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The ESR relaxation of impurities in rare-earth Van Vleck paramagnets with weak coupling is investigated

both theoretically and experimentally. It is shown that the impurity relaxation is appreciably dependent on the
fluctuation spectra of the host rare-earth ions. The line shapes of the fluctuation spectra are calculated using
the method of moments for cases of interest. The role of the host exchange interaction and that of the rare-
earth crystalline-field splitting in the relaxation process are demonstrated. The theory is applied to interpret
the ESR linewidth behavior of Gd in the metallic Van Vleck paramagnets PrIn3 (reported for the first time) as
well as the linewidth behavior of Gd in the Van Vleck pnictides PrX (X = P,As, Sb,Bi) (reported previously
and in the present work). The host exchange interaction in the pnictides was extracted by fitting the theory to
the experimental ESR thermal broadening. These exchange parameters are compared with those estimated by
means of other techniques. The rapid relaxation phenomenon in PrIn3. Gd is partially attributed to a relatively
low-lying I 5 crystalline-field-splitting level in this system. The conduction-electron contribution to the
relaxation rate is shown to be significant in PrIn, :Gd and LaIn, Gd. The exchange interaction between the Gd
and conduction electrons was extracted in both systems.

I. INTRODUCTION

The magnetic properties of rare-earth inter-
metallic compounds in which the rare-earth ions
exhibit a singlet ground state have recently at-
tracted considerable attention, ' especially those
of the praseodymium Van Vleck compounds having
cubic structure. ' The cubic crystalline field in
these compounds splits the J =4 multiplet of Pr"
into a singlet ground state I', with two triplets I',
and I"„and a doublet I, as excited states. As the
singlet, I'„does not have a magnetic moment,
many of these systems are nonmagnetic even at
very low temperatures. This unique property
enables one to observe the ESR signa}s of other
rare-earth impurities such as Gd, ' ' Er,' Yb, and

Dy, ' in Van Vleck compounds. Such measurements
might yield valuable information concerning the
fluctuation spec tra in singlet-ground-state systems.

We shall first give a brief review of the magnet-
ic properties of singlet-ground-state systems.
For more detailed discussion the reader is refer-
red to several review papers such as that of Cooper
and Vogt" or that of Birgeneau. " It has been de-
monstrated by many authors "'" that the pres-
ence of exchange interaction between the host
praseodymium ions might lead to the formation of
excitation bands in the Van Vleck compounds.
These excitations have been treated by two types
of models" usually referred to as the "singlet-
singlet"' and the "singlet-triplet"" excitation
models. In the framework of these models, it is

entirely possible to have a magnetic phase tran-
sition in a singlet-ground-state system provided
that the nearest-neighbor exchange parameter 8
exceeds the crystalline field splitting A. This
phase transition is accompanied by softening
of some of the excitation mopes. In the "sing-
let-singlet" model, a phase transition will occur
if the following condition is satisfied: q «1, with
a parameter q defined as

q =4z, gc'/a,

where zo is the number of Pr first nearest-neigh-
bors, and c is a matrix element of the z com-
ponent of the total angular momentum J connecting
the singlet ground state with the first excited
state. In view of the "excitation picture" it is
useful to distinguish between two limiting cases:
(i) "Strongly coupled" Van Vleck paramagnets
characterized by a parameter q, defined by (1),
very close to 1. In this case, a softening of some
of the excitation modes occurs at low temperatures,
even in the absence of a magnetic phase transition. '
(ii) "Weakly coupled" Van Vleck compounds for
which the condition q«1 is satisfied. In this case
the "excitations" form a very narrow excitation
band located near A.

The present paper discusses some theoretical
aspects of the fluctuation spectra in "weakly cou-
pled" cubic Van Vleck paramagnets with emphasis
on the ESB of impurities. m addition, we present
new experimental data on the "weakly coupled"
Van Vleck paramagnets Pr„Lai ID3 Gd and a
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reana1ysis of the Gd ESR linewidth in the Van
Vleck pnictides, measured by others" as well
as in the present work. We shall not treat the
case of "strongly coupled'* Van Vleek paramag-
nets, as, to the best of our knowledge, no satis-
factory ESR study of impurity exists for this limit
at present.

The problem of fluctuations in the relaxation of
impurities in cubic singlet-ground-state systems
has been considered by several authors. "Davi-
dov, Rettori, and Zevin' have suggested a phenom-
enological model based on the Bloch-Redfield
kinetic equations. " They have considered the spin-
flip fluctuations of the host paramagnetic ions but
have neglected any contribution to the impurity
relaxation originating with modulation of the Zee-
man levels produced by the z component of the
fluctuations. Sugawara, Huang, and Cooper~ have
adopted the theory of Moriya and Obata" to inter-
pret the ESR relaxation of Gd ions in several Van
Vleck pnictides. Sugawara et al. 4 argued that the
impurity relaxation rate is proportional to the dif-
ference of the isothermal and the isolated sus-
ceptibilities of the host materials. According to
Moriya and Obata, "this is true provided that the
impurity resonance frequency is far away from
the resonance frequencies of the host paramag-
netic ions. This last condition failed to exist in
the case of Gd-doped Van Vleck pnictides of prase-
odymium, as the resonance frequency associated
with the excited I', level of the host Pr is very
close to that of the Qd."" In the frame of the
Bloch-Redfield kinetic equations, the approach
of Sugawara et al. ' is equivalent to ignoring the
spin-flip fluctuations and considering the modu-
lation effect only. Both the approach of Davidov
et al. ' and that of Sugawara et al. ' are phenom-
enologieal and do not give explicit expressions for
the relaxation.

We use here the Bloch-Wangsness-Redfield
equations to calculate the impurity relaxation
in Van Vleck paramagnets. "" We show that
the impurity relaxation is explicitly dependent on
the line shape of the fluctuation spectra of the host
Pr ions. Several cases for impurity relaxation
are considered. The first case (case a) assumes
that the width of the fluctuation spectra A~ is much
larger than the impurity resonance frequency coo
but smaller than the crystalline-field splitting (&uo

«Au & a). The line shape of the low-frequency
part of the fluctuation spectra was calculated, for
case a, using the method of moments. We demon-
strate that both the second moment M~ and the
fourth moment M4 of the low-frequency part of the
fluctuation spectra are temperature dependent.
The temperature dependence of,4~, should manifest
itself in the relaxation rate of the magnetic im-

purity. As a result, the ESR thermal broadening
of the magnetic impurity does not reflect, in a
simple manner, the population of the excited I,
and I", levels as previously assumed. " The sec-
ond limit (case b) assumes that the width of the
fluctuation spectra ~co is of the order of or even
smaller than &o, but still larger than the impurity
relaxation rate 1/T, (&u, & b, &u & I/T, ). In this case,
a structure in the fluctuation spectra is expected.
The second moments M, (I', ) and M2(1', ) associated
with transverse fluctuations within the I'4 and I',
multiplets, respectively, are calculated for case
b. It is shown that at very low temperatures,
M,(I', ) vanishes while M, (I', ) and M, exhibit finite
values.

The limit A~ ~ ~, in case b is usually not satis-
fied for the materials considered. This is because
the host exchange interaction J is large enough to
violate the requirement coo&b, cu. There is, how-
ever, an intermediate case (case c) where J is
large enough but nevertheless the fluctuation spec-
trum might exhibit a structure. The structure in
the fluctuation spectrum in this case is a eonse-
quenee of the different low-temperature proper-
ties of M2(I', ) with respect to those of M, and

M, (I', ). Case c is favorable for materials which
exhibit a low-lying I"„level and for low tempera-
tures.

Next, we present our experimental results on
the system Pr, La, , In, :Gd (0 ~x ~1). The ESR
spectra of PrIn, :Gd exhibit a large positive and
temperature independentg shift in the tempera-
ture range between 1.4 and 20 K. The linewidth
increases linearily with an increase in tempera-
ture at low temperatures, but reveals a large devi-
ation from linearity above T = 12 K. While the ini-
tia1 linear increase of the linewidth versus tem-
perature is attributed to conduction-electron ef-
fects, the deviation above 12 K is-associated with
the host magnetic ion's fluctuations according to
our theory. We offer some evidence that the I',
level is responsible for the relaxation phenomena
(above T=12 K). The very narrow range over
which measurements were performed does not
allow conclusive decision with respect to the domi-
nant mechanism (case a or case c) in PrIn, :Gd.
The relaxation in the pnictides is interpreted using
case a.

Section II of this paper describes our theory for
impurity relaxation in "weakly coupled" Van Vleck
paramagnets. Section III contains our experimen-
tal results on the Pr, La, „In, :Gd (0 &x &I) system
as well as an analysis of this system and thai of
the pnictide series. We were able to extract the
exchange interaction of the Gd ions with the host
Pr ions and with the conduction electrons in PrIn3.
The conduction-electron contribution was com-
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pared to that in the isostructural compound
LaIn, :Gd. An attempt was also made to extract
the host exchange interaction from both the ESR
g shift of Gd in Pr„La, , In, and the susceptibility
of Pr„La, „In, . Finally, we demonstrate in Sec.
III that fitting the theory to experiment enables one
to extract the host exchange interaction J from the
impurity ESR linewidth. This is true if the crys-
talline-field levels are known from independent
measurements. It provides us with a powerful
technique for the study of J in the Van Vleck
pnictides. The values of 8 extracted by us for the
pnictide series are compared with those derived
by others" from combined susceptibility and
neutron scattering (4ta." The discussion in Sec.
IV gives a comparison between the relaxation
phenomenon in the pnictides and that in PrIn3 Gd.

& = &cf+ &ex+ &z ~ (2)

where 3C„ is the crystalline-field Hamiltonian, X,„
is the isotropic exchange interaction between the
host Pr ions, and 3Cz is the Zeeman Hamiltonian.
The Hamiltonians 3C„, 3C,„, and 3Cz are given by"

II. THEORY

A. Model

We shall mainly concentrate, at present, on
praseodinium intermetallic compounds having
cubic structure. The spin Hamiltonian describing
the Pr ions can be written

appropriate to the various crystalline-field levels
have been calculated by Lea, Leask and Wolf"
using (3). These wave functions are tabulated in

Table I for the J =4, 4f' manifold of Pr".
The impurity interacts with the neighboring host

Pr ions via an exchange Hamiltonian of the form
(4). For simplicity, however, we shall take into
consideration only the first-neighbor Pr ions to
each impurity ion. In this case, the exchange
Hamiltonian 3C',„between the impurity and the host
Pr ions can be written

SQ

~;„=-(g,-i)a Ps J&"&, (6)
k=I

where S is the spin of the impurity, 8' is the ex-
change interaction between the impurity and the
host Pr ions, and &0 is the number of the Pr first-
neighbor ions to each impurity. The relaxation
rate of this impurity can be calculated under the
assumption that the impurity does not create a
perturbation of the host Pr Hamiltonian. We have
assumed, also, that the host spin system is a dis-
sipative one. " This assumption is equivalent to
the requirement that the impurity ESR linewidth 1/
T, is much smaller with respect to the width of the
host fluctuation spectra b, cu. Furthermore, we
restrict ourselves to a spin S = —,

' for the impurity.
Under these assumptions, the Born approximation
in the kinetic equations together with (2) yield the
following expression for the impurity linewidth' "'"
(see Appendix A):

X„=Q [B~04( J~'~) +B,O, ( Jt ~)],

R =-— 4 S ~ S = —— ~k J' ~ J"(i) (k)
ex 2 ik i k 2 ik

i~k i~k
with

(3)

(4)

l/T. =(v/2g') (g')'~, (g, —l)'
&& [2K„(0)+K„„((o,) +K„((o,)],

where +0 is the impurity resonance frequency.
The spectral functions K»(u&)(p =x, y, z) are de-
fined as (see also Appendix A)

8,.& =(gz —1)'ga ~ Jcz —g gzPe H ~ J (6)

where 0,( Jt'i) and 0,( J 'i) are equivalent opera-
tors of the fourth degree and the sixth degree,
respectively, ~ B, and B, are crystalline-field
parameters of the fourth degree and sixth degree,
respectively, J,k is the exchange interaction be-
tween the ith and kth Pr host ions, p.~ is the Bohr
magneton, g~ is the Lande g factor, St" is the
total angular momentum of the kth Pr host ion,
and H is the external magnetic field. We have
neglected in (2) any spin-spin interactions orig-
inating with dipole-dipole or quadrupole-quadrupole
interactions, as these interactions are believed
to be much smaller with respect to the exchange
interaction (4). We have also neglected any aniso-
tropy in the exchange Hamiltonian as well as con-
duction-electron contribution. The wave functions

+ OO

K»((u) = (6Jq (t) 6 Jq )e'"' dt . (8)

Level Functions

(
I'~) = 0.4564 (4) + 0.7638 j 0) + 0.4564 j -@

j r4, a)
j I'4, b)
j r, , -)

j r, , cr)

jr, , b)

j r, , a)
jr, ,»
j r, , c)

0 707i j@—o 707i( -4)
= 0.3536(3) + 0.9354( i)
= 0.3536( 3) + 0.9354(i)

0.707i(2) + 0.707i -2
= 0.540 i (4}—0.6455 0) + 0.540 i j

—4)

= 0-707i (2) 0.707i ( 2)
= 0.9354 (3) —0.3536 (

—i)
= 0.9354( -3) -0.3536(i)

TABLE I. Wave functions appropriate to the various
multiplets of Pr' in cubic crystalline field. These wave
functions were calculated by Lea, Leask, and Wolf.
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We have chosen the coordinate axis to be along
the cubic axis. This yields Kk, (&o}=0for p~q in

(7) from symmetry considerations. The auto-
correlation function &58k(') (t) 58k()& is given by

&5J'(k)(f) 5g(k)& rgp[p(~) six)lk5 J(k)c Oct/k5 j(k)
J

5Jk=Jk-&Jk& (P =x, y, z), (10)

where&Zk& is the thermal average ofZk. In the
absence of an external magnetic field(Jk& (p
=x, y, z) is equal to zero, and the three spectral
functions in (7) are equal for cubic symmetry.
The spectral functions K„„(~}and K„(&u) in (7)
originate from the spin-flip process of the ex-

Here p(3C) is the Gibbs distribution function and3C
is defined by (2). 5Jk is the fluctuation in Zk and
can be expressed as

change interaction between the impurity spin and
the host ions (transverse fluctuations). The spec-
tral function K„(co) is the modulation term; this
term originates with the z component of the fluc-
tuating magnetic field produced by the fluctuating
host magnetic ions.

It is easy and instructive to calculate the spec-
tral functions in the limit of vanishing host ex-
change interaction and then to introduce this ex-
change interaction in a phenomenological manner.
Such an approach has been adopted previously by
Davidov, Rettori, and Zevin. ' We note that in
the limit of vanishing host exchange, the require-
ment of a dissipative system no longer holds.
However, such a method might give the reader an
insight into the nature of the fluctuation spectrum
in several limiting cases. In the limit 3C,„=0, and
for an external magnetic field parallel to the z
direction, we have calculated the spectral functions
using (2), (3), (7), and (8) to be

K„(tu) = Q P l &7„f lz, lr. f &I'5((o)+ Q P„l&F„f lz, lr, f,&l'5(~-~„,)
n, f n~8

fn kf8

P.P8&r.f.l~, l ~ f &&I Bfsl~, l ~sf'&5(~),
ns
~n ~8

K..(~&=g p. l&r.f.l~„lr,j,&l'5(~-~.,), (12)

where the indices n and P represent various crys-
talline-field levels, and f and fs characterize
various wave functions within the multiplet 1
and I'k, respectively. The wave functions (I'„f„l
are given in Table I for J = 4, 4f ' manifold. The
population factors p and the frequency co 8 are
defined as

p c-E-/T/g

with

(13)

n, fn

(u-, =[E(r„,f ) -E(I'8,fs)]/g, (14)

where E„ in (13) are the energy levels appropriate
to the various crystalline-field levels in the ab-
sence of external magnetic field; the energy
E(I'„,f ) corresponds to the Zeeman level f
within the multiplet I'„. In the presence of a
magnetic field, co 8 depends also on the indices
f„and fs but for simplicity these indices were
dropped.

=(g„+ag) p.H/@ (o =4, 5), (15)

ewrheg„( o4, 5) is given byg~&I'„hl'. Ir.h)
and Ag is the exchange inducedg shift due to the
exchange interaction t with the surrounding Pr
ions (~g=0 in the limit X,„=0). The values of
g4 and g, appropriate to the transition be-

The last term in (11) is very small with respect
to the first one and is zero for H =0. It is clearly
seen from (11) that in the limit of vanishing host
exchange the spectrum of K„(~}consists of
"peaks" at~=0andat&u„8 (n'P). As&a 8 (ovP)
corresponds to transitions between different crys-
talline-field levels, these "peaks" occur at very
high frequencies. The spectrum of K,„(&u) [or
K„„(~)]consists of peaks at ~~ and ~„as well
as at high frequencies &u„8 (n'P). The frequen-
cies cg44 and u)„refer to transitions between Zee-
man levels of the I'4 and the I, multiplets, respec-
tively. It has been demonstrated' that these tran-
sitions are the only transitions between Zeeman
levels of the same multiplet which have nonvanish-
ing matrix elements of J„(orJ, ). The frequencies
(d44 and ~» are defined aS
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tween Zeeman levels of the I'4 and the I,
multiplets, respectively, have been calcu-
lated to be g4= 0.5 and g, = 2.' 'The latter g value
is very close to the Gd resonance frequency.

Figure 1(d) exhibits the low frequency part of

K„,(&o) and K„(&u) for the hypothetical case of van-
ishing host exchange interaction. Figure 1 is only
a schematic description of the low-frequency part
of the fluctuations and the scales in Fig. 1 are
arbitrary.

LaJ
Cl

cL F{&) 6{+~44)F { }
& 2~5'

n
o

We shall introduce, now, the host exchange in-
teraction, Eq. (4}. In this case the 5 functions
in Eqs. (11}and (12) can be replaced by some
distribution functions describing the low-frequency
part of the fluctuation spectra. ' We shall demon-
strate, later, that the width of these distribution
functions is of the order of the host exchange in-
teraction zoJ. In the case of weakly coupled Van
Vleck paramagnets [z,J& 6 according to (I)], this
means no overlap between the high-frequency part
and the low-frequency part of the fluctuation spec-
tra. ' According to (I) the Gd relaxation rate is
determined by the fluctuations at = 0 and & = {do

only. Thus only the low-frequency part of the
fluctuation spectra is relevant to our problem.
Several cases should be considered.

Case a. We can assume that z,J is large enough
such that the width of the distribution functions h&
(describing the low-frequency part of the fluctua-
tion spectra} is much larger than the impurity
resonance frequency &uo. In this limit (b, m»u, )
it is impossible to distinguish between the trans-
verse and the longitudinal components of the low-
frequency part of the fluctuation spectra. This
is due to the fact that ~«and ~» (as well as &u, )
are also smaller than Aw and the effect of the ex-
ternal magnetic field on the fluctuation spectra
can be neglected. Note that in the absence of ex-
ternal field K„(u) and K„,(ur) are the same for
cubic symmetry [see also (11) and (12)]. Thus one
can write

K„(0)=K,„(0)=K„,(0)

and also

"44 55
FREQUENCY

FIG. 1. Schematic description of the low-frequency
part of the fluctuation spectra for several limiting
cases. (a) The Quctuation spectra in the limit
4}p«44) & 4 (case a in the text). (b) The fluctuation
spectra in the limit 4{d &~0 (case b). The low-frequency
part of the transverse fluctuations (K» (w) and K» (~)l
is given by the spectral functions F'&(~ —~44) and
E2(u& —~56) centered around &u =~&4 and ~ =~&&, respec-
tively. The low-frequency part of K«(~) is given by the
spectral function &'(~) centered around ~ =0. This spec-
tral function is described by a dashed line in Fig. (b).
(c) The fluctuation spectra for the intermediate case
(case c in the text). In this case the spectra exhibit a
"peak" in the vicinity of co=co55. {d) The spectra of
fluctuation for the hypothetical case of vanishing host
exchange interaction. It consists of 4 function peaks at
~ =0, co = ~44, and =~&5. The former originates with
the modulation term, the latter with the transverse
fluctuations. The scales in Fig. 1 are arbitrary.

K.*(~o)=—K..(o), K„(~.) = K„(0) . —

It is instructive, therefore, to describe the low-
frequency part of the fluctuation spectra by a sin-
gle distribution function F(w). Figure 1(a) ex-
hibits the low-frequency part F(u) for case a.

Case b. The width of the distribution functions
nur is of the order of (or even smaller than) the
resonance frequency coo but is still larger than
I/Tz In this ca.se one expects a structure in the
transverse fluctuation spectra. This structure is
associated with transition between the Zeeman
levels of the I'4 and I', multiplets. In the limit of
a very small host exchange (n&o&mo), the low-
frequency part of the transverse fluctuation spec-
tra can be described by a function F,(&u —&u«)
centered around ur =&u« and F,(~ —cu») centered
around u = co». The normalized low-frequency
part of K„(u) is represented by a function F(cu)
centered around {d = 0.

Case c. This is another interesting case which
should be considered. Let us start with the limit
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M = g(» )'{Z(c' +c' e * ~ )] '){Rc' c, +(c', e *0 +4{(c' +c', , )(c,'c'„+ ', ) (c, —c„)'c,]e *C

2 4 -E3/T 4 6 -(2E5 E4)/T + 2 2 4 -(E5+E3 E4)/T $+ c~c43e +»e + c»c,3e J, (18)

where c ~ represent various matrix elements for
transitions between the crystalline-field levels of
Pr+', J =4 multiplet. As the irreducible repre-
sentation I' appears only once in the J =4 rep-
resentation, the values of t."„~ are the same for
all Pr compounds having cubic structure. The
values of c„s are given by

c„=&r,le, I r„a& =2( —,)'",
c„=&r„h I z, I r„b& = - -,',
c =&r„h I J, I r„a& =2( —', )'t',

c„=&r„bI J, l r„a& =2,

c„=-&r„cI J, l r„c) =-,'(7)'t',

c„=&r„t I z. l r„h& =-', .
Figure 2 exhibits the second moment M2/g( jf.)'

as a function of temperature for the special case
of the Van Vleck compound PrSb. The value of
M2/p(grf)2 was calculated using (18) together with
the crystalline-field levels given in Table II. It
is clearly seen that M, is temperature dependent
[see also (18)]. This means that the relaxation
rate 1/T2 does not reflect only the relative popu-
lations of the excited I'4 and I', levels as assumed
by Sugawara et al. » The various terms in (18) de-
scribe "two-ion" processes in which one ion un-
dergoes a transition I I'„f )-I r])f{]& (o. op) and
another ion simultaneously undergoes a transition
I rt) f{]&-I I' f„). The probability that these tran-
sitions will take place is equal to c'8 multiplied
by the relative weight of this transition. The
mutual spin-flip process occurs via the exchange.

Myers and Narath" have recently calculated the
relaxation rate of the host nuclei as measured by
NMR in weakly coupled Van Vleck paramagnets.
They used a model with an effective spin —,', taking
into consideration only a two-level scheme: the
singlet ground state and an excited state. Their
results are identical to ours in the limit T =0.
Thus, the model of Myers and Narath ' is valid
only for very low temperatures. As is clearly
seen from Fig. 2, M, decreases appreciably upon
increasing the temperatures. This might change
the fitting of Myers and Narath in the high-tem-
perature range.

It should be pointed out that (17) holds provided
that F((d) has a Gaussian line shape. Some infor-
mation concerning the exact line shape of F((d) can
be gained by performing calculations of the fourth
moment M4. It is well known from the theory of

moments in ESR that the ratio M»/3(M, ) should
be equal to 1 for a Gaussian distribution but much
larger than 1 for a Lorentzian.

In Appendix C we present a general formula for
the fourth moment M» of F((d) Thi. s formula con-
tains many terms originating with "two-ion pro-
cesses, " as well as from three- and four-ion pro-
cesses. It should be pointed out that in the cal-
culation of the second moment M2 (see Appendix
B) all the processes in which more than two ions
are involved were cancelled out. In view of the
complicated expression for M4 we shall give here
only its value in the limit T-0. We found for the
rocksalt structure

M»(T= 0) =(j) —zo(6 zo+30) c,'». (20)

In the same limit we have calculated M, /3(M, )'
to be

M»(T = 0)/3 [M,(T = 0}] = 0.7 . (21}

This indicates that at low temperatures (T «n)
the line shape of F((d) is very close to a Gaussian
line shape. In estimating (20) and (21), we have
made the approximations

g(8„)'=z.(&)' ~d P(&„)'=z.(J)',

C. Calculation of 1/T2 in the limit Dw g ceo |case b)

In the limit b, u & coo the low-frequency parts of the
fluctuation spectra consists of broad but separated
peaks. The low-frequency parts of the spectral
functions K„((()0) and K„((()o) can be expressed in
this limit as

etc.
Knowledge of the line shape of F((d) as a. function

of temperature requires a computer calculation of
M» and M»/3(M2)'. Our preliminary calculation
(to be published elsewhere) indicates that the ratio
M»/3(M2)2 varies with temperature. In the present
work we shall assume, however, that the line
shape is Gaussian. This is consistent with the ap-
proach of Myers and Narath" who used a Gaussian
line shape for the fluctuation spectra to interpret
the relaxation of the "P nucleus in PrP. Finally,
pair correlation contributions to M, have been
calculated (to be published elsewhere) and where
found to be less than 30% of the autocorrelation
contribution calculated in the present work.
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K„((d,) =(2/Z) [e «/ ]&I'„a ) J„)I'„c)]'E,((d, —(d«)+e 5/ ]&I"„&) J, I I'„c)]'F ((do —(d, )],

K„(0)=[2F(0)/Z](e ~ l&I' b IZ, I
I" b)]'+e 2 ]&I',b (J, (

I', f))] ),

(22)

(23)

where E,((d, —(d«) and E,((d, —(d») represent the
amplitude of the normalized spectral functions,
originating with transverse fluctuations, within the
I'4 and I, multiplets at the impurity resonance
frequency &0. These functions are centered around
(d«and (d» defined by (15). E(0) represents the
amplitude of the low-frequency part of Z„((d) at
(d =0. Combining (7) with (22} and (23) yields for
I/TE the following expression:

I/T2 =(2E/h ) (8')2Eo(gq —1)E

x[0.125E,*(e E~/ /Z)+3. 125F2'(e E2/ /Z)]

(24}

where E,* and E,* are given by

Fr =F2((do —(d«) + 2E(0) 2

Fg =E2((d() —(d» ) + 2E(0) .
Formula (24) was derived under the assumption

that (do&a(d &1/T, . It represents a generalization
of the phenomenological approach of Davidov,
Rettori, and Zevin to include the modulation con-
tribution to 1/T, . The values of F,((d, —(d«) and

E,((d, —(d») in (25) and (24) are related to the
second moments M, (I'4) and M, (I', ) associated
with these spectral functions. The calculations of
the second moments of F,((d —(d«) and F,((d —(d»)
are given in Appendix D. We have used the pro-
jection operator technique in complete analogy
with the calculation in Appendix A. The results
for (M,)'/E&(d«are given by

(r, )4=4(Q( )*Z '2)I[2;, ~ *l, '" —, ;,e

i &j.

+2(cggc +2c~ ) 8 2 ],
(26a)

24,(r, )= Q(4)„)'Z ')[2( * c*„~2 '
)

i ~1

C4 e E2/T + 4C4 E E2/T]-
(26b)

For (M, )' '& (d„„, we find

M, (r, ) = I:(4)„)'z-')[4(c*„'„~2cl, )e *"
i &1

+2c'35e-'~ '+4c' e '2" ]

(27b)

In Figs. 3(a) and 3(b) the temperature depen-
dences of M, (I', ) and M, (I', ) for the case(M, )' '&(d „
are shown. Itis clearly seen thatwhileM, and M,(I', )
have a finite value at very low temperatures, the val-
ueof M, (1',) iszeroat T =0. Thispropertyhasa
significant consequence with respect to the char-
acter of the fluctuation spectra in Van Vleck para-
magnets exhibiting a low-lying I', state. This is
discussed in Sec. IID.

D. Intermediate case (case c)

For the materials being considered the condition

Aco&z, is usually not satisfied. This is a con-

90—

70

50

IJJ

0

20—
C)

u

12

I I I

100 200 300

TEMPERATURE (K)

FIG. 3. The temperature dependence of the second
moments (a)

(b)

+4(C«C'„+2C', , ) e E2/T ],
(27a)

These second moments were calculated using Eqs. (27)
and for PrSb.
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I/T, =(x/g) (4')'(gJ —1)'z 0

x(e ~ /Z) F2(~o —(o»),

with

F,(&u —(u, ,) = f1/[2vM2(r, )]~~2}

x ( p 55) /2 N2(r, )

(28)

where M, (I",}is def ined by (26b) and (27b}and a Gaus-
sian line shape for E,(u —&u») is assumed. The main
assumption made in (28) is that the width

[2wM, (i', )]'~' of F,(a& —&u„) is small enough to ex-
hibit a signif icant peak at cg =u» but wide enough
such that the amplitude of E,(&u -&u»} at the im-
purity resonance frequency &p is not negligible.
Note that ur, g~» at low temperatures (here ~,
stands for the Gd resonance frequency) and the
requirement of E,(~, —ru»)e0 is satisfied only
above a certain temperature Tp. Thus, below Tp
there will be no relaxation via the I', level since
E,(&u, —&u») =—0. As the temperature increases,
there is a broadening of F,(&u —ur») such that
above Tp, a new channel for the impurity relax-
ation is opened up. The relaxation rate (28) is
valid only for T&Tp This relaxation phenomenon
is similar to the cross-relaxation mechanism de-
scribed previously. At still higher temperatures,
the width of F,(&u —+») is comparable to that of
the low-frequency part of K„(&u) and the relaxation
rate is determined by (16a) and (16e).

sequence of the relatively large value of J (several
degrees Kelvin) leading to a large value of A&a.

There is, however, a situation where the fluc-
tuation spectra exhibit a structure even in the
presence of relatively large J. This can be un-
derstood in view of the different low-temperature
properties of M„M,(I', ), and M,(I', ): while M,
and M, (I', ) exhibit a finite value at low tempera-
tures, M, (I', ) is zero for T =0. The formation of
structure in the fluctuation spectra at low tem-
peratures can be explained as follows: In the
limit of very small host exchange, the low-fre-
quency part of the fluctuation spectra consists of
the spectral functions F(&g), F,(up —&u«), and

F2(&u —+»). Increasing J broadens F(+) and

E,(~ —~«) significantly; the width of E,(ur —~»)
at low temperatures remains small. In the limit
of large J, the low-temperature fluctuation spec-
tra exhibit a structure at & =&» provided that the

r, level is a low-lying state. This structure might
manifest itself by a "peak" at & =&» situated
above a background of fluctuations originating
with K„(ra) and the transverse fluctuations within
the other multiplet. For an impurity with a reso-
nance frequency &p close to ~», the relaxation is
dominated by F,(&u —u&»}. In this limit one can
write for 1/T, the following expression:

I. ESR of LaIn3. Gd

The ESR measurements were carried out on

powdered samples. The Gd concentrations were
between 50 and 2000 ppm. A single line with a
metallic line shape was observed. The field for
resonance is appropriate to ag value of 2.039
+0.005. The linewidth increased linearily with
an increase in temperature and can be described
by the formula a+bT; here a is the residual width
and b is the thermal broadening. The values of
a, b, and theg value for the various samples
measured are exhibited in Table III. In addition,
the temperature range over which the experiments
were carried out is also indicated in the table. We
attribute the g shift and the thermal broadening in

LaIn, :Gd to the exchange interaction j between the
Gd ions and the conduction electrons. In the ab-
sence of a bottleneck effect ' in the relaxation me-
chanism, this g shift ~gcE and the thermal broad-
ening b originating with the conduction electrons
can be expressed as

Ply

b T = (v/gpa) (j q)'Ka T,

(30)

(31)

where K~ isthe Boltzmann factor and q is the con-

III. EXPERIMENT AND ANALYSIS

A. System Pr„La i „In3 (doped with Gd or undoped)

The system PrIn, is a metallic Van Vleckpara-
magnet having cubic structure. Specific-heat
study~ of this compound indicated that the ground
state is a singlet I', with a triplet as a first ex-
cited state at an energy of 100~30 K. A suscepti-
bility study" ' gredicted the existence of a I'4

level at an energy of 110+10K. In view of this
large splitting, it is believed that PrIn, is a weak-

ly coupled Van Vleck paramagnet, although no ac-
curate information concerning the host exchange
exists at present.

This section presents an ESR study of Gd in

PrIn, :Gd and LaIn, :Gd. Measurements on the
latter compound were necessary in order to de-
termine the conduction-electron contribution to
the g shift and linewidth. We have estimated, also,
an upper limit to the host exchange from a suscep-
tibility study of Pr„La, ,ln, (0 ~ x ~ 1) as well as
from the low-temperature ESRg shift of Qd in

Pr„La, „In,. The Pr„La, „In, samples, doped with
Gd or undoped, were prepared in sealed tantalum
tubings in a vacuum furnace or using an are fur-
nace. The ESR measurements were carried out
mainly at X band. The susceptibility was measured
using a vibrating-sample magnetometer. Our re-
sults and analysis are summarized below.
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Gd
concentration a b

(ppm) (G) (G/K) value

Temperature
range

(K)

TABLE III. Thermal broadening b, the residual width

a, and the g value as measured for various LaIn3. Gd

samples. The temperature range over which the mea-
surements were performed is indicated.

1600—

1400—

1200—

Prln3.'Gd

~ 4000 ppm Gd

~ 4QQQ ppm Gd

o 1500 ppm Gd

30000 ppm Gd

50
ioo
500
500

|000
2000

46 24+ 5
22+4

70 17+ 6
50 23 +4
60 20+5
53 19

2.038 + %005
2.040 + 0,005
2.041 + 0.005
2.043 + 0.004
2.041+ 0.005
2.040 + 0.005

1.4—4.2
1.4-4.2

1.4—4.2
t.4-12
1.4-10
1.4-4.2

1000—
I—
Cl

800—

600—

400

duction-electron density of states per one spin
direction. The value of q for LaIn, was measured
by Welsh et al. 'o to be g

= 0.268 states/eV spin atom.
Using this value as well as (30) and (31), we have
extracted the following exchange parameters

200

0
0

i i I I l

10 15 20 25 30

TEMPERATURE ( K}

j~ =+0.14 eV, ~ jo~ =0.11 eV,

where j~, and j, are the exchange parameters de-
rived from the g shift and the thermal broadening,
respectively. We have neglected in our analysis
the Coulomb interaction between the conduction
electrons responsible for the exchange enhance-
ment of the conduction-electron susceptibility.
This is allowed according to the work of Welsh
et al. ' The exchange parameters derived by us
in (32) are significantly larger than the exchange
parameter of 0.032 eV estimated by Welsh et al. '
from NMR relaxation of '"La nucleus in LaIn3
doped with Gd.

2 ESR ofPrln3:Gd

ESR measurements were performed on powdered
samples with Gd concentrations of 30000, 4000
(two samples), and 1500 ppm. The spectra ex-
hibit a single line with a metallic line shape at
temperatures lower than 25 K. We found the Gdg
value in PrIn, to be temperature independent in
the range 1.4 «T ~4.2 K and equal to g =2.40*0.01
K. The linewidth versus temperature increases
linearily with a rate of 16+5 G/K at temperatures
to approximately 10 K (Fig. 4). Above this tem-
perature, the linewidth increases much more
rapidly (Fig. 4). Above temperatures of approxi-
mately 25'K the ESR line becomes very broad and
no longer exhibits a Lorentzian line shape. At
30 'K (see Fig. 4) the "linewidth" (half width at
half intensity) is of the order of 1500 G for the
3%-Gd sample. This width is of the order of the
field for resonance at X-band frequency and makes
the conventional analysis impossible. We were
not able, therefore, to analyze the ESR spectrum

FIG. 4. ESR linewidth of Gs in PrIn3 (for several Gd
concentrations) as a function of temperature. The dashed
line represents the linear initial thermal broadening.
This initial thermal broadening is believed to originate
with a Korringa-like mechanism. The solid line in Fig.
4 represents the best fit of case a, Eq. (16e), to the
experimental results. The broken line represents the
best fit of case c, Eq. (28) to the experimental linewidth.
The second moment jVI2(I 5) was calculated using (27). In
both cases the fit was done to the experimental linewidth
at the high-temperature range. It is seen that Eq. (28)
fits very well to the experiment over the entire tempera-
ture range studied. The second moments were calcula-
ted using (18) and (27), respectively, with the crystal-
line-field levels as measured by Knorr, Murani, and
Gross (see text).

for temperatures higher than 30'K (also at this
temperature the experimental uncertainty is very
large, see Fig. 4).

The g shift of Gd induced by the host Pr ions in
metallic Van Vleck paramagnets is given by"

g =[(gz I)/gz] J z X~o/9a'V ~o (33)

where y is the host Van Vleck susceptibility and

No is the Avogadro number. The g shif t induced
by the host Pr ions is obtained from the experi-
mental g shift by subtracting the conduction-
electron contribution. Assuming that the g shift
originating with the conduction electrons is identi-
cal to that in Laino:Gd and using y =0.029 emu/
mol, ' the value of 4'so was extracted. We found
that J'so= —1.6 meV. The negative sign of the
exchange interaction J' is in agreement with those
observed previously for Gd in the heavy pnict-
ides. ~'

We turn, now, to the linewidth behavior in
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3. SuSeePtibility Of Pr„Lal „In3

The susceptibility of PrIn, is shown in Fig. 5.
Apart from a small paramagnetic contribution at

300 ~
~ x]0

F 250
E

200—

150—
LIJ

100—

20 40 60 80 100 120 140

TEMPERATURE ( K)

FIG. 5. Susceptibility of PrIn3 as a function of temper-
ature. The horizontal solid line at low temperatures
reflects the temperature independence of the susceptibi-
lity in this temperature range as verified also from
ESR g-shift study. The inset in Fig. 3, represents the
low-temperature Van Vleck susceptibility X (0) as a
function of the Pr concentration x in Pr„La& „In&. y (0)
here is expressed in emu/mol%. The triangle in the
inset represents the value of X (0) as measured by
others (see Ref. 27).

PrIn, :Gd. The initial linear increase of the line-
width versus temperature (Fig. 4) is attributed
to a Korringa process due to the exchange inter-
action j between the Gd ions and the conduction
electrons [see Eq. (31)]. This interpretation is
supported by the very similar thermal broadening
observed in the analogous compound LaIn3 Qd.
Furthermore, for a splitting of approximately
100 K between the singlet ground state and the ex-
cited triplet states, no significant contribution
from the Pr fluctuation mechanism (7) to the Gd
relaxation is expected below 5 K. Our experimen-
tal results, however, clearly show a large ther-
mal broadening already below 4 K for PrIn3 Qd

(Fig. 4). Thus, we can use the Korringa relation
to explain the initial increase of the linewidth in
PrIn, :Gd. Assuming the density of states of the
conduction electrons in PrIn, to be identical to
that of" LaIn, (0 = 0.268 states jeV spin atom), we
have estimated the exchange interaction between
the Gd ions and the conduction electrons to be
j~ =0.10 eV. (The index b indicates that this ex-
change parameter was extracted from the experi-
mental thermal broadening. )

The rapid thermal broadening above 12 K in Fig.
4 is attributed to fluctuations of the host Pr ions
via (28). We shall leave this part until Sec. IV.

low temperatures, the susceptibility of PrIn, is
almost constant in the temperature range between
1.4 and 25 K but decreases appreciably upon in-
creasing the teinperature above 25 K. The near
temperature independence of the susceptibility in
the range 1.4 ~ T &25 K is consistent with the tem-
perature independence of the Qdg shift, as the
latter reflects the host susceptibility according
to (33). The small paramagnetic contribution at
low temperatures is probably due to the presence
of other rare-earth ions in the 99.9%-pure prase-
odymium.

The Van Vleck susceptibility at very low tem-
peratures X (0) can be expressed, assuming a
molecular-field approximation, as

(34)

with X, defined as

Xc
= + k"zPa+ o~i4~+4~ (35)

where x in (35) is the Pr concentration in

Pr„La, „In, (x =1 for PrIn3). It is clearly seen
from (34) and (35) that X (0) depends on the host
exchange interaction J as well as on the crystal-
line-field level E,. The value of g can be ex-
tracted, therefore, from a susceptibility study
provided that the value of E~ is known from m. in-
dependent measurement (such as inelastic neutron
scattering). Unfortunately, no such study is avail-
able at present and the specific-heat data do not
yield a unique value for E, in PrIn, . In the absence
of this information, one can estimate J by measur-
ing X (0) as a function of x in Pr„La, „In,.

The susceptibility of several Pr„Lay IJ13 sam-
ples was measured as a function of temperature
for various x values. The results exhibit similar
features to those of PrIn, described in Fig. 5. The
zero-temperature susceptibility, after subtracting
the "dirt" paramagnetic impurities contribution,
was extracted for the various samples measured.
The inset in Fig. 5 gives the value of X„(0) (de-
fined as the zero temperature susceptibility per
1 mo1% of Pr) as a function of the Pr concentra-
tion in Pr„La, „In,. Our result in Fig. 5 indicates
that the change in X (0) does not exceed 10/& and
is not monotonic across the series. This is un-
like previous measurements on" Pr, La, „Pb, and"
Pr, „La,Tl where a large and monotonic change
in X (0) was observed. Furthermore, the presence
of "dirt" as well as the measurement uncertainties
cause relatively large "error bars" mainly at the
low-Pr-concentration range. This does not allow
an accurate determination of 4, but might yield an
upper limit to its value. We estimate so~8~ ~2.5
meV. It should be stressed, also, that our anal-
ysis is based on the assumption that E4 in (15)
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does not change upon changing the Pr concentra-
tion. This assumption is not justified and might
lead to our results in Fig. 5, especially if J is
relatively small. Using the value zo~8~~2. 5 meV,
we have estimated E, from (34) and (35) to be E,
=105+10 K. The uncertainty in E~ is a result of
the uncertainty in the sign and magnitude of J.

0.4

0 3-

4. ESR Of Pr„Lal „In3.'Gd

We have demonstrated in (30) that the Gd ESR
g shift is proportional to the Pr host susceptibility
y . This susceptibility depends, according to (34)
and (35), on the Pr concentration as well as on
the value of J. Thus, provided that 8 is large
enough, a nonlinearity of Ag vs the Pr concentra-
tion in Pr„La, „In, :Gd is expected according to
(33)-(35). This might yield information concern-
ing the magnitude and sign of J. Motiviated by
this point, we have performed an ESR study of
Gd in Pr„La, „In,. The measurements were car-
ried out in the helium temperature range. The
spectra exhibit a single line with a linewdith and a
line shape (A/B ratio in the notation of Fehr and
Kip' ) varying appreciably with Pr concentration.
While the spectra of PrIn, :Gd and LaIn, :Gd exhibit
a "normal metallic line shape" with an A/B ratio
of 2.5, the A/B ratio of the mixed phases,
Pr„La, „In, :Gd (xt 0, 1), is smaller and even close
to 1 for several samples. The deviation from the
"normal line shape" is usually accompanied by a
broadening of the ESR lines. This behavior is
probably associated with the formation of an in-
ternal field distribution in the mixed phase.

We have analyzed the ESR spectra using the
method of Peter et al. 's (or by fitting to a Dysonian
line shape"). The g shifts for the various sam-
ples are exhibited in Fig. 6. It is clearly seen that
the g value increases almost linearily with the Pr
concentration. This behavior confirms our sus-
ceptibility study above, that the susceptibility per
Pr ion in Pr„La, ,In, is almost constant (within
15%). We were not able to extract a reasonable
value of 8 because of large "error bars" in our
measurements (Fig. 6). However, from this study
an upper limit to J can be estimated. We estimate
z, I al ~ 2. 5 meV for Prln, .

B. Pnictide series

The linewidths of PrX;Gd (X =P, As, Sb, Bi)
have been measured as a function of temperature
by Sugawara et al. 4 Some measurements were
also performed on PrSb:Gd by Davidov et al. ' In
the present paper, we have remeasured the ESR
linewidth of Gd in PrSb and PrBi. This was nec-
essary because of a slight disagreement between
theory and experiment in the low-temperature

0.1—

I l I I I

0.4 o.e0.0 0.2

Pr CONCENTRATION

I I l

0.8 I.O

(x}
FIG. 6. g shift of Gd in Pr„La& „In& as a function of

the Pr concentration x at a constant temperature of
T=4.2 K. The g shift is measured with respect to that
found for Gd in LaIn& (g=2.040).
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FIG. 7. Linewidth (after subtracting the residual
width) of Gd in PrP as a function of temperatures. The
squares represent the experimental data taken by
Sugawara e& a&. The solid line represents the best fit
of (16e) to the experimental data. The dashed line is the
fit of Sugawara et aI.

range (see discussion below). We found our data
to be consistent with those of Sugawara et al. 4

provided that residual widths of 260 and 400 G are
assumed for PrSb:Gd (with 1% Gd) and PrBi:Gd
(1.5% Gd), respectively. (In the original plot of
Sugawara et al. the residual width was already sub-
tracted. ) Figures 7-10 exhibit the linewidth versus
temperature (after subtracting the residual width)
as measured by Sugawara et al.~ and by the present
authors.

In analyzing the linewidth behavior, several
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FIG. 8. Linewidth (after subtracting the residual
width) of Gd in PrAs as a function of temperature. The
solid line represents the best fit of (16e) to the experi-
mental data (the squares in Fig. 8). For comparison,
the fit of Sugawara et aI. is given by the dashed line in
this figure.

points should be taken into consideration. First,
the host exchange in these compounds is of the
order of several degrees Kelvin. " Assuming a
Gaussian distribution of fluctuations, this would
lead to a width A& of the order of 10' G. This
width is larger than the Gd field for resonance but
smaller than the crystalline-f ield splitting. Sec-
ond, no significant perturbation of the fluctuation
spectra due to the I', level is expected. This is
owing to the relatively large value of E, (Table III)
leading to its small population factor at low tem-
peratures. These arguments might indicate that
the Pr fluctuation spectra in the pnictide series
exhibit the property ~ & L~» ~, (case a). Under
this assumption, the Qd relaxation rate in Van
Vleck pnictides is determined by Eq. (16e).

The solid lines in Figs. 7-10 are the best the-
oreticalfitof (16e) to the high-temperature experi-
mental linewidth. For comparison, the fits of
Sugawara are also given by the dashed lines in
these figures. It is clearly seen that a reasonable
agreement between theory and experiment exists
for the Van Vleck compounds PrP:Gd and PrAs:Gd
over all temperature ranges (Figs. 7 and 8). There
is, however, some deviation of theory from ex-
periment for the heavy pnictides and especially for
PrBi:Gd at low temperatures. This deviation can
be partially attributed to the following:

Theory has assumed a spin of 8=-,' for the im-
purity while the Gd ion exhibits S =—,. The use of
a spin S =

~ for Gd is justified, however, provided

0 I g l I I I I I
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FIG. 9. Linewidth (after subtracting the residual
width) of Gd in PrSb as a function of temperature. The
solid line represents the fitof (16e) to the high tempera-
ture experimental data. The fit of Sugawara et al. is
given by the dashed line.
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FIG. 10. Linewidth (after subtracting the residual
width) of Gd in PrBi as a function of temperature. The
solid line represents the fit of (16e) to the high-tempera-
ture experimental data. The fit of Sugawara et aI. is
given by the dashed line. The measurements were per-
formed on a PrBi:Gd sample with 1.5@ Gd and a residual
width of 400 G was assumed.
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that the Gd fine-structure lines are narrowed down

to a single line""'" (exchange narrowing collapse).
This might not be the case for PrBi:Gd. The fine-
structure splitting of Gd has been measured in

several bismuthides~'" (LaBi, YBi} and antimon-
ides""'" (LaSb, YSb, PrSb). It was found that the

fourth-order crystalline-field parameter for Gd, "
b„ is very large in the bismuthides and smaller
by a factor of 2, approximately, in the antimon-
ides. The values of b, in the arsenides or the
phosphides are also much smaller than it is in
the heavier pnictides. " It is entirely possible,
therefore, that for the case of PrBi: Bd,
the fine-structure lines are not completely nar-
rowed down at low temperatures even for Gd con-
centration in the vicinity of 1%.

The reason why the theory of Moriya and Obata
agreed reasonably well with the experimental data,
is probably due to the fact that the second moments
are almost temperature independent in the higher-
temperature regime (see Fig. 3). This is shown,
however, for the first time in the present work.
Furthermore, our theory enables us to extract
the host exchange (but see below).

In the fitting procedure, we have used the crys-
talline-field energy levels as measured by others
(Table III). This leaves us with a single param-
eter ($')'/

~
$

~
to be determined by fitting (16e }and (17)

to the experimental linewidth. Table IV exhibits the
various values of (J')'/~ J~ found by fitting the
theory to experiment. The values of 8' were ex-
tracted previously" from the ESR g shift of Qd

in PrX (X =P, As, Sb, Bi). The values of
~ J~ were

estimated using the assumption that 8 is indepen-
dent of the momentum transfer [i.e., ((J')')
= (8')']. These results as well as the values of

P' are listed in Table IV. It is clearly seen that
the magnitude of 8 is larger than that of 9'. Also,
there is a tendency of both 8 and 8' to increase
toward the heavy pnictides.

It is interesting to compare the values of
~ J~

extracted from our ESR linewidth data with the

values of 4 estimated using combined susceptibility
and neutron scattering results. The susceptibili-
ties y (0) of the various pnictides have been mea-
sured by several authors and are presented in

Table 1V. The value of }(, in (34) can be calculated
using the value of E4 as measured by neutron scat-
tering (Table III). The ratio of y„(0) and X, enables
one to estimate j using (33). The results for the
various pnictides are given in Table IV. Large
differences (by an order of magnitude approxi-
mately) exist between the values of 0 extracted by
the different techniques. The NMR study of Myers
and Narath, however, yielded a value of 0.053
meV for the exchange ~8~ in PrP (using their the-
ory). This value is close to our value of ~8 ~

=0.033
meV in the same system (Table IV). In view of
the different assumptions made in the ESR and

NMR studies there is no real discrepancy between
these two values. The discrepancy in Table IV,
however, is not clearly understood at present. It
can be partially attributed to the assumption made
in our paper that both 8 and J' are independent of
the momentum transfer q. This assumption might
be incorrect for metallic systems. In the presence
of q-dependent exchange interactions, the value of
8 derived from susceptibility (or that derived
from the ESRg shift) is actually the q =0 com-
ponent of the exchange 8(q =0), while that extracted
from the ESR linewidth is [(82 (q))j' 2. The differ-
ence might be significant. ~' This possibility is un-

TABLE IV. A comparison between the exchange parameters extracted from ESR study and
from susceptibility study.

Host
yi )2j~ Q.

(10+ meV)
gb

(meV)
X (0)

(emu/mol)

e
X.c

(emu jmol)
gf

(meV)

PrP
PrAs
PrSb
PrBi

7.87
6.23
7.14

28.95

-0.016
-0.03
—0.08
—0.14

0.033
0.14
0.896
0.677

0.034
0.038
0.052
0.061

0.025
0.028
0.044
0.047

+ 0.43
+ 0.43
+ 0.15
+ 0.20

Extracted by fitting (16e) and (17) to the experimental linewjdth.
Derived from the Gd g shift (see Refs. 4 and 5) on the assumption of next-nearest-neighbor

exchange only.
Extracted from the value of (g)2/g andg on the assumption of the Gaussian distribution

(&7).
"Measured in Refs. (17) and (28).

Calculated from Eq. (35) using the values of E4 in Table III.
Extracted from g~(0) and y~ using (34).
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likely, however, for PrP and PrAs. Finally, un-
certainties in )( (0) as well as the approximate
nature of (33) might also contribute to the dis-
agreement behveen values of J measured by the
two methods.

IV. DISCUSSION

It is instructive to compare the linewidth be-
havior of Qd in PrIn3 with the behavior observed
in the Van Vleck pnictides. A unique feature of
the PrIn3:Gd system is the very rapid thermal
broadening of the ESH linewidth above 14 K (Fig.
4). This is unlike the behavior in the Van Vleck
pnictides where a moderate increase of the line-
width was observed.

Let us discuss, first, the ESR properties of the
pnictides. The results indicate" that the initial
decrease in the g shift and increase in the line-
width occur roughly at the same temperature.
This might indicate that the same host crystal-
line-field level is responsible for both these prop-
erties. We have demonstrated already' [see also
Eg. (31)] that the g shift reflects the admixture of
the I'4 level with the singlet I',. We argue, there-
fore, that it is the I'4 level which is responsible
for the initial thermal broadening. The level
scheme, as measured by neutron scattering and
shown in Table III, supports our interpretation.
The I 4 level in the pnictides is always the lowest-
lying excited state while the I', level is the highest
level. This leads to a very small I', contribution to
the Gd relaxation at low temperatures. We note,
however, that the contribution of the P, level is
significant already at a temperature of 50 K. This
is because of the large oscillator strength associ-
ated with the transition within the I', levels, which
is 25 times larger than that associated with the I',
level [note the coefficients in front of the popula-
tion factor in (16e)]. It is the small oscillator
strength of the I 4 level which is responsible for
the moderate increase of the linewidth versus tem-
perature in the pnictides. The linewidth in the
pnictides was interpreted using case a.

The situation is different in PrIn, :Qd. In this
system, we have observed the linewidth versus
temperature to deviate significantly from linearity,
at a temperature of approximately 14 K (Fig. 4).
The g shift, however, is temperature independent
up to 25 K. The temperature independence of the g
shift, is consistent with the susceptibility study
in Fig. 5 and according to (33). This might
indicate that the g shift and the linewidth behavior
above T =14 K are associated with different crys-
talline-field levels of the host Pr ions: The g
shift is due to admixture of the I', level with the I'4
level while the broadening phenomena can be ex-

plained by fluctuations within the l", multiplet. It
is supported also by the following argument: The
1 4 level in PrIn, is located at E4 = 105+10 K. This
value is comparable to or larger than the value of
E4 in the Pr pnictides. On the contrary, the I',
level in PrIn, is lower in energy than in the pnict-
ides. In view of the linewidth behavior in the
pnictides, we do not expect, therefore, the rapid
broadening in PrIn, :Gd to be associated with the
I.4 level but with the I', level. " The relatively low-
lying I', level in PrIn, might indicate that case c
is the dominant mechanism for relaxation in
PrIn3: Qd.

Recently, after this work was submitted for
publication, we became aware that Knorr, Murani,
and Gross" measured the crystalline-field splitting
levels of Pr in PrIn, using inelastic neutron scat-
tering technique. They found that I', is the ground
state with I"~ as a first excited state at E4=100 K.
The I', level is located at E,=146 K and the I',
level is at E, =172 K. These values are not in-
consistent with the specific-heat study of Van
Diepen et al.~ and our susceptibility measurement.
Adopting the values of Knorr, Murani, and Gross"
one can calculate M2 using (18) and M2(1', ) using
(2V). This enables us to calculate I/T, for case a
and case c using (16e) and (28), respectively. The
best fit of these two cases to the experimental
linewidth is shown in Fig. 4. It is clearly seen
that over the small temperature range available
the fit is better with case c. This supports case
c as the most likely mechanism for relaxation in
PrIn, .

In conclusion, this paper presents new ESR data
on the system PrIn, :Qd and analyzes the ESR re-
laxation of Gd in terms of a new theory for relax-
ation. The experimental results indicate that case
z is most favorable for PrIn, :Gd. We analyze also
the ESR linewidth of Qd in Van Vleck pnictides,
measured by others (and in the present work), in
terms of case a of our theory. The fit of the the-
ory to experiment enables one to extract the host
exchange in the Van Vleck pnictides. Thus, ESR
technique provides a powerful method for extract-
ing the host exchange interaction. The importance
of the data for PrIn, :Qd results from the fact that
this is the first Van Vleck compound with relatively
large conduction-electron density of states where
relaxation phenomena associated with fluctuations
of the host Pr ions have been observed.
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APPENDIX A

The ESR relaxation of magnetic impurities in

metallic Van Vleck compounds can be treated most
generally by considering three coupled spin spec-
ies: (a) the impurity spin S, (b) the spins of the
host rare-earth ions (the Van Vleck ions), and

(c) the spins of the conduction electrons. The cal-
culation of the impurity ESR linewidth, therefore,
must take into consideration the energy transfer
between all three spin subsystems (as well as the
lattice) in the presence of a static external mag-
netic field and a, small transverse alternating field.
One possible way to treat such a problem is to use
a Hasegawa-like" equation of motion for the mag-
netization associated with the three spin subsys-
tems.

In the present work, however, we shall assume
that the conduction electrons and the host magnetic
ions are in constant thermal equilibrium with the
lattice" (nonbottleneck regime). In addition, we
shall assume that the transverse susceptibility
associated with the impurity at the impurity reso-
nance frequency ~p is much larger than those of
the other spin systems at the same frequencies Qpp.

In this limit one can consider only the transverse
magnetization M„of the impurities and neglect the
interaction between the rf field and the magnetic
host ions as well as the conduction electrons. In
other words, the magnetic host ions and the con-
duction electrons are "passive dissipative sys-
tems. " The impurity ESR linewidth ~ can be ex-
pressed in this approximation as

~=a+bT+~', (Al)

where a is the residual linewidth, b is the Kor-
ringa contribution originating with the impurity-
conduction-electron exchange interaction given by
Eq (31), an. d ~ is the impurity linewidth due to
the exchange interaction t' with the host para-
magnetic ions [Eq. (6)].

The linewidth AH' can be calculated (under the
assumptions above) starting with the following
equation for the transverse component of the mag-
netization:

M„= —Tr [gee S,g(t)],
where M„and S are the x components of the im-
purity magnetization and spin, respectively, and
tp(t) is the density matrix for the impurity spin.
Using Eq. (6) the kinetic equations for the density
matrix o(t) can be obtained in analogy with those
developed by many authors' ' ' '~ as

different states of the impurity (with spin S) in the
presence of an external magnetic field . (For a Gd

impurity, 8 =—„these indices characterize the
various crystalline-field levels in the presence of
a magnetic field. } The Hamiltonian3C, of the im-
purity includes the Zeeman interaction 3C~, the
crystalline-field interaction 3C„, as well as first-
order and second-order shifts (V, and V2) of the

g value (a general expression for 3C, is given at
the end of this appendix). 3C, (t) represents the
interaction of the impurity spin with the alternat-
ing rf field, and R ~, are the Bloch-Redfield-
Wangsness relaxation coefficients" which may be
represented in the form

R„,=2& „,„—Q (I',„„5 +r, , 5, ), (A4)

with I'
p, „given [in the notation of Eq. (6)] a.s

& pi. =
k2 [&'(gp

—1)]'

~p&=& p3t pg

Kp', (~,„)(tIS, in}(m is, ik),

(A5)

where Kp, (&u, „) is the Fourier transform of the
total correlation function defined as

1 +"
Kp, ((u, „)= e'

Zp ZO

5J"'(t),p 6z,a' dt.
it=1

(A6)

The fluctuation g J~" of the angular momentum

J~ of the 0th host rare-earth ion is defined by
Eq. (10). In the absence of pair correlations in

(AG) (i.e. , absence of terms like (5dp, 6Z~' ) with
tv j), Eq. (A6) is reduced to the form

Kpp((d) = e DKpq ((d), (A7)

where now Kp, (up) is defined by Eq. (8).
The resonance frequencies &u, „ in (A5) correspond

to transitions between different I and n sublevels
of the impurity S [~,„=(E, -E„)/h]. For the case
where the inequality i ur „-+pi i »R „» is satisfied,
the Eqs. (A3) can be further simplified. It
has been demonstrated by Bloch" and Hubbard"
that the condition i ~ „-u&„ i »R „„requires that
only terms I' „» with v „+~»=0 contribute to
the expression (A4). Thus, in the case of non-
degenerate and nonequidistant energy levels of the
impurity spin (i.e. , &o»e &u „for m4k), the theory
of Bloch"'" yields

""=t [a,3C, +3C,(t)] + Q& „„,o„, (A3)
k, l

where the indices m, n, k, / represent the 2S+ 1

[t,o3C+3C, (t)] „— ", man
Tmn

(A8)
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=i [o',X, +X,(t)]~~++(w, o&& -W &o ),

where 1/T „ is the relaxation rate (equivalent to
1/T, ) for the ESH line associated with the m-n
transition between the m and n sublevels of the
impurity. W, is related to the coefficients l" in

(A5) as

&
g =2l ) g.

Using (A8) it is easy to show" that

(A9)

1 1
T ~ 2

= —p(w +w )-3r..„„+r„„„„+r.....
k

(A10)

Equation (A10) can be applied to the relaxation
rates of the various fine structure lines of Gd pro-
vided that the Qd fine-structure spectrum is com-
pletely resolved. This is indeed the case in Van
Vleck pnictides at very low temperatures and small
concentration. ' However, as the temperatures (or
the Gd concentration) are increased, a collapse of
the fine-structure lines into a single line occurs.
The effect is very similar to that previously ob-
served in LaSb:Qd. ~ In the extreme narrowed
regime (A8) is no longer valid. For this regime,
Zimmerman et al. have demonstrated that the Gd
relaxation rate can be described by kinetic equa-
tions with spin S = —,

' (rather than S =2). The prob-
lem solved by Zimmerman et al.~ is very similar
to the problem in the present work and one can use
the approximation of S =-,' to describe the Gd re-
laxation rate in the extreme narrowing regime.
For S=-,', Eqs. (A10), (A5), and (A7) yield Eq. (7)
for cubic symmetry.

The various assumptions underlying Eqs. (A3)
and (A4) can be summarized as follows"" ~:

(a) It is assumed that the relaxation coefficients
R ~, are much smaller than the width h~ of the

host fluctuation spectra. The width b, u of the fluc-
tuation spectra is of the order of the host exchange
J. This has been shown by our moment calcula-
tions. The relaxation coefficients R „„areof the
order of the Gd experimental linewidth [see Eqs.
(A4) and (A5)]. Thus, this condition is satisfied
experimentally.

(b) The calculations have been done in the frame-
work of the Born approximation, i.e. , up to the
second order in J.

(c) It was assumed that( X( )l„„„~,) «1. Here
y, is related to n. ~ as a&a=i/y, . This condition
was certainly met in our experiments.

Finally, we shall give an expression for 3C, in
(A3). X, can be expressed as

s X-&-+ Xz + Vj + V

where V, is the first-order shift, and V, is the
second-order shift given by"

V, = Tr(, ) [X;„p(X)],
where X',„ is the exchange interaction Eq. (6), p(X)
is the Gibbs distribution function of the host, and
the index (J) indicates that the trace is taken over
the host quantum numbers only. The value of V,
is given by"'"

v, =r Q v J
" s )~s~sp, ,

z„(~)
P, q m, fI, m' mn

where P J "„denotes the principle part of the in-
tegral, A~, (&u) is from Eq. (A6) and P,P„are the
projection operators for the impurity states.

APPENDIX B: CALCULATION OF THE SECOND MOMENT

hf2 OF F(u)

The second moment of the spectral function
K„(m) is defined as

Egg ((d}(d d J -Tr( p(X)[X,Z&']']
Tr[p(X)(ei'&) *] (B1)

where p(x) is the Gibbs function and the Hamiltonian X is given by the sum of the exchange Hamiltonian (4)
and the crystalline-field Hamiltonian (3). The second moment (Bl) does not represent the second moment
of E(w). This is because (Bl) also contains contributions originating with the high-frequency components
of K„(m). It is necessary, therefore, to apply a truncation procedure to the operators Zi'i and x,„, re-
sponsible for the broadening. This truncation is obtained by taking the secular part of X,„and only those
matrix elements of Ji'i which contribute to the low-frequency part of the fluctuation spectra. Using (Bl)
together with the truncated operators and the approximation p0C) =p(X„), the second moment M, of F(&u)
can be written

(B3)
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where the bars mean truncated operators satisfy-
ing

[x„,x„]=o, [i&'&,x,„] =o .

In order to calculate the traces in (B2) we de-
fine a complete set of functions

In, f„& = II Ir. ,f.&. ,

where II',f ), are the eigenfunctions of the "sing-
le-ion" crystalline-field operator (3) and the index
i runs over the N Pr ions. The index n specifies
the total energy

and f specifies various wave functions correspond-

(B5)P„~ In', f„') =5„„.5~~ In f„&,
with the help of these projection operators the
truncated operators X,„and J,' can be expressed
as

Xex = Z p„y X,„p„~
n

n n

g(&&= Q p g(&&p

Inserting (B6) and (B7) in (B2) yields

(B6)

ing to a given energy E„. This degeneracy arises
from the degeneracy with the "single-ion" spec-
trum as well as from different permutations of the
"single-ion" wave functions in (B4).

We then introduce the projection operators P„f
with the property

»[(o(x„)(&('&)']= g p. I &r.f. Iz&'& Ir.f.&1',

-Tr[p(X,„)X„., Z& &]') =Z-'g
i+I +e Bef yf8a' 8

fa~fg

e &sa' e&~'x[I(r f r f&&lx&&&"&Ir f', r f&'&&I'

"(« f' I~&'&lr. f'„& -« f lz.('& Ir„fg)'

+(I 5e&I&r f-r&f&I&&x( lrf&&,t&rf'&I'

x ((r sf el~&'&Ir, f;&-«.f.I~&" Ir.f.&)'],

(B8)

where X~,'„' is the exchange interaction between the
ion labeled "1"and the ith ion. The wave function
(I' f, r8f &&I

representsa"two-ion" wavefunction
where the first two indices characterize the ion
labeled "1"and the last two indices characterize
the wave function appropriate to the ith ion. We
have omitted in (B8) terms which contain sums of
the form

~ (Ii)~ (Ii')
ez ex

i &i'

These terms are zero for isotroPic exchange inter-
actions and diagonal J, operators within each
multiplet. It is easy to extend our calculations to
include the anisotropic exchange interaction. For
the singlet-ground-state system of Pr compounds
(BV) and (B8) yield for M, the expression given by
(18).

APPENDIX C: CALCULATION OF THE FOURTH MOMENT

Ng OF F(cu)

In analogy with Appendix B, the fourth moment
of the low-frequency part of EC„(&u) can be ex-
pressed as

»Ep«.&)[x [x &("&11)

Tr[p(X„)(Z,('&)'] (Cl)

Tr[p(X„)(Z&'&)'] = Q p. l(r„f„lZ('& Ir.f.& I .

The numerator of (Cl) can be expressed as

where, again, X = X,~ +X,„and the bars mean
truncated operators defined by (B4) and (B5). The
denominator of (Cl) can be expressed as
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Tr jp(X„gk, [R,Zt'&]])

=z-'g g e te -' e&~' g &r„f,rsfs(xt, '„'&)r.f:rsfs&&r f."rsfs[x&'„'&(r.f'„rsfs'&
~a~a ~ ~u~F
T'g f8 x («sfsl&.'" Ir sf s) 2&-r sf s IZ.'"Ir sfe'& + &I sfsl~."Ir sf s)}

+(I-5.s) Q &r.f rsfslX".,Olrsfsr f."&&refer.f:IX",.'Ir.f'reft&
~afj

2

x(&r,fs'(Z&'&)res') —2(r f:)Zt'&)r„f )+(r,f, ~Z t'&[ref, ))

+(I —5, e) 2 (r f„rsfslXi"i (r.f"rsfs&&r.f."rsfs IX",„'lrsfsr f' &

fee fit

x'(&r„f'„[Z,'"(r f„'& —2&r sf slZ") r sf e& + &r sf slat'& Ir sf s&)

+ r .ra gX" r, gr. : rs gr. "X"r88r
y

ee ps'
at g

&&{&r f' I&!'Ir.f'. & -2&r f I&."Ir f &

+&refel~ 'lrsfs& + ~ ~ ~
) (C2)

where the dots stand for terms originating with
"three particle" and "four particle" processes,
where the wave functions (I'„f„,rsfe~ are already
defined in Appendix B. The denominators of (Bl}
have been calculated in a way similar to that in
Appendix B. We have retained in (B2) only those
terms originating with "two- ion" processes. Sim-
ilar terms have been observed for "three-ion" and
"four-ion" processes but have not been expressed
explicitly in {C2) for simplicity. In the limit of
7 =0 the fourth moment M4 has been calculated ex-
plicitly using (Cl), (C2), and (BB). Its expression
for the case of J =4(pr") is given by {20), in this
limit. The temperature dependence of the fourth
moment can be computed and will be published
elsewhere.

APPENDIX D: CALCULATIONS OF THE SECOND MOMENTS

N (I ) AND% (1 ) OF THE SPECTRAL FUNCTIONS

FI (~ —~44) AND F2(~ —~5$)

The second moments in this case are defined as

~,(rg=|' ( —,g*z,I~-,)a (D2}

The projection operators P are chosen such that

(D4)E„y E„iy, = MPH -(ts =4, 5),
with the values of g„defined by (15). The relation
(D4) guarantees that only matrix elements of Jt'
between ~r f &(a =4, 5) of the multiplet I' will
contribute to the second moment. Our calculations
were carried out in the same manner as described
in Appendix B. The results are given by Eqs. (26)
and (27).

In calculating M, (I',) and M, (rg, we start with the
second moment of K„(&u} and use the projection-
operator technique. %e define a truncation opera-
tor J„' given by

g(0 —Q p g(&ip,
n n „e
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