
PHYSICAL REVIE% B VOLUME 15, N UMBER 5 1 MARCH 1977

Bethe-Peierls approximation with competing order parameters*

E. Eggarter and T. P. Eggarter
Departarnento de Fisica, Universidad Nacional de San Luis, 5700 San Luis, Argentina

(Received 20 August 1975)

We study an alloy of Ising spins between a ferromagnetic and an antiferromagnetic species. Pairs of AA, AB,
and BB neighbors are characterized by different coupling constants J», J», and J». Our approach is based

on a generalization of the Bethe-Peierls approximation to the case of compositional disorder. We find a phase

diagram with a bicritical or tetracritical point depending on the strength of the coupling J» between species.

I. INTRODUCTION

The Ising model on a perfect lattice has a long
history', several hundred articles on this subject
have been written. It has greatly contributed to
our understanding of magnetism and of phase tran-
sitions in general. Much less is known about the
model if the periodicity of the lattice is destroyed
by compositional or topological disorder. Fan and
McCoy' have studied the bidimensional model with
small random fluctuations in the coupling con-
stants, and Lee, Montroll, and Yu' worked out an
exact solution for the one-dimensional binary alloy.
One of us' has extended the Bethe-Peierls approxi-
mation to an alloy with an arbitrary number of
components assuming all J,, 's to be positive. The
purpose of this paper is to study, within the same
approximation, an. alloy between a ferromagnetic
and an antiferromagnetic species. Wissel' and
Wegner' have studied this problem in the mole-
cular-field (or mean-field} approximation. It has
also been considered from a different point of view

by Bruce and Aharony, ' who studied critical ex-
ponents for systems with several coupled order
parameters. The kind of information obtained in
the two approaches is complementary: mean-field
theory aims at giving the global characteristics of
the phase diagram, including explicit equations for
the various critical lines in terms of coupling con-
stants and concentrations, but is unable to give the
correct critical behavior. Renormalization- gr oup
techniques, on the other hand, give accurate in-
formation about critical exponents, but the ex-
plicit dependence of T, on the parameters of the
initial Hamiltonian gets buried in the renormaliza-
tion transformations.

Our work is a more elaborate treatment of the
problem along the lines of Wissel and Wegner,
since the Bethe-Peierls approximation is known to
be an improvement over the plain mean-field ap-
proximation. Our results are in general in good
qualitative agreement with theirs. Some obvious
shortcomings of molecular-field theory, like the
prediction of a phase transition in one dimension,
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FIG. 1. Phase diagrams for an alloy between a fer-
romagnetic species A and an antiferromagnetic species
B without external field. The regions are indicated as
PM (paramagnetic), AFM (antiferromagnetic), FM (fer-
romagnetic), and mixed; the last one exhibits a super-
position of FM and AFM long-range order. Case (a) re-
sults if the coupling J&z between species is strong, case
(b) if it is weak.

are corrected in our approach. The main results
are the following: depending on the strength of the

coupling between species, two kinds of phase dia-
grams [Figs. 1(a) and l(b)] are possible in the ab-
sence of an external field. For strong coupling J»
between the species [Fig. 1(a}) the system is ferro-
magnetic at low T if it is sufficiently rich in the
ferromagnetic species (which we call A), and anti-
ferromagnetic otherwise. The ferromagnetic (FM)
and antiferromagnetic (AFM) regions are separated
by a line OC of first-order transitions. If the cou-
pling Z„s is weak [Fig. 1(b)] the AFM and FM re-
gions are separated by a mixed phase in which both

types of order coexist. The intermediate or mixed
phase exhibits a splitting into two sublattices I. and
L' with average magnetizations (&r) and (o'), which
are neither equal nor opposite. It arises physically
from the fact that the A sites form a dilute ferro-
magnet interwoven with a dilute antiferromagnet of
8 sites. This mixed phase has been observed' in
Fe(Pd„Pt, „), and in (Mn„Fe, „)WO„and it was in
connection with these substances that Wissel and
Wegner did their mean-field calculations.

In Sec. II of this paper we define our model. The
basic equations are derived in III. Their solutions
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and the resulting phase diagrams are discussed in
Sec. IV. Finally, representative results and a
comparison with mean-field results are presented
in Sec. V and a brief summary is given in Sec. VI.

II. DEFINITION OF THE MODEL

be obtained using the first and second principles of
thermodynamics.

Our aim will be to write down a closed system of
equations for the pair probabilities P(i, o;i', a') in
the Bethe-Peierls approximation. To do so it will
be convenient to define also the single-site proba-
bilities

We consider two kinds of atoms A and B distribu-
ted at random on a regular lattice. We assume for
simplicity that different sites are statistically in-
dependent as far as their occupation by A or B
atoms is concerned. ' The atoms remain frozen in
at fixed positions in the lattice, and their concen-
trations are c„and c~ = 1-c„. We postulate a
magnetic Hamiltonian of the form

P(i, a') = g P(i, o , i', a-'),

P'(i ', a') -=QP(i, o",i ', o'),

as well as the conditional probabilities

P,(i, o/i ', a') =P(i, o—; i ', o')/P '(i ', o'),

P,'(i ', o'/i, o) = P(i, o; i ', o')/P (i, o).

(3a)

(sb)

(4a)

(4b)

H= —g Z„o,a, —.h .P. g,o, , .

where the 0,. are Ising spins o,. =+1, the first sum
is over all pairs of neighbors, and Ji, is J», J»,
or J» depending on the atoms at sites i,j;h is an
applied external field, and g,. is g„or g» the mag-
netic moment of the atom at site i. We want to
work with one species A which is ferromagnetic
when pure and another species B which is anti-
ferromagnetic when pure; therefore, J»&0, J~~
(0. We can take J»&0 without loss of generality
since the sign of J» can be changed at will by
transforming 0 ——cr for one of the species.

To make antiferromagnetism possible we split
our lattice into two sublattices L and L' in the
usual way: each site in L has all its neighbors in
I ' and vice versa. We only consider lattices on
which such a decomposition is possible, for ex-
ample, simple cubic or plane hexagonal.

We shall try to determine the probabilities
P(i, o", i', a'), i =A or B, i'=A or B, o'=+ 1,
o'=+1, for the occupation and spin configuration
at two neighboring sites with the system in thermal
equilibrium. We assume that the first pair of
arguments in P corresponds to a site in L, the
second pair to a site in L'. A knowledge of the
probabilities P(i, a;i', a') at all temperatures and
applied fieMs is sufficient to determine all thermo-
dynamic quantities: the energy is

E= (H}= — Q P(i, a", i', a')[eT;;.oa + g(g;a+ g;.o')]~
i, a, i', ty'

(2}
and from E all other thermodynamic functions can

P,(i, a/i', a') is the conditional probability that
given a site in L' withi', 0', a neighboring site in
L will be i, o. Similarly for L and L interchanged.

III. BASIC EQUATIONS

To derive the equations for the P(i, o", i', o')
we start by considering an arbitrary site in L
together with all its neighbors (Fig. 2). Let
Q(A, t; n„,m„,ns, ms) be the probability that the
central site has i, 0 =A, 4 and that n„given sites
among its neighbors areA, 4, m„are A, 4, na
are 8, 0, and m~ are 8, 4. We taken„+m„+n~
+m~ =y, the coordination number. In the spirit
of the Bethe-Peierls approximation which replaces
the lattice by a Cayley tree" of the same coordina-
tion, we write

Q(A, t;n„,m„,ns, ms)

=P(A, t)P,'(A, 0/A, i}"&P,'(A, t/A, 0) A

x P,'(B, t/A, 0)"sP,'(B, i/A, 0) s. (5a)

Suppose now that the central spin is reversed
while everything else remains unchanged. Let
Q(A, 0; „n, m„, n ,sm) be the corresponding proba-
bility; then

Q(A, i;nA, m„,ns, m~)

=P(A, f )P', (A, f /A, f )"AP', (A, &/A, &) "
x Pi(B, i/A, y) s P,'(B, i/A, i)~s. (5b)

Let H„„„bethe Hamiltonian of the cluster Fig. 2,
and Ho&t

=—H H&g St Let Tr,„, stand for the trace
over all spin variables outside the cluster. Then
from statistical mechanics

Q(A, 0;n„, m„, ns, ms) exp[- PE„„„(A,&; n„,m„,ns, ms)] Tr,„,[exp(- PH, „,)]
Q(A, 4; n„, m„, ns, ms) exp[- PE„„„(A,i;n„,m„,ns, ms}]Tr,„,[eftp(- PH, „,)]

= exp[2p[hg„+ J„„(n„—m„}+J„s(ns —ms)]j. (6)
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substitution of (9) into (7) yields

[P(A, 4)/P(A, i)]" ' exp(2yu„) = exp(2Phg„) (11)

or

0„ y —1 P(A, i) hg„
A 2 p(A y) hT fA( AP As B& B)

FIG. 2. Cluster considered exactly in the Bethe-
Peierls approximation. It consists of a central site 0
and its y nearest neighbors. The figure corresponds to
a planar square lattice with p =4.

Substituting Eqs. (5) into (6) and using the defini-
tion (4) of the conditional probabilities we may
write

P (A, 0) " ' P(A, 0;A, 4) "~ P(A, 0;A, t) ~~

P(A, 0) P(A, 0;A, 4) P(A, 4;A, 4)

P(A, 1;B,i) "s P(A, t;B, t)
P(A, 0;B,0) P(A, 0; B, 0)

exp[2P[hgs +~gg(ug ~ g) +cfgs(us ™B)]].
(7)

Similar equations hold of course for A and B in-
terchanged, and for the sublattices I and I.' inter-
changed. [Interchanging I, and L, ' amounts to using
P'(A, 0), etc. , in the first factor of the left-hand
side of (7), and to interchanging the order of the
pairs of arguments in the various P(i, o", i', o').]
Since the n„, ~„,n~, m~ are arbitrary integers
which sum up to y, there is a large number of
equations of the form (7). In addition to all these,
the P(i, o;i', o') must also satisfy

and similar equations for A —B and for I —L, '.

y —1 P(B, 0) hge
uJ3= In, ~, + .T=—fs(ug, ug, us, us),

(12b)

y —1 P'(A, i) hg„
p.(A, )

+ hT=f~( ~ ~ s s»

(12c)

y —1 P'(B, 0) hgs
B 2y pr(B y)

+
hT fB( As A& Bf B)'

(12d)

We have obtained in this way a closed set of four
equations which have to be solved for u„, u~, u~, u~.
If A=0 then u„=u„'=u~=u~=0 is one possible solu-
tion of Eqs. (12). According to (9) this trivial solu-
tion corresponds to equal probabilities for spins
up or down; it therefore describes a paramagnetic
phase. The existence or not of other solutions de-
pends on the values of the parameters and the tem-
perature. If other solutions exist they have to be
found in general numerically (representative re-
sults will be given in Sec. V). Nevertheless, a fair
amount of information can be obtained analytically
by studying Eqs. (12) in the vicinity of the critical
lines OA, OB of Fig. 1, where the magnetizations,
and therefore the u's, are small. Before discuss-
ing this subject we make the following observation:

The energy per bond obtained from Eq. (2), when
expressed in terms of the u's, takes the form

a, fy'

P i, o', i', o' =c;c,, (8)
E= PZ, ,.c, c,,

because of our assumption of a random and frozen-
in distribution of atoms.

To find P(i, o;i', o' )'s satisfying all these condi-
tions we make the ansatz'

P(i, o", i', a') =c,c,, exp(PJ „,oc') exp(u, c+u,' ,o')/D, ... .

(9)

with

D, , =2[cosh(u, ..+u,'..) exp(P J, ,,)

—cosh(u, . —u', ) exp(- PZ, ,,)]

and with u„,u„', u~, u~ quantities to be determined.
The choice (9) and (10) ensures that the set of
equations (8) is identically satisfied. Furthermore

X
tanh(P J;,,) + tanh(u, ) tanh(u, )
1+tanh(P J...) tanh(u, ) tanh(u, )

(we set h=0 from now on). For T-0 it becomes

(14)

which is exact on a Cayley tree, but an underesti-
mate of the ground-state energy on a real lattice.
Equation (14) implies that every bond is in its state
of minimum energy —IZ, ,, I, and this is impossible
if closed loops exist. Consider, for example, a
ring of four sites like in Fig. 3: in order to mini-
mize the energy of bonds 2, 3, 4 all four spins must
be parallel, but then the energy of bond 1 is IJ» I,
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FIG. 3. Four-site ring in which the energies of all
bonds cannot be minimized simultaneously.

I 1
X +CAt» , +cBt» —cAcBt»

(16)

not —
~
J» ~. We can conclude from this example

that (a,} our approximation should not be trusted at
very low temperatures, where the existence of
closed loops imposes constraints which we are not
taking into account; and (b) the exact ground-state
energy lies between the Bethe-Peierls and mean-
field energies at T =0. Mean-field theory com-
pletely neglects the correlations between neighbor-
ing spins, thus overestimating the ground-state
energy, and the opposite is true for Bethe-Peierls
theory. A more detailed analysis reveals that for
kT&min(J», ~J» ~), the neglect of closed loops
is not a serious error. It can be checked in all
the examples of Sec. V that min(Z»,

~
J» ~) is well

below the bicritical or tetracritical point, so that
this limitation does not invalidate our arguments.

EV. DISCUSSION OF THE SELF&ONSISTENCY

EQUATIONS

In this section we discuss the solutions of Eqs.
(12) around the lines OA, OB of Fig. 1, where the
magnetizations are small and the right hand sides
can be expanded in powers of the u's. We set the
external field h = 0.

As mentioned before, there always exists a para-
magnetic solution u„=u„'=uB = uB = 0. Moreover it
is clear on physical grounds that this must be the
only solution at high T. According to the implicit-
function theorem, a second solution may appear in
the vicinity of u„=uA = uB = uB = 0 only if the Ja-
cobian

1 2 2 I/2LXl 2 [c2+tgg c+ataa[(cgtgg tca)as+ 4cpc tag ]aI
(17)

be the eigenvalues of the Hermitian matrix

and

c„t„„(„)'i'AB)
(cgca) AB cataa

(16}

be the corresponding eigenvectors. We define new
variables m, n, m', n' by

uA+uA uB+uB
(20a)

u„+u„' . uB+uB
(20b)

and the lines OA, OB can be obtained by setting the
last line equal to zero. It is easily verified that the
line OA is obtained when the first pair of square
brackets is equated to zero, and similarly for the
line OB with the second pair. The easiest way to
plot the curves is to solve for c„or c» the prob-
lem then reduces to solving a second-order alge-
braic equation with coefficients depending on T.
We have thus found the boundary between the para-
magnetic phase and the phases with long-range
order.

To make further progress it is convenient to
follow Wegner' and carry out a linear transforma-
tion to diagonalize the Jacobian, Eg. (16). Let

s(4, 4,4, 4 )
S(u„,u„', ua, ua) uA uA uB —uB (20c)

vanishes at the origin [we have set Q„=—u„
—f„(u„,u'„, us, ua), etc.]. The lines OA, OB of Fig.
I correspond to second-order transitions; an or-
dered solution with small u's exists immediately
beneath these lines. Therefore along these lines
8 must vanish. Calculating the Jacobian explicitly
and writing tanh(PZ, , ) -=t„. for brevity we get.

t'

B
(20d)

From the signs it is clear that the variables m, n
are associated with ferromagnetic order, the m',
n' with antiferromagnetic order. Rewriting Eqs.
(12} in terms of the new variables one gets
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(21a)

+P„=o,1 (21b)

1m' —X — +P, =0,1 1 m
(21c)

1n' —X, — +P =0,-1 (21d)

where the various P's are homogeneous polynomi-
a.ls of degree 3 in m, n, m', n' [we have expanded
Eqs. (12) up to fourth order in the u's]. It is easily
verified that along the line OA, Fig. 1, X, =1/
(y —1}, so if a nontrivial solution exists around this

n((A +Bm'+ Cn") = 0,

n'(D+Frn'+Gn") =0,

with

(22a}

(22b)

line it must have m - ~X, —1/(y 1)
~

'~' and m', n,
n' of order m'«m. Similarly in the neighborhood
of OB, x, - —1/(y —1), n'- ~X, +1/(y —1) ~' ', and

m, m', n are negligible compared to n'. Since in
both cases n and n~' are negligible we set them
equal to zero right from the beginning, and retain
only Eqs. (21a) and (21d).

The next step is to find P and P„, explicitly in
order to actually solve the two equations (21a) a.nd

(21d). Some lengthy algebra, which we omit, leads
to

A =X, —1/(y —1), (23a)

t» —cos 8+tBB—sin 8
XI CB 4 CA 4

A B

(&2 —I)&, + "4 „, [X, —(t„~sin'8+ &,c„cos'8) —(f88 cos'8+ X,c8 sin'8)]
sin'8 cos'8 tAB sin8 cos8

4C&C8 CgC8

+—sin 8 cos 8 t —+tXI . 2 2 CB CA
4 AA BB

A B

D= ~, 1/(y-l),

(23b)

(23c)

(23(i)

X,(I —X',) + ",r, ((t„„c o8s+ X, csi 8n) + (f88 sin'8+ A.,C8 cos'8) —A. ,]
sin'8 cos'8, t AB sin8 cos8

4C AC 8 C AC 8

+—sin 8 cos 8 t —+tX2 . » CB CA
AA BB 7

A B

G =— + (X, —X,')+ "8,~, [(X~„—f„„)sin'8+ (X,C8 —f88) cos'8]
sin'8 cos'8, t AB sin8 cos8

12 cg c8 4 c~c8

——t —sin 8+t —cos 8
X2 CB . 4

4 AA BB
A B

(23e)

(23f)

We conclude that the solutions can be classified in-
to four types:

m =n' = 0 (paramagnetic), (24a)

m' = A/B, n' =-0 (ferromagnetic), (24b)

I = 0, n" = D/G (antifer—romagnetic), (24c)

DC -AQ, 2 AI" -BD
m —,n — (mixed). (24d)

When more than one real solution exists one must
compare the free energies in order to choose the
one that is physically correct. This comparison
can be done as follows: let m("(T), n'"'(T) and
m(2'(T), n' (T)(2be two solutions of (22) and E"'(T)

and E(2'(T) the corresponding energies, Eq. (13).
The two solutions can be followed up to T„ the
critical temperature, where they must merge in-
to the trivial solution rn =n'=0. From the thermo-
dynamic identity 8(F/T)/8T = —E/T' it follows that

F'"(T) F"'(T) = T — ar
T

(25)

Since the integrand can be computed at all tem-
peratures between T and T, our problem is solved.
To construct the phase diagrams presented below
we have compared the free energies of the various
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solutions by computing the integral (25) numerical-

ly in all cases.

V. COMPARISON WITH MEAN-FIELD SAMPLE

CALCULATIONS

In the mean-field approximation the environment
of each spin is replaced by an average medium,
and this is then determined self-consistently.
Wegner' found in this approximation a set of equa-
tions identical to our (22) but with the constants
4, B, C, D, E, and G different from our (23). We
briefly sketch an alternative derivation of the
mean-field equations.

Consider an A atom on L; this atom is surround-
ed on the average by yc„A atoms and by ycB B
atoms, all inL'. Calling 0'„, oB, o„', and OB the
average magnetizations, the effective field seen
by an A on I is therefore h,'«' = yc A J»o A'

+ycBJ»OB, so that one of the equations is

aA a [np(ycA AAaA+ycB JABaB}]& (26a)

and similar equations for A —B and for L —L':

aB = tanh[P(yc„J„Ba'„+ycBJBBaB)], (26b)

a„'= tanh[P(ycA JAAaA+ycB JBBaB)], (26c}

aB = tanh[P(ycB J„Ba„+ycBJBBaB}]. (26(j)

The whole analysis of Sec. IV can be repeated to
arrive again at Eqs. (22), but now

A=a, -1,
Xy cos 0 sin'8
12 cA cB

XX
C = — ' ' sin'8cos'8,

4cAcB

D=-z, -1,
XA,E= ' ' sin'8 cos'0,

4CACB

sin'0 cos 8
12 CA CB

and X„)„8are now obtained from the matrix

(
cAJAArlkT (c,c,)"'JABrlkT

(c„cB)'~'yJAB/kT cBJBBy'/kT

(27a)

(27b)

(2 Vc}

(27(j)

(27e)

(2 Vf)

(28)

We have investigated the phase diagrams around
the point 0, Fig. 1, for several values of the cou-
pling constants, using the Bethe-Peierls and mean-
field equations. All results are for coordination
number y =6.

Figure 4 shows a typical case of weak coupling
between. the species: J»=1, JBB=—0.5, and J»
=0.4. It is known that mean-field results over-
estimate the critical temperature, and the Bethe-
Peierls results are somewhat lower as was to be

0 0,5 GA

FIG. 4. Phase diagram for weak interspecies coupling:
JAA

—-1, JBB = —0.5, JAB =0.4, and y = 6. Full line:
Bethe-Peierls; dotted line: mean field.

expected. Otherwise the agreement is quite good.
To illustrate the properties of the various phases

we have plotted in Fig. 5 the magnetizations of the
two types of atoms on each of the sublattices at a
fixed concentration c„=0.45. The results were
obtained with the Bethe-Peierls equations and the
coupling constants are the same as in the previous
case. The total magnetization of sublattice L is
related to the curves by (a) =c„(a„}+cB(a'B)and
similarly for I '. One can see that for T &T, the
magnetjzations (a) and (a') are neither equal nor
opposite, and this corresponds to a mixed state.
For temperatures between T, and T, the magneti-
zations on L and L' are the same; the order is
ferromagnetic.

Figure 6 shows the energy vs concentration for
the same system at various temperatures. Zones
with different type of order are separated by dotted
lines. The discontinuities in the slope of E across
the boundaries are consistent with second-order
transitions.

In Fig. 7 we have a case of intermediate coupling
between species: J„„=1,JBB= —0.5,J„B= 1. For
these coupling constants we get in our approach a
tetracritical point and a mixed phase; molecular
field results instead predicts a bicritical point with
a first-order AFM-FM line. Apparently as J» is
increased the mixed state disappears less easily
than predicted by mean-field theory.

For a strong coupling between species, J»=1,
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ice

3

FIG. 5. Magnetization of
A and B spins on sublattices
L and L' for cA =0.45 and
same coupling constants as
in Fig. 5. The total mag-
netizations of the sublattices
»e ( &=cA,& A&+cB(B&»d
(0'& =cA(og& + cB(&B&. The
system is in the mixed state
for T & T& and in the ferro-
magnetic state for T

&
& T

& T2.

J» = —0.5,J» = 2, there is again qualitative agree-
ment between the two approximations; both give a
first-order line as shown in Fig. 8.

Finally we shall comment on the T =0 behavior
of the alloy. %e have not been able to obtain an
analytic solution of Eqs. (12) in the limit T-0,
but for the simpler mean-field equations this limit
is readily studied. .For T -0 the hyperbolic tan-
gents in Eqs. (26) go to + 1, and after a few con-
sistency checks one finds the following three pos-

sibilitiess:

o„=as=1, os =o„'=—1 (AFM)

tence of a mixed state at T =0,

Jas ' {J»
I Jss I)"' (30)

0.5
CA

is compatible with a bicritical point at 0, Fig. 1.
Thus, phase diagrams like Fig. 9 are predicted by

for c„& "J, (29a)
AA AB

o„=crs=o„' =1, os= —1 (mixed)

(29b)
AA+ AB AB+ I BB ~

a'„=os=o„'=o's=1 (FM)

for J s)
~

&c„. (29c)
I JBB I

AB+ BB

U J„s&(J„„!Jss!)'~' the region of validity of (29b)
is nonempty and the phases at T = 0 are AFM-
mixed-FM in order of increasing cA. If, on the
contrary, J„s)(J„„!Jss l)'~' no mixed phase ex-
ists. Comparison of the energies shows that in this
case the AFM is stable for c„&lJss l' '/(J„„'~'
+ !J»l'~'), the FM beyond this point.

An interesting fact, apparently not noticed be-
fore, is the following: the condition for the exis-

w5

FIG. 6. Energy vs concentration at several tempera-
tures for the same coupling constants as in Figs. 4 and 5.
The dotted line separates phases and corresponds to the
full line in Fig. 4.
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5-

4-
~ ~ ~ e ~ e+ ~ ~ ~

~ ~

3

2-

MlXED CA

0 CA

FIG. 9. Another type of phase diagram predicted by
mean-field theory.

FIG. 7. Phase diagram for intermediate coupling:
J~=1, J~~ =-0.5, J~ =1. The Bethe-Peierls approx-
imation {full line) predicts a mixed phase separated
from the ferromagnetic and antiferromagnetic phases
by second-order transitions. Mean-field approximation
{dotted line) instead gives a first-order line and no

mixed state.

mean-field theory for certain values of the coupling
constants (an example is Z„„=2,J» = —0.5,J»
=0.95). We have made no attempt at a systematic
investigation of the solutions of (12) for T =0 be-
cause, as explained at the end of Sec. III, the solu-
tions cannot be trusted anyway at very low T. Nev-
ertheless, the following result seems worth men-
tioning: in the calculations for Fig. 8 we have
seen, in addition to the first-order line, a small

region around point P in which the system is in a
mixed state. This region has a triangular shape,
extending from c„-0.32 to c„-0.55 on the T = 0
line and has its upper vertex on the first-order
line at T -0.6. Within our numerical accuracy
(better than 0.1/p) the energy is perfectly smooth
across the boundary of this region; the magnetiza-
tions are continuous with a discontinuous slope.

As mentioned earlier, at T =0 the exact solution
is somewhere between the mean-field a,nd Bethe-
Peierls approximations because the first complete-
ly neglects correlations between neighboring spins
while the second overestimates them. Both ap-
proximations predict phase diagrams which at very
low T are more complicated than Fig. 1. This
strongly suggests that there actually is some com-
plication around T = 0 in the exact phase diagram.

On the other hand, the existence of a tetracritical
or bicritical point (point 0, Fig. 1), depending on
the strength of the interspecies coupling J», is a
result which can be believed with reasonable con-
fidence; both approximations agree quite well on
this point.

VI. SUMMARY

0 0.5

FIG. 8. Phase diagram for strong interspecies coup-
ling: J~„=1,J~~ =-0.5, J~z =2. Both theories predict
a line of first-order transitions.

We have extended the Bethe-Peierls approxima-
tion to a system in which two types of order,
ferromagnetic and antiferromagnetic, may exist.
This constitutes a refinement over previous mean-
field calculations. Mean-field theor y predicts two
different kinds of phase diagrams: (a) For strong
coupling between the species (J'» large), Fig. 1(a)
results. There are three phases with a line of
first-order transitions separating the AFM from
the FM phase. (b) For weak coupling (small J»)
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a fourth mixed phase appears as shown in Fig. 1(b).
The mixed phase arises from the interpenetration
of a dilute ferromagnet (the A atoms) with a dilute
antiferromagnet (the B atoms).

Our Bethe-Peierls results are more accurate
than mean-field results, since bigger clusters are
considered exactly. We obtain phase diagrams with
all critical li;nes shifted to lower temperatures, as
it should be since mean-field theory is known to

overestimate T,. But, more important than this
quantitative improvement, is the fact that our re-
sults confirm the qualitative predictions of mean
field theory, thereby strengthening our confidence
in the whole picture.

Some anomalies in the very-low-T region suggest
that the phase diagram may show additional com-
plications at T-Q.
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