the Hartree-Fock equations

Eff'=x=E,+ (U - C)n(y) - Cn(x),

(26)
ESff=y=E, + (U - Cn(x) - Cn(»).

These equations themselves could have been de-
rived more directly, but the variational function
F(x,y) is essential when multiple solutions of (26)
exist, in order to determine which solution is
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max.
gradient

FIG. 1. Form of n(x).

globally stable.

We remark finally that when we find magnetic
solutions with x#y, and (Sd)a& 0, we have obtained
those solutions with (sd) along with z axis. These
solutions are rotationally degenerate with solu-
tions where (§d) is in an arbitrary direction.

IV. CHARACTER AND STABILITY OF THE HF SOLUTIONS

We now study the HF equations (26): their prop-
erties are best illustrated graphically [Figs.
2(a)-2(f)]. We see that there is always a nonmag-
netic solution, E§ff=E$Hf=yx:

x=E;+(U-2C)n(x). 27

This is solved graphically in Fig. 2(a): for U - 2C
>-1U,, there is a unique nonmagnetic solution;
for U - 2C <-U,, multiple solutions exist in a cer-
tain range of E,. In particular, if such solutions
exist, 1+ (2C - U)n’ <0 for the middle one [Fig.
2(b)].

A locally stable solution is a minimum of F. To
test for this we examine the second derivatives
of F at solutions. It is convenient to take deriva-
tives in the directions u=(x+v)/V2,v=(x - y)/V2.
At a stationary point

F,=-n'[1+2C-Uw'],
F,,=-n'(1+Un’).

F, =0,

uv

(28)

For stability, both F,, and F,, must be positive.
We defined U, so that 0>U_ n’ = - 1; when 2C -U
<U, the nonmagnetic solution is both unique, and
stable in the x=y direction. If also 1+ Un’>0 the
solution is locally stable. If 1+ Un’ <0, the unique
nonmagnetic solution is locally unstable against
magnetism. This is only possible if U>U, [Fig.
2(c)]; we then see that there is a range of the
parameter E, where no locally stable nonmag-
netic solutions exist. If 2C-U>U,, and U<U,,
solutions are stable against magnetism, but mul-
tiple nonmagnetic solutions may exist, and if they
do, those with 1+ (2C - U)n’ <0 are unstable. Un-
stable solutions lie between stable ones [Fig. 2(b)],

2C Stable ™ N t |U 2C, /U)UC
DK 43 U'\‘Sgﬁ]ﬁlg U’ RUnstable

Ed
U< Ug f E UdUc E UdU¢
Slopes of Lines:————--- 1/U- 2C, -1/7U

FIG. 2. (a) Unique nonmagnetic (NM) solution; (b)
multiple NM solutions; (c) region of E; with no stable
NM solution; (d) no magnetic solutions for U<U,; (e)
magnetic solution; (f) critical magnetic solution.

and as E, is moved through the range (- %, ), a
discontinuity will occur witha first-order tran-
sition between two locally stable nonmagnetic
solutions.

In the remaining region of parameter space,
2C-U>U, and U>U, nonmagnetic solutions may
be unstable in either or both directions.

We now examine the magnetic solutions, x# .
Taking the difference between the two HF equa-
tions (26), and putting (E§™, E$') =(x, y), we have

x+Un(x)=y+Un(y). (29)

Figures 2(d) and 2(e) show that magnetic solutions
only exist for U>U,. For 2C-U<U, U>U,the
stable solution is magnetic for a range of E,.

Examining the equations for U=C, we see that
the two spin systems are decoupled at this value,
and

F(x,9)= f(x)+ f(9), (U=C), (30)
f(x)=En(x) — 3 Un(x)? - fxzn’(z) dz. (31)

The conditions U=C,U>U, imply that 2C -U>U,,
so a region of multiple nonmagnetic solutions
exists. Suppose (x,y)=(a,a),(x,y)=(b,d) are two
different locally stable nonmagnetic solutions,
and E, is precisely at the value where they are
degenerate. Then the magnetic solution (a, b) is
also locally stable, and has the same free energy.
Evidently the line U=C,U>U, is the dividing line
between discontinuous nonmagnetic behavior and
magnetism. Examination of the free-energy sur-
faces about the solutions (a, a), (b, b), (a,d) for
U~ C shows that the global stability criterion for
magnetism is indeed U>C, where the effective
interaction between opposite spins is repulsive.
In the (U, C) half-plane, we can characterize
the behavior of the minimum energy solution as
E, is varied from — to +« (Fig. 3). In region
I, the solutions are nonmagnetic, continuous. In
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—————— C
ist/2nd order line when

n(x)=m-1cot-! (7rx/Uc)

o Ye

magnetic " phase

U0 0'>>XI§>>\

FIG. 3. Behavior of stable solution as a function of
E,. Always nonmagnetic: I—continuous, II—discon-
tinuous. Magnetic phase intervenes: IIIA—first-order
transition; IIIB—second order.

region II, they are nonmagnetic, with a first-or-
der discontinuity at some intermediate value of
E,. In region III, a magnetic phase intervenes
between two nonmagnetic phases.

The remaining question to settle is the nature
of the two nonmagnetic-magnetic transitions that
intervene in region III. Since a change in sym-
metry is involved, the transition may be either
first or second order. A critical solution, where
the magnetization goes continuously to zero al-
ways exists, and satisfies 1+ Un’(x)=0 [Fig. 2(f)].
However, as E, is varied, a first-order transi-
tion may intervene before E, reaches its critical
value, rendering the second-order transition
point inaccessible. A necessary, and—for our
simplifying assumption that »’(x) has only one
minimum-—sufficient condition for the transition
to be second order is that the critical solution be
locally stable. As the determinant of second de-
rivatives vanishes at such a point, it is necessary
to examine higher derivatives of F. The stability
.condition turns out to be

U-2C
v-C’

n”(x,)

- n/r(xo)z
where 1+ Un’(x,)=0. As n” vanishes at x,, the
stability criterion for U=U_+ U is universal and
is found to be C<U,- 26U. Away from this re-
gion, the criterion depends on the specific func-
tion n(x). For the canonical case n(x)
=77 cot™(7x/U,), we find, for stability, C<UU,/
(83U ~2U,). This is shown in Fig. 3. It is note-
worthy that in the limit C -0, the magnetic tran-
sitions are always second order.

In Fig. 4, we show phase diagram in the (E,, U)
plane for three representative values of C. The
vertical axis is chosen to be E,;+ 3 (U-2C), as
this makes the horizontal axis the line of parti-

<3v (32)

Eq* 7z (U-20)

I

2C-Ug

UC".//,////

C<5 Ue

TULCLUe

A\

b
2C-Uc %
| Uc

C>Ug

eeee 2nd Order
1 st Order

oy ©
Magnetic

FIG. 4. Phase diagram in (E;, U) plane, depicting the
stable Hartree-Fock solution for three representative
values of C, the effective attractive coupling between
electrons due to the boson field. Lines of first- and
second-order “phase transitions” and the region of “mag-
netic” solutions are shown. The first-order “phase
transitions” mark models with a “mixed-valence” ground
state; “magnetic” indicates the Kondo region.

cle-hole symmetry (in the case of symmetric
bands, at least).

V. COLLECTIVE-EXCITATION MODES IN THE RANDOM-
PHASE APPROXIMATION

It is instructive to use the random-phase ap-
proximation (RPA) to examine the spectrum of
collective excitations about HF solutions, and in
particular to find the stability conditions which
ensure that unstable modes with imaginary fre-
quency do not exist.

The Hamiltonian, H®!+ H°™ may be partially
diagonalized about a general HF solution, and
written

He°'*=const+ Z €joCloCiot D, W bib,.  (33)
qQ
H®°*T ig given by (10) and

do ™ Z uju cju ° (34)
i
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The RPA equations are obtained by linearizing
the equations of motion of a particle-hole pair:

[H Cf ]RPANHRPA Cp (35)

pa,iJ q*
The approximation is the replacement
clele,c;={cteyele +{chepcle,
—{chepele,—(clepche;. (36)
The RPA eigenvalue equations for the collective

modes are easily solved, and we state the re-

sults.
First we define a generalized “susceptibility”

for the local orbital:

el = 2 P lswl oy = uy.  (87)

w-(€;, N)

From (37) xy,(w) = Xyr(— w); With some manipula-
tion using (18), it can be shown that

Xoo(0) = = [0(ESY) - n(ESN/(ES - ESFT),  (38)

which reduces to — n/(ES™) if EXf = ES*,

On solving the RPA eigenvalue equations, four
sets of collective modes are found. There is a
conjugate pair of modes, related by time rever-
sal, involving pairs like c;, C;.e» With eigenvalue
equation

1= Uyyo(w)=0. (39)

The other two modes mix cl ¢, and b', with ei-
genvalues given by

XX 44 v
li[U_C(w)]([l-C(w)XH][l“' C(“’)x“]> >
(40)

Clw)=2¢>3 %‘;__Iz_zg (41)

C(w) is the w-dependent electron-electron attrac-
tion mediated by the bosons. The coupling con-
stant C is given by its static value C(0).

In the nonmagnetic case, x,.=x, there is a set
of triplet spin-fluctuation modes in the x, y, and
z directions with eigenvalue equation 1-Ux(w)=0
and (unnormahzed) eigenmodes UG, ¢, (summa-
tion over o, o’ implied) where

bor= S mm ey (e (eloc,). (42

There is also a set of singlet charge fluctuation
modes 1-[2C(w) - U]x(w)=0, with eigenmodes

a, b

[

[2C(0) = U] Y ¢4,

x5t
Sro, oL (43)

Since x(w)=x(- w), x(¢a)>x(0)>0, and 0<C(ia)

+
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<C, the stability conditions (no imaginary eigen-
values) are 1+ Un’(E®f)>0 (spin) and 1+ (2C

— U)n’(E***)>0 (charge). These are just the cri-
teria we derived from our variational treatment
of the free energy.

In the magnetic case, the spin modes split into
a singlet parallel and a doublet perpendicular to
(§d). Owing to the rotational degeneracy of the
broken-symmetry magnetic solutions, there are
zero-energy “Goldstone boson” modes corre-
sponding to infinitesimal rotations of (§d); these
arise from the perpendicular w=0 doublet: for
zero-energy modes, 1- Uy,_(0)=0; (38) then
implies Ef+ Un(ES!) = ES!+ Un(E%?), which is
precisely the condition (29) that magnetic solu-
tions must satisfy. The other two modes mix
charge and spin-modulus fluctuations. In the
regime U >C, where a magnetic solution is glo-
bally stable, (40) indicates at least one of these
two sets of modes is absolutely stable.

To summarize: These RPA results show that
nonmagnetic minima of our free-energy func-
tional F(E§'f, E$f) correspond to HF solutions
with stable RPA collective modes; magnetic
“minima” are not truly stable, owing to the ex-
istence of zero-energy rotational modes.

V1. RELATION OF THE HF RESULTS TO THE TRUE
PROPERTIES OF THE MODEL

The first thing to point out is that both the
“phase transitions” in parameter space, and the
existence of a “magnetic phase,” are artifacts of
the mean-field treatment; a zero-dimensional
system, such as an impurity, coupled to a Fermi
sea, which has infinitely many degrees of free-
dom associated with low-energy excitations, can-
not exhibit phase transitions for finite values of
the relevant coupling constant. The true ground
state of our model is a singlet over the entire
parameter space.? Nevertheless, the HF treat-
ment reproduces all the gross features of the
energetics, and our HF phase diagrams, when
suitably reinterpreted, are a reliable guide to
the exact properties of the model.

Two features of interest are seen in the phase
diagram (Fig. 4). The first is the magnetic re-
gion; this is really a Kondo regime.® The resi-
dual interactions cause the magnetic spin vector
(§d) to slowly precess, restoring rotational in-
variance, withatime scale givenby the inverse of
the Kondo temperature,® T, ~(DU,)'/2exp(- D/U,),
where D' ~(E,+ U)™ - E;'. This behavior can only
be obtained from sophisticated many-body renor-
malization treatments of the problem; the HF
magnetic solutions are unsuitable as a starting
point for such a scheme, as they introduce a
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spurious infrared divergence. The up- and down-
spin scattering phase shifts at the Fermi surface
are different when the HF solutions are magnetic.
By the Friedel sum rule,® this implies a nonzero
net spin polarization of the Fermi gas around the
impurity, in the (§d) direction. The “orthogonality
catastrophe theorem”'? implies that matrix ele-
ments between such states vanish identically if
their spins are orientated in different directions;
there is a strict local spin neutrality condition
that HF states violate, and the correct ground-
state properties cannot be recovered by taking
simple combinations of such states.

The other interesting feature of the HF phase
diagram is the existence of first-order “phase-
transition” lines, where two locally stable solu-
tions with different charge are degenerate. The
low-energy behavior will be dominated by slow
fluctuations between states like these, but again
infrared difficulties prevent us from using the
HF solutions as a starting point for investigating
the true ground state. The line of first-order
transitions between nonmagnetic solutions demon-
strates this clearly: consider the canonical An-
derson model with no boson coupling. As the band
structure is symmetric about the Fermi level, a
particle-hole transformation of one spin band
shows that negative U models are equivalent to
positive U models in a magnetic field E,+3 U.
The negative U particle-hole symmetric case,
on the first-order transition line, is isomorphous
to the positive U zero-field symmetric case, which
for large U exhibits the Kondo effect. Long time-
scale charge fluctuations merely replace the spin
fluctuations of the Kondo regime: the same time-
scale T3 is present. This behavior persists for
a region of E, of width ~ T, about the first-order
transition line, corresponding to the persistence
of the Kondo effect in weak magnetic fields. This
correspondence can be continued into the C#0 re-
gion and to models with nonsymmetric bands: all
nonmagnetic charge fluctuation states are iso-
morphous to the Kondo problem.

The infrared problems with these HF states are
related to the fact that the local charge (again
given by the Friedel rule) is discontinuous across
first-order HF phase boundaries, and again an
“orthogonality theorem” shows that there are no
matrix elements connecting states with different
local charge, so taking a linear combination can-
not improve the free-energy estimate.

Charge fluctuations also involve the relaxation
of the boson field, with its own characteristic
time scale, which we have left unspecified; if
this is comparable to or smaller than T, it will
play an important role too. If, as in the Tomo-
naga model, f(w) is linear as w—0, an “ortho-

gonality theorem” applies to it too. A particularly
interesting case is the first-order transition be-
tween magnetic and nonmagnetic phases, which
inseparably combines all three aspects of the
infrared problem—spin, charge, and boson fluc-
tuations—as it only occurs when the boson cou-
pling is strong.

All these low-energy problems remain to be
tackled by some suitable renormalization scheme,
but we expect that their resolution will be simi-
lar to, if not isomorphous with, that of the usual
Kondo effect,® including “universality,” scaling
behavior, and the like.

VII. PINNING OF COMPOSITE SYSTEMS IN CHARGE-
FLUCTUATION STATES

The essential rotational degeneracy that is re-
solved by the Kondo effect is common to the con-
tinuous range of models whose parameters lie in
the magnetic sector of the phase diagram. In con-
trast, in the context of impurity models, the de-
generacy of models whose parameters place them
squarely on first-order HF phase boundaries
seems accidental, and the chances that any phy-
sical realization of the model would be in such a
charge-fluctuation state would seem remote.
However, we present an argument showing that
when a composite system, regarded as being
made up of a collection of “isolated” impurities,
is considered, it has a finite chance of being
exactly in a charge fluctuation state.

In Fig. 5, we plot N(E, - ), the total charge
on the impurity orbital, as a function of the bare
parameter (E, - p), in the neighborhood of a
“first-order transition.”

Suppose the atomic concentration of impurities
in the material is ¢, and there are i, electrons
per atom to distribute. If the normalized density
of states per atom is p(w), the chemical potential

s =

First Order Point Ed -1

FIG. 5. Pinning of system in charge-fluctuation
regime for a range of values of x,.
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is fixed by
w
f dwp(w)+cN(E, - w)=n,. (44)

This equation is solved graphically in Fig. 5 for

a series of values of #n,. Because of the first-
order discontinuity in N(E,~ u), we see there is
a certain range of n, for which (E, - u) is pinned
precisely at the first-order point. [The exact
curve for N(E, - u) will of course be rapidily
varying but continuous near the “transition point,”
but the basic result still holds.]

VIII. DISCUSSION AND APPLICATIONS OF THE MODEL

To summarize, the gross properties of the
Anderson model with coupling to a boson field are
depicted by the Hartree-Fock phase diagrams in
Fig. 4; C is the measure of the boson coupling.

In the HF approximation, the bosons introduced
lines of first-order transitions, which were ab-
sent in the physical case U>0 if C=0; these were
identified as marking regions of mixed-valence
behavior. We showed how composite systems may
be pinned in such fluctuating states, and indicated
that Kondo-like infrared problems were associated
with a more exact treatment of the charge fluctua-
tions. »

The mixed-valence states fall into two cate-
gories; fluctuations between two nonmagnetic
states, and fluctuation between a magnetic and a
nonmagnetic state.

The first type, with fluctuations between ~0
and ~ 2 localized electrons, seem related to the
resonant two-electron centers that pin the Fermi
level, as proposed in Anderson’s model of amor-
phous semiconductors,® and correspond to a fluc-
tuating covalent bond. Here the bosons are lattice
displacements.

The second type, where a magnetic state is in-
volved, strongly resemble the experimentally ob-
served “mixed-valence” states of certain rare-
earth compounds.? Indeed we initially derived our
model with these in mind, from a single-site ver-
sion of the Falicov-Kimball model® combined with
the Anderson model, representing an isolated
rare-earth impurity in a d-band material. Of
course the impurity f orbital is degenerate, but
the fact that our nondegenerate model exhibits
mixed-valence effects shows that this plays no
fundamental role.

The key idea of our treatment in Ref. 5 is that
the impurity orbital and the Wannier functions of
the band have different point symmetries (d and f
symmetry, respectively); when an interaction
term between the charge in the impurity site Wan-
nier functions and the impurity orbital is included,

two sets of scattering channels, the slow f chan-
nels and the fast d channels are coupled. The d
channels may then respond to screen the f chan-
nels so over-all charge neutrality is maintained
during slow valence fluctuations. As the d band is
very degenerate, the effective coupling necessary
for neutrality is small, and the Tomonaga approx-
imation,? where charge fluctuations in the 4 chan-
nels are replaced by a boson field, is valid. The
boson bandwidth is much larger than the resonance
width of the f channel, so the mean-field decou-
pling of bosons and fermions is a good approxima-
tion.

We showed that the mixed-valence charge fluc-
tuations in the C=0 negative U model are isomor-
phous to the spin fluctuations of the S=3 Kondo
model; by continuation, we argued this was gen-
erally true for all nonmagnetic charge fluctuation
states. The magnetic mixed-valence states com-
bine both aspects, spin and charge fluctuations.

In future work, we aim to study the scaling be-
havior of this regime of the model, and to identify
the appropriate “fixed point” of the renormaliza-
tion procedure by similar techniques as those used
on the Kondo problem.® Scaling behavior and “un-
iversality” is suggested by measurements of the
low-temperature susceptibility of various mixed-
valence metals, which show similar features on
very different energy scales.!!

Note added in proof. P. S. Riseborough, in
Proceedings of the International Conference on
Valence Instabilities and Related Narrow-Band
Phenomena, Rochester, N. Y., 1976, edited by
R. D. Parks (Plenum, New York, 1977), has
studied the mean-field theory of this model using
the Hubbard-Strattonovich functional-integral
technique of Hamann, and has independently ob-
tained some of the results presented here.
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APPENDIX
We derive the free energy F(E, V) of the single-
particle Hamiltonian

H(E, V)=Z €n,+ Ea'a+ V(P'a+H.c.), (A1)
k
where

zp:; UpCps (A2)



and the c},a" are an orthogonal set of fermion
creation operators.
We will use the Hellmann-Feynman theorem
1
F(ﬁ,H°+Hl)=F(B,H°)+f ANH g 400y
0

(A3)
to write

B
F(E,V)=F(E, 0)+f de{a'a)ye,o)
-

+fvdv(<¢Ta>H(E,v)+H'c') . (A4)

The thermal averages are given by the Zubarev'?
thermal Green’s functions ((B;A)),

1 dw
(ABVy=5= § sioag 21UBAupr,  (A5)

where T is the contour (- —i¢) = (+® — i)
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= (+ o+ i€) ~ (- 0 +ic) = (= o —i€).
The equations of motion for the Green’s functions
are easily solved in closed form:

27T<<a;af>>w,}1(e,o)=1/(‘*"()) (A6)
20a; 9Ny, nee, = 0 (@)/[@ - € = g (w)],
(AT)
where
5 wf
gl@=2 k- (A8)

Doing the integrals in (A4), for arbitrary E’,

F(E, V)=F(E’,0)

1 dw (w-—E-—V"’g(w)>
x 27i J- e +1 w-E’ :

(A9)

*On leave of absence from the Cavendish Laboratory,
Cambridge, England.

'P. W. Anderson, Phys. Rev. 124, 41 (1961).

%S, Tomonaga, Prog. Theor. Phys. 5, 544 (1950); for a
review see E. Lieb and D. Mattis, Mathematical
Physics in One Dimension (Academic, New York,
1966), Chap. 4.

L. M. Falicov and J. C. Kimball, Phys. Rev. Lett. 22,
997 (1967). -

‘For a recent review with many references, see C. M.
Varma, Rev. Mod. Phys. 48, 219 (1976).

SF. D. M. Haldane, Phys. Rev. B, to be published.

ép. w. Anderson, Phys. Rev. Lett. 34, 953 (1975).

"Easily derived using the Hellmann:—ﬁeynman Theorem
[Eq. (A3)] and the concavity of the free energy,
OUF(H+N))/ ant=0.

8For a recent review on the Kondo problem, see
P. Noziéres, in Proceedings of the Fourteenth Inter-
national Confevence on Low Tempervature Physics,
edited by M. Krusius and M. Vuorio (North-Holland,
Amsterdam, 1975), Vol. 5, p. 339.

5. Friedel, Adv. Phys. 3, 446 (1954).

p. W. Anderson, in Probléme & N Corps edited by
C. DeWitt and R. Balian (Gordon and Breach, New
York, 1967), pp. 278-287; Phys. Rev. Lett. 18, 1049
(1967); Phys. Rev. 164, 352 (1967). -

!see K. Andres ef ai., Phys. Rev. Lett. 35, 1779
(1975)—CeAl;; compare E. E. Havinga ef al., Solid
State Commun. 13, 621 (1973)—YDbAl,, YbAl;.

2D, N. Zubarev Usp. Fiz. Nauk 71, 71 (1960) [Sov. Phys.-
Uspekhi 3, 320 (1960)]. -



