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We have studied thin films driven out of equilibrium under spatially uniform steady-state conditions by

thermal phonon injection, microwave and optical irradiations, and quasiparticle tunneling injection. The
linearized coupled kinetic equations for the quasiparticle and phonon distributions were solved numerically.

Results for the change in the energy distributions of quasiparticles and phonons are given for a variety of
nonequilibrium situations. Using these distributions, the changes in the ultrasonic attenuation, electrical

conductivity and the superconductor-insulator-superconductor tunneling I(V) characteristic in various

nonequilibrium states are obtained.

I. INTRODUCTION

Nonequilibrium states of a superconducting thin
film can be created by injecting electrons, pho-
tons, or phonons into the thin film. More than a
decade ago, Ginsberg' used a double tunnel junc-
tion in an attempt to measure the recombination
lifetime of the quasiparticles in the superconduct-
ing thin film which formed part of the junction.
Modified techniques were developed later. ' ' In
these experiments, the superconductors were
driven out of equilibrium by the bias voltage on one
of the junctions, and the change in the I (V) charac-
teristics were detected to give information about
the quasiparticle recombination time. New struc-
tures which appeared in the I(V) characteristic of
the detector junction "and the energy spectrum of
the phonons emitted by the nonequilibrium thin
film have been investigated. ""

Wyatt et al."and Dayem and Wiegand" studied
a superconducting microbridge irradiated by mi-
crowaves and found that the critical current could
be enhanced by the microwaves. Recently this ef-
fect has been further investigated by other
groups. "

Dynes and Narayanamurti"" studied supercon-
ductors pumped by heat pulses and showed that
superconductors could be used as phonon detectors
and phonon energy converters for phonons of en-
ergy about twice the gap energy & of the supercon-
ductor. Tredwell and Jacobsen investigated sup-
erconductors injected with monochromatic phonons
of frequency Q & 24/8. They found a more pro-
found enhancement in the critical current than that
obtained by microwave irradiation. ' '"

Testardi" observed a resistive state in a super-
conducting thin film which was irradiated by a
laser. This resistive state begins to occur at a
temperature below the usual transition tempera-
ture T, and could not be explained simply in terms
of heating. This interesting result stimulated a

series of investigations on superconducting thin
films driven out of equilibrium by laser irradia-
tion. Parker and Williams" and Hu et al."
studied the 1(V) characteristics of laser irradiated
tunnel junctions, and Sai-Halasz et al."and Janik
et al. ' studied the microwave response of laser
irradiated thin films.

Several theoretical models have been developed
to analyze the data and to explain the results of
experiments on nonequilibrium superconducting
systems. At an early stage of the quasiparticle
recombination time measurement, Rothwarf and
Taylor" proposed two coupled equations (hence-
forth referred to as RT equations) to relate the
quasiparticle recombination time observed from
the tunneling measurement to the average intrinsic
quasiparticle recombination time. They pointed
out that in real experimental situations, the pho-
nons produced from quasiparticle recombination
have a high probability of being absorbed in a pair-
breaking process before they can escape from the
sample. This is known as the phonon-trapping ef-
fect and can lead to an observed recombination
lifetime much longer than the intrinsic lifetime.
However, their coupled equations govern only the
macroscopic quasiparticles and phonon densities
and do not give the energy distributions of these
excitations.

Eliashberg and Ivlev et al. used a quasiparti-
cle kinetic equation to study the energy gap
enchancement in a microbridge by microwave ir-
radiation. Tredwell and Jacobsen' used the same
model to explain the critical-current enhancement
due to the monochromatic phonon injection. In
their studies, the phonons were assumed to be in
thermal equilibrium with the ambient temperature
and hence, the phonon-trapping effect was ignored.
Dayem and Wiegand" used a discrete-level model
for the quasiparticle and phonon states to discuss
the energy spectra of phonons emitted from a non-
equilibrium superconductor. In their investigation,
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they required detailed balances of the phonon

scattering as well as the phonon pair-breaking
process.

As for the theories dealing with superconductors
irradiated by optical radiation, Vardanyan and
Ivlev" used a model which ignores the phonon

trapping effect. Scalapino et al.' '" and Parker"
proposed models based upon the assumptions that
scattering processes are the dominant relaxation
mechanism while the quasiparticle recombination
processes and the phonon pair-breaking processes,
respectively, form the bottleneck.

Recently, Kaplan et al."have made detailed cal-
culations of the quasiparticle and phonon lifetimes
for equilibrium superconductors. The tempera-
ture and energy dependences of these lifetimes
were studied. Their results indicate that in a
nonequilibrium superconductor, the quasiparticle
scattering and recombination processes have to be
treated on an equal footing. Furthermore, be-
cause of the short-phonon pair-breaking lifetime,
the phonon-trapping effect is always important.

In this article we study the steady-state quasi-
particle and phonon distributions for a supercon-
ducting thin film driven out of equilibrium. We
begin with the coupled quasiparticle and phonon
kinetic equations" and the BCS gap equation"'"
with a modified quasiparticle distribution function.
These coupled equations govern the energy dis-
tributions of quasiparticle and phonon excitations
and take into account the temperature and frequen-
cy dependences of the electron-phonon interaction
cross sections. The phonon-trapping effect is
treated by introducing a phonon escape time &„
into the phonon kinetic equation. This escape time,
in general, depends upon the thickness of the
thin film and the acoustic match between the film
and its environment and is an intrinsic property
of the sample geometry and substrate. It should
also depend upon the energy of the phonon which
passes the boundary of the film. For simplicity
we assume a uniform steady state for the nonequi-
librium superconducting thin film and use an en-
ergy- and space-independent constant for the pho-
non escape time. Since the phonon energy of in-
terest is of order a few times the gap energy or
less, which is small compared with the Debye en-
ergy, it is justifiable to use an energy-independent
escape time. In order for the film to be uniformly
excited, it must be thin compared with the quasi-
particle diffusion length. In addition, the level of
excitation must not exceed the threshold at which
the systeni becomes unstable. It has been suggest-
ed that this instability leads to a driven mixed
state. '~2'" Here we are interested in the proper-
ties of the more weakly driven homogeneous non-
equilibrium states. We report here results for

the quasiparticle and phonon distributions obtained
from the linearized coupled kinetic equations and

relegate the investigation of the full nonlinear
equations to future study.

We consider superconducting thin films driven
out of equilibrium by (a) thermal phonon injection,
(b) microwave irradiation, (c) qua. siparticle injec-
tion through a normal-insulator-superconductor
(NIS) tunnel junction, and (d) optical irradiation.
The first three cases involve only low-energy ex-
citations of quasiparticles and phonons and serve,
respectively, as prototypes of phonon, microwave,
and electron injections as driving mechanisms.
In case (d), optical photons can excite electrons
into high-energy states which are significantly
broadened by their short lifetimes. Furthermore,
electron-electron interactions as well as electron-
phonon interactions can be important for the decay
of quasiparticles in these high-energy states.
Therefore, additional care has to be exercised be-
fore the coupled kinetic equations, which ignored
the electron-electron interactions, can be applied
to such a nonequilibrium system.

We have also investigated the transport proper-
ties of the driven films using the calculated steady-
state quasiparticle distributions. These proper-
ties include the ultrasonic attenuation coefficient,
the dynamic electric conductivity and the current-
voltage characteristic of a superconductor-insula-
tor-superconductor (SIS) tunnel junction involving
nonequilibrium superconductors. These transport
properties are not only interesting in themselves,
but they provide useful probes for the understand-
ing of the nonequilibrium state. Recently, the
authors" have shown that the quasiparticle distri-
bution function at the gap edge as well as the quasi-
particle density in the superconductor can be di-
rectly determined from the I(V) characteristic.
Furthermore, the steady-state quasiparticle dis-
tribution can be related to the &(V) characteristic
by a linear integral equation and hence, in princi-
ple, can be unfolded from the experimentally de-
termined I(V) curve. Similar results are found for
the ultrasonic attenuation coefficient and the dy-
namic conductivity.

The layout for the rest of the article is as follows:
In Sec. II we discuss the coupled kinetic equations.
In Sec. III we present the numerical solutions of
the quasipartiele and phonon distributions obtained
from the linearized coupled kinetic equations. The
physical origin of the structures in these distribu-
tions will be discussed. This section is followed
by the study of the transport properties using the
calculated quasiparticle distribution functions.
Finally, in Sec. V we summarize our important
findings and give some brief concluding remarks.
In Appendix A we study the connection between the
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Rothwarf-Taylor equations and the kinetic equa-

tions. Appendix B contains a discussion of the

linearized form of the Bothwarf-Taylor equa-
tions.

F

II. COUPLED KINETIC EQUATIONS
(0) (b)

In order to discuss the kinetic equations, it is
necessary to understand the various relaxation
processes for quasiparticles, phonons, and the

gap parameter &, It is well known that for the
phonons and low-energy quasiparticles of energy
E(h&D, where A~D is the phonon Debye energy,
the relaxations are mainly due to the electron-
phonon interactions which may or may not involve
paired electrons. " These relaxation processes
are shown in Fig. 1. The diagram shown in Fig.
1(a) represents the basic electron-phonon scatter-
ing process. In terms of the quasiparticle relaxa-
tion, it can be read as the decay of a quasiparticle
of energy E into a state of energy (E —h Q) with
the emission of a phonon of energy kA. When all
the arrows in Fig. 1(a) are reversed, the diagram
can be considered as an event creating a quasi-
particle of energy E due to the absorption of a
phonon by a quasiparticle in a lower-energy state.
Since the phonon distribution changes when this
scattering process occurs, this -process can also
be considered as a relaxation process for phonons

and contributes to the phonon-scattering lifetime.
The quasiparticle recombination process is shown

in Fig. 1(b). Here a quasiparticle of energy E
combines with another quasiparticle into a pair
state and emits a phonon of energy h Q~ 2&. Again

when all the arrows are reversed, this can be con-
sidered as a quasiparticle creation process due to
pair breaking by a phonon of energy h Q~ 2b. In

terms of phonon relaxation, this represents a
phonon pair-breaking process. A complete inves-
tigation of the quasiparticle and phonon lifetimes
for equilibrium superconductors associated with

FIG. 1. Relaxation processes for phonons and quasi-
par tic les, (a) the scatter ing proces s and (b) the recom-
bination process in which paired electrons are involved.

these processes as well as that corresponding to
the branch mixing"'" are given in Ref. 33. For
a nonequilibrium superconductor, the quasiparti-
cle and phonon distributions as well as the energy
gap are different from their equilibrium values.
Since these lifetimes depend upon the quasiparticle
and phonon distributions, their values vary, in

general, for different driving mechanisms and for
different strengths of the driving forces.

In our present work we will be interested in
superconducting states which can be described by
a. nonequilibrium mean-field-pairing amplitude.
Thus, we will be treating systems away from the
immediate vicinity of the critical point so that the
pair-field relaxation time will be short compared
to the quasiparticle and phonon relaxation times. "
With the quasiparticle and phonon relaxation pro-
cess discussed above taken into account, Bardeen,
et al. ' have derived from Fermi's golden rule the
coupled quasiparticle and phonon kinetic equations.
Using Green's-function techniques Prange and
Kadanoff~ have derived similar kinetic equations
appropriate for strong coupling electron-phonon
systems. Here the momentum dependence is inte-
grated out leaving distributions which depend only
upon energy. After the interaction vertices are
replaced by the effective electron phonon coupling
o."(Q)," the coupled equations can be written in the
following form:

df(E) 2w=I„(«—— « *(")&(&)pÃ+0) (-~ ~ )(f(&)( f(& ~()I (()) (—)f(E ~ ())I(-f(z)l(, (n) ~ (])
Q2

E- b,

dQ& (Q)F(Q)p(E —Q) 1 — (f(E)[1 f(E —Q)][n(Q-)+ 1]—[1 -f(E)]f(E —Q)n(Q)}

OO Q2
d Qo (Q)E(Q)p(Q —E) 1+ (f(E)f(Q —E)[n(Q) + 1] —[1 -f(E)][1-f(Q —E)]n (Q)}

and

dn(Q) 87( N(0)

(la)

dE' o"(Q)p(E)p(E')

x((1 —r)'/EE')(f(E)[1 —f(E')]n(Q) —f(E')[1 —f(E)][n(Q)+1]}6(E+ Q —E')
—~(1+&'/EE')([1-f(E)][1 f(E')]n(Q)-f(E)f(E')[n(Q) 1]}5+(E+E'—Q)).

(lb)
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n'(Q}F (Q) =

0 for Q&era
(4)

where a and b are constants independent of phonon
energy. The quadratic dependences of F(Q) and
n'F(Q) upon the phonon energy are good for low-
energy excitations in weak superconductors. For
high-energy excitations and/or strong-coupling
superconductors, F(Q) and n'F(Q} given by ex-
pressions (3) and (4) have to be modified. How-
ever, we believe that the effects of strong-cou-
pling superconductivity will not have a significant
qualitative effect on our result, and as demon-
strated later, the accurate energy dependences of
n'(Q)F(Q) and F(Q) in the high-energy region
(Q» 4) are not necessary for obtaining the non-
equilibrium state because of the short lifetimes
associated with the states in this region.

Equation (la) has also been derived by Eliash-
berg" using the Green's-function technique with
the assumption that the phonons are assumed to

Here f(E) and n(Q) are, respectively, the steady-
state quasiparticle and phonon distributions. The
driving terms f,(E) and f,„(Q) are, respectively,
the quasiparticle and phonon injection rates. The
first (second) integral term in Eq. (la) is con-
tributed by the scattering of a quasiparticle of en-
ergy E by the absorption (emission) of a phonon.
The third integral term comes from the quasi-
particle recombination process. Similarly, in

Eq. (1b), the first term in the bold parentheses
is due to the phonon scattering process, while the
second term comes from the phonon pair-break-
ing process. These are easily recognized by ex-
amining the coherence factors and the electron
and phonon distribution functions. The function
p(E) is the normalized quasiparticle density of
states given by

p(E) = [E/(E' —&')"']e(E —&)

X is the number of ions per unit volume, N(0) the
usual single-spin band and Coulomb-dressed elec-
tron density of states at the Fermi energy, and

F(Q) is the phonon density of states per ion. To
calculate the steady-state quasiparticle and pho-
non distributions one needs to know n'(Q)F(Q) and
a'(Q). In principle, F(Q) can be obtained from
neutron-scattering measurements ' and &'(Q)F (Q)
can be obtained from electron-tunneling mea-
surements, "therefore &'(Q) can be calculated.
Here we use a Debye model' for the phonons so
that

aQ' for 0» (da
F(Q) =

0 for Q&(da

and assume that

be in equilibrium at the ambient temperature. In
the same framework, it is found that the energy
gap obeys the same gap equation as for the equi-
librium state except for the replacement of the
Fermi distribution function by the steady-state
quasiparticle distribution function. More gen-
erally, as long as the system is outside the im-
mediate vicinity of T„ the pair field relaxation
time is short relative to the quasiparticle and
phonon relaxation times, and the steady-state gap
parameter b satisfies

1 ~""ad@ 1 -2f(E}
(E2 g2)1 j2 & (5)

and

6f(E) ~f(E) f(E,~)-
6n(Q) -=n(Q) n(Q, T),

('la)

(Vb)

where f(E, T) is the Fermi distribution for the

where ~ is the effective strength of the electron-
phonon coupling. "

As discussed in the Introduction, in addition to
the scattering and recombination processes, a
phonon can "decay" by escaping from the thin
film. In order to take this into account we add a
term

[n(Q) n(Q, T)]/~.. (6)

to the right-hand side of Eq. (lb). Here n(Q, T)
= (e" ~ —1) ' is the equilibrium phonon distribu-
tion at temperature T. As previously noted, we
will neglect the energy dependence of & . For the
extreme case of &„=0, phonons are in equilibrium
and we have only to consider Eq. (la) for the
quasiparticle distribution. This is the case con-
sidered by Eliashberg ' and Vardanyan et al. 'o in
their studies of superconducting thin films ir-
radiated by microwave and laser radiation. How-
ever, as shown in Sec. III, when 7„is of the
same order as the phonon pair-breaking time, the
phonon-trapping effect cannot be neglected and
phonons cannot be considered as being in thermal
equilibrium. With expression (6) added to the
right-hand side of Eq. (lb), Eqs. (1)-(5) form the
basis of our investigation of the distribution func-
tions f(E), n(Q), and the gap 6.

Since the RT equations have been widely ap-
plied to the double-junction tunneling measure-
ments as well as the laser-irradiation experi-
ments, it is desirable to make connection between
the macroscopic RT equations and the micro-
scopic kinetic equations [Eqs. (1)]. This is given
in Appendix A.

Next, we derive the linearized coupled kinetic
equations which are to be solved numerically. We
define
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quasiparticles in an equilibrium superconductor

at temperature T [.Through this article we use

f(E) and n(Q) for the steady-state quasiparticle
and phonon distributions; the equilibrium dis-
tributions are represented by f(E, T} and n(Q, T).]
Using Eq. ('7), the lowest-order terms in Eqs.
(1a) and (lb) cancel out completely. We point out

that this cancellation is not due to detailed balance
in the thermal equilibrium state, because the gap
involved is the steady state gap 4 rather than the
thermal equilibrium energy gap 4(T). Keeping
only the first-order terms, we have for the lin-
earized equations

K,'(E, Q; T) = (2w/ff)a'E(~ A~)p(E —A)[1 —d.'/E(E —Q)]

x If(& —A) f-(E)]e(E —& —A); (10a)

and

K~(Q&E; T) =K~(Q, E; T)+KB(Q, -E; T)

+K3(-Q, -E; T),

with

Q2
K', (A, E; T) =— &'(~ Q

~
)p(E)p(E —A}

x[f(Q E) +n( A)] 8( Q 6 E) (11a)

—~f(E) =f„(E)—
(E T)

OO

+ i~
dE' 5f(E')K, (E,E'; T)

+ dQbg QK2 E, Q;T
0

(8a)

Now, we replace the steady-state energy gap in

Eqs. (8)-(11)by the equilibrium gap ~(T} Since.

all the terms in Eq. (8) are already of first order
in the external disturbances, the correction is of
higher order. The quasiparticle and phonon life-
times &„and 7',„are given by

and

d &n(Q)—b (Q) =f,„(A)
and

T '(E, T)=-T-'(E T)+T;(E,T) (12)

p oo

+
~

dE 5f(E)K,(Q, E;T) . (8b)

K (E, Q; T) =K', (E, Q; T) +K2( E, -Q;T)-
+K2(E, -Q; T),

with

(10)

The kernels are given by

K,(E,E', T) =K', (E, E'; T) K,'(-E, E'-; T)-
+K', (E, E', T), -

with

K', (E,E', T) = (2v/5)n'F(E E')p(E') (1 —-& /EE )

x[f(E,T)+n(E E', T)]e(E -E');
(oa}

r,h(Q, T) =7,'„,(Q, T)+7~'(A, T)+~,', .

Here &, and &„ are, respectively, the scattering
and recombination lifetimes for quasiparticles in
an equilibrium superconductor and 7,~ and ~~ are,
respectively, the scattering and pair-breaking
lifetimes for the phonons. These characteristic
lifetimes have been studied in detail in Ref. 33,
and various plots of their energy and temperature
dependences are given there.

Since the RT equations have been applied in
their linearized form to the study of quasiparticle
recombination time, we discuss them in Appendix
B in terms of the linearized coupled equations
[Eqs. (8a) and (8b)].

Within the linear approximation, the change in
the energy gap 54—= & —&(T) can be derived from
Eq. (8). We have

8S= n(T) 2'(E)
[E' g'(T)]&l 2

E sf(E, T)
[E' r'(T}] & sE

(14)

Therefore the change in the energy gap can be cal-
culated as soon as &f(E) is obtained from Eq. (8).

III. NUMERICAL SOLUTIONS AND DISCUSSIONS

In this section we discuss the numerical solu-
tions of Eq. (8) for a superconducting thin film
in various nonequilibrium steady states. We will
study the quasiparticle and phonon distributions
and the change in the gap parameter for a non-

equilibrium film under (a} thermal phonon injec-
tion, (b} microwave irradiation, (c) quasiparticle
injection through a tunnel junction, and (d} optical
irradiation.

In the first three cases only low-energy quasi-
particle and phonon states are disturbed, while in

case (d) electrons are excited into high-energy
states. We consider cases (a}-(c}first and dis-
cuss case (d} last.

For cases (a)-(c) we replace the upper limits
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of the integrals in Eq. (8) by a cutoff energy, 56;
i.e., we ignore the deviation from equilibrium in
the quasiparticle and phonon states with energy
higher than the cutoff energy. This cutoff energy
can be easily modified in our computer program.
The results shown later have been checked and
found to be unchanged by using a higher cutoff en-
ergy. 15 uniform mesh points are assigned for
each energy interval of b for both quasiparticles
and phonons. However, because the kernel K,-
consists of the quasiparticle density of states
which diverges at the gap edge, one cannot inter-
polate directly to write the integrals as summa-
tions. What we did is to do interpolations for the
distributions 5f(E) and 5n(Q) only. The coeffi-
cients of 5f(E,) and 5n(Q, ) which arise from the
integration of the kernels can then be calculated
using simple transformations to eliminate the di-
vergence in Z, . When this is done, Eqs. (8a) and
(8b} can be combined in the simple matrix form

I5"

O

tO

eu IQ
O
C

z.'
40

l

p Tc
4

TH= p Tc

M]]g,.=I, ,

with l-i, j- 136 and

5f(Eq) ifj ~61,

5n(Q&) if j&61,
(16)

0
0

Qlb,
FIG. 2. Excess phonon spectra in a superconducting

thin film pumped by a heater. Curves (a), (b), and (c)
correspond to phonon escape times equal to Tg(M),
27~(M), and 8~~(2&), respectively.

where E~= n, + —'(j l)h and Q,. = ' (j —61}n.. The
vector x can then be obtained by inverting the ma-
trix M when the driving term I is given.

A. Thermal phonon injection (heat pumping)

For the case of a thin film attached to a heater,
the driving terms are

and

I; (E)=0 (18a)

I „(Q) =l4[n(Q, T„)-n(Q, T)], (18b)

where T and T„are, respectively, the ambient
temperature and the heater temperature. The co-
efficient A has been studied by Little" and found
to be dependent upon the acoustic match and the
temperature difference between the heater and the
sample as well as the frequency of the phonon
transmitted. Here we will treat A as a constant
parameter in our problem. By using the equilib-
rium phonon distributions in Eq. (18) we have neg-
lected, in I;h(Q), terms of order A5n(Q) which are
of second order in'.

As a typical experimental situation we set T
= ~T, so that the equilibrium gap is well formed
and take T~= -', T,. The steady-state phonon spec-

tra of the excess phonons in the nonequilibrium
thin film are shown in Fig. 2 for phonon escape
times 7' =7's(26, T), 27s(26, T), and 8v (26s, T),
respectively. Here 7s(2b, T} is the pair-breaking
lifetime of phonons with energy 80 =24 in an equi-
librium superconductor. In discussing the non-
equilibrium phonons since n(Q) diverges as Q-0 it is more physical to multiply 5n(Q) by the
phonon density of states NF(Q) giving 5N(Q)
= 5n(Q)NF(Q), which we have called the excess
phonon spectra. First notice that, although the
phonon injection rate is a smooth function, the
spectra show a discontinuity at a phonon energy
SA =2b. This is because high-energy phonons
break pairs and create quasiparticles which are
then scattered into low-energy states with the
emission of phonons. The quasiparticle density
of states has an inverse-square-root divergence
at E = & and vanishes for E& 4. Thus, when these
low-energy quasiparticles recombine, a sharp
discontinuity in the phonon spectra at h0=2b re-
sults. Secondly, when the phonon escape time is
long, more phonons are trapped inside the sam-
ple. This occurs for phonons of energy smaller
than 24 as well as greater than 24. Thirdly, the
spectral width of phonons with SA-2& becomes
sharper as the phonon escape time ~„ is in-
creased. This can be understood by realizing that
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a large ~„means phonons of energy SQ~ 24 are
more likely to break pairs than to escape from the
superconducting film. Therefore, the energy orig-
inally carried by a phonon with hQ~ 2& has to be
transferred to the quasiparticles more times be-
fore it is released from the thin film. Thus the
quasiparticles created by the phonon pair breaking
have more chance to be scattered to low-energy
states and emit phonons of SQ-2~ when they com-
bine into pairs. We have also found that when the
heater temperature increases the jump in the pho-
non spectra at hQ =24 becomes more dramatic be-
cause more high-energy phonons are available to
be converted into phonons of energy SQ-24.

The phonon emission spectrum of the nonequi-
librium film is 5N(G)/r in our model. It ha.s
the same energy dependence as 5N(Q) since 7„
is a constant. Our results agree qualitatively
with those of Dayem and Wiegand, "but differ
from that of Dynes and Narayanamurti" who ob-
tained phonon spectra peaked at states of energy
slightly below IQ =24 and sharply cut off above it.
The corresponding quasiparticle distributions are
shown in Fig. 3. As the phonon escape time in-
creases so that more phonons are trapped inside
the film, the quasiparticle density increases. One
would also expect that the discontinuity in the pho-
non spectrum at energy SQ= 2& will lead to a dis-
continuity in the derivative of the quasiparticle
distribution at E = 3b due to the phonon absorp-
tion by the quasiparticle of energy E = ~. How-
ever, since the quasiparticle distribution function
at E =34 is very small itself, the additional struc-
ture occurring there is not significant in our lin-
ear approximation.

As for the energy gap in the steady state, since
5f(E) &0 for all states, the gap is reduced in the
driven state. We do not calculate the amount of
reduction except to mention that in the linear ap-

l2-

l0

a
8O

GO

Z

LLJ
4

GQ

0
I

FIG. 3. Excess quasiparticle distributions correspon-
ding to the phonon spectra shown in Fig. 2.

proximation it is proportional to the strength of
the driving force.

B. Microwave irradiation

We consider a superconducting thin film ir-
radiated by microwaves of frequency u&, =0.54/h.
Since the microwave photons have energy smaller
than twice the energy gap, they cannot break pairs
to create excess quasiparticles, but can excite
quasiparticles from low-energy states into higher-
energy states. The driving terms in this case
are27, 46

2

8 E+(do
4N(0)4 [(E+to )' —4']'~' E(E+u& )

I,'„(n) = 0.

(19a)

(19b)

In the following analysis we have smeared out
the singularity in the driving term arising from
gap edge by multiplying Eq. (19a) by (v v5~) '
x exp[- (~ —~,)'/(5')'] and integrating over
Physically this represents a simple approximate way
of taking into account the effects of the inhomogeneity
and anisotropy of the gap parameter as well as life-
time broadening effects on the quasiparticle den-
sity of states near the gap edge. With &~ set to

be D. 1~ and the temperature T =D.ST„we cal-
culated the steady-state excess distributions of
quasiparticles and phonons. In order to get some
insight into the effect on the distributions of the
various pieces in the kinetic equations we will
begin by discussing results obtained when only
certain terms are kept. First consider the sim-
plest "lifetime approximation" in which only the
first two terms on the right-hand side of Eq. (8a)
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FIG. 4. Excess quasiparticle distributions in a super-
conducting thin film irradiated by microwaves. Curve
(a) is obtained from the lifetime approximation. Curves
{b), (c), and (d) are solutions of the linearized kinetic
equations with Te, =-0, Ta(M), and 8&~('»), respectively.

are kept and the phonons a,re assumed to be in
thermal equilibrium. The numerical solution of
5f(E) using this lifetime approximation is shown
as curve (a) in Fig. 4. Curve (b) shows 5f(E) when
the quasiparticles are treated exactly in the linear
approximation, and the phonons are again assumed
to be in equilibrium at an ambient temperature 1'.
The solutions of &f(E) for the full linearized kinetic
equations, Eqs. (Ba) and (Bb), are shown as curves
(c) and (d) with the phonon escape times r„
=7s(24, T) and Brs(2s, T), respectively. [We note
that curve (b) represents the solution of the lin-
earized coupled kinetic equations with r„=0.] The
general feature of these curves is a negative ex-
cess distribution for low-energy states with E- 4
and a positive excess distribution for states of
E-4+Ii~, . This reflects the fact that in an equi-
librium superconductor most quasiparticles are
distributed in states of E- ~ due to the inverse
square root singularity in the density of states
at E =4. When the film is irradiated by micro-
waves, some of the quasiparticles in states E =~
are excited to states with energy E-4+&up In
fact, if we had not smoothed out the singularity
in the driving term of P„(E) [Eq. (19a)]. &f(E)
would diverge at E = 5+, + 4 reflecting the singu-
larity in the density of states at the gap edge. The
energy spectra of the excess phonons are shown
in Fig. 5. For the cases (a) and (b) of Fig. 4, in
which the phonons are assumed to be in equilib-
rium at the ambient temperature, the excess pho-

FIG. 5. Excess phonon spectra corresponding to the
excess quasiparticle distributions shown as curves (c)
and (d) in Fig. 4.

non distributions vanish. Curves (c) and (d} of
Fig. 5 are the excess phonon energy distributions
with w„=v's(26, T) and Brs(26, '1'), respectively.
The peaks in these distributions at AQ-Iiw, are
due to phonons emitted by the excited quasipar-
ticles when they relax back to the gap edge. When
the phonon escape time increases, the peak height
increases, because more emitted phonons are
trapped in the film. The dip in the phonon spectra
at a phonon energy AQ-24 is due to the fact that
in the nonequilibrium state there are fewer quasi-
particles in the low-energy states near the gap
edge than in equilibrium. Therefore phonons with
energies IiQ=2& or slightly higher break pairs
trying to make up the deficiency in these quasi-
particle states. When the phonon escape time is
larger, it is more difficult for the phonons of
these energies to cross the boundary and get into
the thin film. This leads to a more severe deficit
in the phonons of these energies. The weak peaks
in the phonon spectra at energies fit=24+ fl&o are
due to phonon emission by the excess quasiparti-
cles of energy E - ~+h~, when they combine into
pairs with quasiparticles near the gap edge.

As mentioned in the Introduction, experimentally
it has been found that the critical current of a
superconducting microbridge can be increased by
microwave irradiation. '"" Eliashbezg'" suggested
that this could be due to the fact that a low-energy
quasiparticle is more effective in interfering with
the pairing processes than quasiparticles of higher
energies. Since microwave photons excite quasi-
particles f rom low-energy states to high-energy
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states, the pairing processes are interfered with

to a lesser extent. This results in a larger gap
and hence increases the critical current. In his
investigation, a constant decay time was assumed.
With microwave photons being unable to break
pairs, this assumption leads to a total quasipar-
ticle density equal to that in equilibrium. How-
ever, as discussed in Appendix B, the decay rate
of the excess quasiparticle density depends upon
the average of the inverse recombination time of
the excess quasiparticles and the average of the
inverse pair-breaking time of the excess phonons.
Therefore, with the energy dependence of the de-
cay times taken into account, the quasiparticle
density in general should differ from the equi-
librium value even when the film is irradiated by
microwaves of frequency (so&24/h. In fact, the
quasiparticle density for the driven state can be
smaller than that in the equilibrium state. This
decrease in the density of quasiparticles will also
lead to an increase in the gap. The decrease in
the quasiparticle density is due to the fact that the
microwave photons excite quasiparticles into
higher-energy states which have shorter recom-
bination lifetimes compared to the low-energy
states. When the phonon escape time increases,
the phonon-trapping effect becomes important,
and the total quasiparticle density increases as
demonstrated in case (A). For the extreme case
of 7„=~, phonons cannot escape from the film at
all. Therefore, there is no energy outlet, and
the film will be "heated up" by the microwaves.
Eventually the film will be driven into the normal
state.

I;,(E) = [f(E —e V, T)

I;„(A)=0,

f(E+ e V, T)]8—(E —A), (20a)

(20b)

where the constant coefficient C depends upon the
coupling between the normal metal and the super-
conductor and is proportional to the conductivity
of the junction when the superconductor is in the
normal state. In general, superconductors driven
by current injection have to treated carefully with
the quasiparticle branch imbalance"" in mind.
However, within the linearized regime as long as

C. Electron injection

We consider a superconducting thin film which
forms part of a normal-insulator-superconductor
tunnel junction. With a bias voltage, the tunnel
current injects quasiparticles into the supercon-
ducting thin film. The driving terms in this case
are'

T 2Tc
I

0 p
O
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FIG. 6. Excess quasiparticle distributions in a super-
conducting thin film which is injected with quasiparticles
from a NIS tunnel junction. See text for details,

the total quasiparticle distribution &f(E) = &f&(E)
+ Of&(E) is concerned, the branch imbalance does
not come into play. Here 5f&(E) and 5f&(E) are,
respectively, the distribution functions for quasi-
particles on the branch corresponding to the wave
vector being greater than and smaller than the
Fermi wave vector. We set the bias voltage e V
= 1.54 and the temperature T =0.5T, . The solu-
tions for the excess quasiparticle distribution are
shown in Fig. 6. With the phonons assumed to be
in equilibrium at temperature T (i.e., v„=0)
curve (a) is the solution for &f(E) within the decay-
time approximation while curve (b) is the solution
for the full linearized quasiparticle kinetic equa-
tion. The reason that curve (b) lies below curve
(a) is that in the decay-time approximation each
recombination event is considered to eliminate
only one qua. siparticle instead of two. Curves (c),
(d), and (e) are solutions of 5f(E) keeping all the
terms in Eqs. (8a) and (8b) with the phonon escape
times w„=vs(2n, T), 2rs(24, T), and 8vs(2n, T),
respectively. As in the heat-pumping case, when
the phonon escape time increases 5f(E) increases.
We also note that in curves (b) and (c), a maxi-
mum in 8f(E) occurs at an energy slightly greater
than b. This is because phonons can scatter quasi-
particles in low-energy states to higher-energy
states. When v increases, more phonons of en-
ergy hQ - 2& are trapped as shown in Fig. 7. They
create quasiparticles of energy E- 4 when they
break pairs and hence shift the maximum towards

The excess phonon spectra are shown in Fig. 7.
The spectrum corresponding to & =0 vanishes
and is not shown. Curves (c), (d), and (e) are the
&N(A)'s corresponding to curves (c), (d), and (e)
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third term in Eq. (19a) to account for the pair-
breaking processes of the photons. " However,
this would require a dynamic treatment over a
wide range of excitation energies. Furthermore,
at these higher energies electron-electron interac-
tions must be included. Now we know that, due
to the short lifetimes associated with the high-en-
ergy excitations, the steady-state quasiparticle
and phonon distributions differ from their respec-
tive equilibrium values only for energies up to a
few times the gap energy. Therefore it is suffi-
cient to introduce a pseudoinjection term which
describes the resultant injection over a low-fre-
quency region due to the decay of quasiparticles
and phonons with higher energies. As discussed
below, these pseudoinjection terms have a simple
form. For real systems in which & is nonvanish-
ing, the pseudoinjection is dominated by phonons
so that

0
0 2

Q/6
I (E)=0 (21a)

FIG. 7. Excess phonon spectra corresponding to the
excess quasiparticle distributions shown as curves (c),
(d), and (e) in Fig. 6.

and

f',„(n) =D. (21b)

for the 6f(E) in Fig. 6. Again, we note that the
excess density increases for larger w„. How-
ever, the excess phonon density lies mainly at
energies above 24. This is because for eV=1.54
most quasiparticles injected into the superconduc-
tor are near the gap edge. They are most likely
to emit phonons of energy 24 & SA & 34 when they
combine into pairs with quasiparticles near the
gap edge. According to the calculation of Ref. 33,
at 1' =0.5T, quasiparticles with energy E &1.5&
are more likely to recombine into pairs than to be
scattered into lower states, and hence few excess
low-energy phonons are created. In view of the
fact that few phonons of I 0& 24 are emitted in the
low-energy quasiparticle injection process, this
may be a more favorable process for the generation
of narrow band phonons of frequency to = 2&/8 than
the heat-pulse-pumping process.

As for the change in the energy gap, as discussed
in case (A), because the excess distribution func-
tion 6f(E) is positive for all quasiparticle states,
the gap is reduced. Within the linear approxima-
tion we have employed, the change in the gap pa-
rameter is proportional to the strength of the
driving force, and we will not calculate it.

D. Optical irradiation

Since optical photons have energy S(d~ »2b they
can break pairs as well as scatter quasipsrticles.
Therefore, one might be tempted to use Eq. (19)
for the injection terms, with the addition of a

Here D is an energy-independent constant which
varies with the frequency as well as the intensity
of the optical radiation.

In order to understand the details of the decay
processes in a superconductor with high energy
excitations which lead to Eqs. (21a) and (21b), we
first note that in a normal metal, the inverse of
the electron lifetime of energy E is given by"

2

„(E)= 2 {0.222
JI' D

+0.174r.
I
—), 1 ).

2

(22)

Here E is measured from the chemical potential
(E&) of the metal. The first term is contributed
by the electron-electron interactions while the
second term arises from the electron-phonon in-
teractions. The curly bracket ( j „represents
the smaller value in the parentheses, while r, is
defined as usual so that -', m (r,a,)' is equal to the
inverse of the electron density with a, being the
Bohr radius. For real solids 6&r, &2. Therefore,
there is a characteristic energy 5&v = {Ef~D)' '
such that the lifetimes of quasiparticles of energy
greater than S(d is dominated by electron-electron
interactions instead of electron-phonon interac-
tions. The characteristic energies for Al, Sn, and
Pb are given in Table I with the wavelength of the
optical radiation assumed to be X= 5000 A. Also
given in Table I are the Fermi energy E&, the
Debye energy S(dD and r, for these materials. "
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TABLZ I. Characteristic energy h ~, Fermi energy

Ef, Debye energy +uD and y, for Al, Sn, and Pb.

Al 2.07
Sn 2.23
Pb 2.30

428
200
105

11.63
10.03
9.37

17.64
24.87
33.70

67.20
143.80
273.91

Data are quoted from C. Kittel, introduction to Solid
State Physics, 4th ed. (Wiley, New York, 1971).

The optical photon energy h ~L, which corresponds
to wavelengths =5000 A, is 2.48 eV.

With the data given in Table I, it is possible to
draw the following picture about what happens in

a superconductor irradiated by light. An electron
of energy E & he@ excited by an optical photon first
loses energy to other electrons via electron-elec-

tron interactions. After one or two collisions, its
energy falls below 5&, and it decays by emitting
phonons. On the average, more than 15 phonons
will be emitted before the electron drops into
states of energy smaller than the Debye energy.

The emitted phonons can either break pairs to
create quasiparticles or escape from the sample.
Since the phonon trapping effect is already impor-
tant in experiments in which only low-energy ex-
citations are created, this effect will be more
severe for the high-energy phonons involved in this
case. Thus, phonons create many more quasipar-
tieles than those generated directly by the optical
photons and by the electron-electron interactions.
We therefore neglect the direct contribution to the
quasiparticle driving term due to the eleetron-
photon interactions and electron-electron interac-
tions and have Eq. (21a).

The phonon generation rate due to the decay of
electrons with energy h»E &h~D is proportional
to

(',„(()) f deaf
dE' *(())(fan(( f(e)II (o)+(( f(e)(( -f(E-)) (D)}&(&'~ ()-@.

5 f(() tL cog
(28)

Since (()~» (us, p(E) =1, ard &f(E) and &n(Q) are
much smaller than unity in the interested energy
region, this can be simplified to give

h4lL
f4 (a) ~ dE c 2(n)8f(E) .

h4)D

This expression leads to the phonon injection term
given by Eq. (21b) when the energy dependence of
o.'(0) is neglected.

When the computer program is actually run, we
use cutoff energies of 54, 74, and 94 for both the
quasiparticle and phonon states. We found that
although the shapes of the distribution functions
differ slightly for cutoff energies equal to 54 and

74, there is essentially no difference between
those using cutoff energies 7~ and 94. This re-
sult indicates that a cutoff energy of 94 is suffi-
cient to obtain the steady-state distributions. We
also conclude from this result that the detailed
structures of the phonon density of states and o."(0)
in the region of energy greater than 9~ are not
important. Instead, it is the phonon escape time
which is most important in the determination of
the laser-driven steady state.

In Fig. 8 we show the excess quasiparticle dis-
tributions. The excess phonon spectra are shown
in Fig. 9. Curves (a) and (b) correspond to phonon
escape times r„=2m (2s6) and 8rs(26), respective-

a 5
O
z'

n 4

O

C3

LLI

GO

2
E/6

FIG. 8. Excess quasiparticle distributions in a super-
conducting thin film irradiated by light. Curves (a) and
(b) correspond to the phonon escape times 7« =2&g(2&)
and 87'(2&), respectively.



2662

20-

O 15z'

CX)

&3

CV
O

o 10

GQ

0
0

I

2 3
Q/6

JIUN G ANp ~ J ~ SCALAPINO 15

IV TRANSPORT PROPERTIES

In thisis section we stud ay()
a su

scient, (b) the electric c

I
thin e driven s, e

(V) characteristic
states, and (c) the

is ic of an SIS tunn
onequilibrium

nel junction with
superconducti t ' '

ming
tof e calculate th

values using th
per ies fromm their equilibr'

p
We do not cons
in films ir

ns-

d'st 'b t'o p ical radiations andy,-ll to
pe y heat.

A. Ultrasonic ata tentuation coeff&c&ent

l . sharp struc
p ctra nea @~ 2

ess phon(re in the e

canno
& indicates th t t

not be described b
he steady state

on th e other ha, nd f th
P eating theoryy the sim le h

served in the en
p rum were on] b-the s ect

n"gy region @g&2

P similar to a h
t, it ou]d ap

e»ng effect.

FIGIG. 9. Excess hoIG . p onon spectra cor
ti 1 d'e istribution sh'

n s own in Fig. 8.

T
f e

he ultrasonic attentuation c
l

'
th 'l'b '

P g
s e value is given b "

ined.

(E Q)E
((E' , „,of(E) dE

0-6
(E2 ~2~,n — )[( — )'- '))'"

'"(( *- )i~ — iy *""')

5n. (Q, a) 2

n„(Q, T) Q

(26)

n, (Q, a(T), T) 2 ( +Q) — '( )

~&r& ([E' —+ ( ))[(E Q)2 ~2(T)))i)2 [f(, ) f(Q+E, T-
EA —E +62T

Here& 0 6

([E'-~'(T)) Q-

E

— ) — '( )])"
spectively, the tern

E, T)

enuation coeff'c t fos or a phonon of ener

gy gap. To calcul t
in he driven state '

d
gy@O. Th t d-

the steady- state

otdb
attenuation co-

y th F

o d fi tt

e ermi function f(E', T be erm, by

-=n, (Q, &) —n, (Q; a, T) .

We note that 5n, (Q, a is ' ere, &) is not the differs e steady-state atte icient, Q.

(»)

'because in the second
ilb i a(T

Fr
culated usin Eic can be calc

sed the stead-
) t '

y an amount of [n (Q

s
, s, T)

S 7

s e p is determ'



15 KINETIC-EQUATION APPROACH TO N ONE Q UI LIBRIU M. . . 2668

5
Tes=T (.26j

=2m (2b, }es B

lo—

R
CI

CO p
CQ

r
I

I &

z
O

CQ

Tes=p
———T =2T (2h)es

FIG. 10. Frequency dependence of 4(n, /n~) for a
superconducting thin film pumped by a heater. The heat-
er temperature and ambient temperatures are, respec-
tively, -T and 2~TG.
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Thus the excess ultrasonic attentuation coefficient
is related to the excess quasiparticle distribution
by a linear integral equation. We would like to
emphasize here that to obtain Eq. (26) we did not
use the linear approximation. The linear relation
between 6o'., and 6f(E) is a result of the Fermi
golden-rule approximation. However, in the fol-
lowing, the 6o, (Q, 6) presented are calculated
from 6f(E) obtained from the linearized coupled
kinetic equations.

Figure 10 shows the excess ultrasonic attenua-
tion coefficient 6n, (Q, &)/&„(Q, T) for a supercon-
ductor attached to a heater. The solid and dashed
curves are, respectively, obtained from the excess
quasiparticle distributions shown in curves (a) and
(b) of Fig. 3. They correspond to phonon escape
times w„=vs(2A) and 2rs(26) respectively. For
phonons of energy 8Q&24, only scattering pro-
cesses contribute to the attenuation. The pres-
ence of the excess quasiparticles increase the
electron-phonon scattering cross sections and re-
sults in the increase of the phonon attenuation co-
efficient. However for phonons of energy SQ—24,
the attenuation coefficient is reduced. This can
be understood by realizing that these phonons de-
cay mainly by breaking pairs. With excess quasi-
particles present, more quasiparticle states are
blocked due to the Pauli exclusion principle, there-
fore pair breaking processes are less likely to
occur than in the equilibrium case. When the
suppression of the attenuation coefficient due to
the blocking of the pair-breaking processes over-
comes the enhancement due to the scattering pro-
cesses, the excess quasiparticles give a net re-
duction of o.', (Q, n,).

The situation for the case of microwave irradia-
tion is slightly complicated. In Fig. 11 we plot the
excess attenuation coefficients calculated from the
6f(E)'s shown in Fig. 4 as curves (b) and (d). The
solid and the dashed curves correspond, respec-

2
0/6

FIG. 11. Frequency dependence of ~(o~/ez) for a
superconducting thin film irradiated by microwaves of
frequency MD=0. 5 &/~. The ambient temperature is
2TG

tively, to phonon escape times w„=0 and

2&s(2&, T). We consider first the attenuation of
low-frequency phonons of energy 8 Q-O. The at-
tenuation coefficient for these phonons is sup-
pressed. This can be understood by observing the
fact that a low-energy quasiparticle is more effec-
tive in the scattering of phonons than quasiparti-
cles of higher energy. We note first that a low-
energy quasiparticle when scattered by a phonon
goes into states with energy lower than that result-
ing from the scattering of a higher-energy quasi-
particle by the same phonon. Since the density of
quasiparticle states increases at lower energy, the
electron-phonon scattering cross section for a low-
energy quasiparticle is larger than that of higher-
energy quasiparticles due to the larger final densi-
ty of states involved. Since microwave photons
excite quasiparticles from low-energy states into
higher-energy states, a reduction in the attenua-
tion coefficient results.

For the attenuation of phonons of higher energy,
the difference in the final quasiparticle density
of states associated with the scattering processes
becomes less significant. Instead, the attenua-
tion coefficient contributed by the scattering pro-
cesses [the first two terms of Eq. (26)] approa, ches
26N, JQ when Q» b, , so that only the total number
of excess quasiparticles are important. Although
due to the coherence factor, 6o.', (Q, D)/a„(Q, T)
contributed by scattering has not quite yet con-
verged to its asymptotic value at Q = 2&, the small
value of the excess attenuation coefficient indi-
cates that the excess quasiparticle densities are
small in these cases.

When the phonon energy exceeds 2&, pair-break-
ing sets in and it dominates the phonon attenuation.
With the microwave exciting quasiparticles out of
the low-lying states near the gap edge, there are
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under quasiparticle injection through an NIS tunnel

junction is shown in Fig. 12. The solid and dashed
curves are, respectively, the excess attenuation
coefficients, with escape times r„=0 and 2rs(2&}.
Since we use Eq. (26) to calculate the coefficient,
we have ignored the branch imbalance of the quasi-
particle distribution in the film. This is justified
in the linear approximation, because the effects
due to the branch imbalance gives higher-order
contribution to the attenuation coefficient. The
general features of the excess attenuation coeffi-
cient in this case are similar to those shown in

Fig. 10 so we will not discuss them any further.
FIG. 12. Frequency dependence of &(o.,/o'&) for a

superconducting thin film under quasiparticle injection
through a NIS tunnel junction. The bias voltage is
1.5&/e with the ambient temperature fixed at 0.5&, .

more available final states for the quasiparticles
which are produced in pair-breaking processes by
phonons of energy equal to or slightly greater
than 24.

The excess attenuation coefficient for a thin film

o~((d, T)/(TN -—(T~ ((d, T)/o/( —1'o ((d, T)/(T//,

with

(27)

B. Electric conductivity

According to Mattis and Bardeen, "the complex
conductivity of a superconductor in thermal equili-
brium can be written as

o„((u, T) 2 " E(E+(d)+ &'(T)
((E'- ~ (T)]((E. )'- ~'(»]P" f

b, (T) E((d —E) —&'(T)
([E2 ~2(T)][((g E)2 g2(T)])~/2 (28a)

o„((d,T) 1 E(E+(d)+ r/ (T}
6&'(T) E'][(E+~)' ——&'(T)])'" (28b)

Although the imaginary part of the conductivity is less transparent, the real part, a„(u, T)/cr„, which
is related to the microwave absorption rate of the superconductor is easy to understand. The first and

second integrals in Eq. (28a) can be attributed, respectively, to the quasiparticle scattering and pair
breaking by the microwave photons. In fact cr„((d, T)!o„has the same form as the sound-wave attenuation
coefficient given by Eq. (24) except for the signs of a in the numerators of the integrands due to the dif-
ferent coherence factors involved.

Following the same procedure used in discussing the sound wave attenuation, we define an excess con-
ductivity due to the nonequilibrium distribution and obtain

and

6o„(&u) 2 " E(E +(d)+ &
dE((, 2)(( ), 2]p/, (6f(E) —~f(E+(d))

E(v -E) —r. '

(( * - ~')(( - &)' - ~'I )"* (()/( ) ' () ( )))

6o, (())) 2 /) E(E+(d)+ dF

((~2 E2)[(E ~)2 ~2])l/2 f( ) '

max

(29a)

(28b)

In Fig. 13, we plot 6o„/o'„and 6o„/o„ for the
film under thermal phonon injection. The solid and
dashed curves again correspond to the phonon
escape times r„=re(2A) and 2rz(2A). A kink ap-
pears at (d =24 for all curves although the struc-

ture there is weak especially for 6o„/o„. This
feature differs from that in the attenuation coeffi-
cient which shows a discontinuity at 0 =2&, be-
cause of the different coherence factors involved.
The magnitude of the excess conductivity can be
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FIG. 13. Frequency dependences of 5(o» /o pf) and

6(o2, /&z) for a superconducting thin film pumped by a
heater. The heater temperature and the ambient temper-
ature are set at &T~ and z&, , respectively.

large at low frequencies, however the conductivity
itself in this region is large and hence the devia-
tion may not be easily observed. %e also note that
although for v„=0, o„/o„approaches —~ when
the frequency co-0, it approaches+~ for ~„
=27's(24, T). This reflects the different signs of
the first derivative of &f(E) at the gap edge for the
two different phonon escape times as shown in
Fig. 2 [curves (a) and (b)]. It is easy to show that

()o „(e) 8 5f(a)

FIG. 14. Frequency dependences of ~(o'»/oz) and

~(&2~/&&) for a superconducting thin film irradiated by
microwaves of frequency ~() =0.5 &/+. The ambient
temperature is 0.5T~.
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when &v -0. Therefore a positive (negative) value
of 8&f(n)/&n, results in 5o„(tu) —~(-~) when &u-0.
As discussed previously, gap inhomogeneity,
anisotropy, and finite quasiparticle lifetime effects
will cut off this low-frequency logarithmic diver-
gence, and the structure there will be smeared
out.

The excess conductivities for the film under
microwave irradiation are shown in Fig. 14. The
solid and dashed curves correspond to &„=0 and
27s(24), respectively. The strong variation in the
excess quasiparticle distributions of low-energy
states leads to the complicated structures. In this
case o„/o„approaches -~ as expected to reflect
the positive first derivative of &f(E) at the gap
edge.

In the electron-tunneling case, the excess con-
ductivities of the films injected with quasiparticles
are shown in Fig. 15. The phonon escape time is
zero for the solid curve and 2vs(2n) for the dashed

~Z

Vl
b

40

IO

be
40

-10

—15

0
0

FIG. 15. Frequency dependences of &(&»/&&) and
~(O2, /&N) for a superconducting thin film under quasi-
particle injection through a NIS tunnel junction. The
bias voltage is 1.5 4/e with the ambient temperature
fixed at 0.52;.
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curve. These curves resemble those in Fig. 13
and will not be discussed further.

C. I(V) characteristics

We consider a superconductor-insulator-super-
conductor tunnel junction with the superconducting
thin films on both sides of the junction made of the

same material. The I(V) characteristics of such
a junction with both films being driven out of
equilibrium to the same extent have previously
been discussed. " Here we study the situation in
which only one of the superconducting films is in
the driven state while the other film remains in
equilibrium. In this case the excess tunnel cur-
rent defined in Ref. 36 is given by

E(E+eV)8(E+eV —h(T)) " E(E —eV)8(E —eV —h(T))
&(E'-~'Ã(E+«)'- ~'(»B'" 9E —~')HE-«)'- ~'(nlrb"

E (e V E)8 (e V —E —b.—(T) )
((E2 g2)[(eV E)2 ~2(»]P/2 (31)

where K is the normal state conductance divided
by the magnitude of the electron charge. The en-
ergy gaps of the films in the driven state and the
equilibrium state are denoted by & and 4(T), re-
spectively.

ln Fig. 16 the solid curve shows the I(V) char-
acteristic of an SIS tunnel junction with one of the
superconducting thin films pumped by a heater.
For comparison, the I(V) curve when both films
are driven out of equilibrium to the same extent
is shown as the dashed curve. The 6I(V) charac-
teristics corresponding to the microwave-irradia-
tion and electron-injection cases" are shown in
Figs. 17 and 18, respectively.

As discussed in the previous section, the gap
parameter is depressed for thin films under heat
pumping and quasiparticle tunneling injection and
is enhanced for thin films under microwave irradi-
ation (if the phonon escape time for the thin film
is short enough). To obtain the results for the
excess I(V) characteristics we assumed that the
gap is depressed by 5/o from its equilibrium value
for cases of heat pumping and quasiparticle tun-
neling injection and is enhanced by 5% for the case l5-

IQ-
~es=2~, (2S)

Il

I

I

of microwave irradiation. We believe that at the
ambient temperature T = 0.5T, this small change in
the gap parameter is consistent with using the
linearized kinetic equations.

We note first that a divergence in the tunneling
current occurs at eV=

~
6(&) —4

~
as found in an

equilibrium tunnel junction made of superconduct-
ing thin films with different energy gaps. Second-
ly, except for near the voltage region where the
tunneling current diverges; the magnitude of the
tunneling current is about half that when both films
are out of equilibrium. In fact it is easy to show
that the value of the first integral in Eq. (31) ap-
proaches K4~N„while that of the second integral
practically vanishes as eV» 4. Therefore the
tunneling current contributed by the processes
that give rise to the first two integrals in Eq. (31)
has an asymptotic value of E46N„at high voltages
which differs by a factor of & from the value of
2E4KV„which was obtained for the case in which
both films are in the driven state."

eV/5

ev/5
I

-5-

Te6= 2T8(26)

FIG. 16. Excess l(V) characteristics of a nonequili-
brium SIS tunnel junction. Solid curve: one of the super-
conducting film is driven out of equilibrium by thermal
phonon injection. Dashed curve: both films are out of
equilibrium to the same extent. The gap is assumed to
be depressed by 5% from its equilibrium value.

FIG. 17. Excess I(V) characteristics of a nonequili-
brium SIS tunnel junction. Solid curve: one of the super-
conducting thin films is driven out of equilibrium by
microwave irradiation. Dashed curve: both films are
out of equilibrium to the same extent. The gap is assum-
ed to be enhanced by 57& from its equilibrium value.
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IQ—

5-

eV/6

I

21
I

—IO—

es= 2T8(2b, )

FIG. 1S. Excess &(Vj characteristics of a nonequilib-
rium SIS tunnel junction. Solid curve: one of the super-
conducting thin films is driven out of equilibrium by
quasiparticle tunneling. Dashed curve: both films are
out of equilibrium to the same extent. The gap is as-
sumed to be depressed by 5Q from its equilibrium value.

V. CONCLUSION

Transport measurements should provide a direct
probe of the quasiparticle and phonon distributions
in the various nonequilibrium superconducting
states. Because of the relative ease with which
different energies can be probed by tunneling, it
seems likely that the I(V) characteristic will pro-
vide the most complete information on f(E). It
will be interesting to compare differences between
f(E) observed for a given gap reduction produced
by the various external sources. Here we have
sought to emphasize the characteristic signatures
which appear in the transport coefficients when the
system is driven into a nonequilibrium state by a
particular external source.

In addition to these characteristics, two results
seem particularly interesting to us. First, the
kinetic equations provide detailed information on
the structure of the phonon band generated near
2b. A superconductor driven by a heater converts
high-frequency phonons into phonons of energy of
order 24. We found that the width of this phonon
band near 24 depends upon the phonon escape
time with the band narrower for longer phonon
escape times. In addition, results for phonon gen-
eration due to quasiparticle tunnel injection were
obtained which also showed a peaklike structure
in the phonon distribution near 24. This should
be particularly interesting for the ease in which
the quasiparticles are injected across an SIS junc-
tion at a bias voltage close to 24/e. Here we ex-
pect a large narrow band of 2b phonons to be gen-
erated. This configuration is investigated using
the full set of nonlinear equations. "

APPENDIX A: ROTHWARF-TAYLOR EQUATIONS

In this appendix we derive the BT equations from
the coupled kinetic equations [Eq. (1)].

We define the quasiparticle density N„as
de 2N(0)f(E), (Al)N

where E = (f'+ dP)'~'. N(0) is the normal-state
single-spin density of states at the Fermi surface.
The factor of 2 takes into account the spin degree
of freedom for the electrons. The phonon density
for phonons of energy 80~2&, N,» is given by

N~—= dQNF Qn 0 (A2)

With these definitions Eq. (la), after multiplying
by 4N(0)p(E) and integrated over all quasiparticle
states, gives

A second result of interest is the reduction of
the density of quasiparticles for a superconducting
film irradiated with microwaves having 5& &24.
The quasiparticle recombination rate increases
with the quasiparticle energy since the phase space
for phonon emission increases with the final state
phonon energy. Thus quasiparticles excited from
the gap edge 4 by the microwaves combine more
rapidly than if they were left in equilibrium, re-
sulting in a net decrease of quasiparticles in the
driven state. The size of this effect depends upon

the escape time for the emitted phonon to leave
the sample. With a short escape time this process
may allow a significant decrease in the quasiparti-
cle density and provide an additional mechanism,
beyond that proposed by Eliashberg, "for enhancing
the gap.

Under a strong external drive the deviations of
the quasiparticle and phonon distributions from
their equilibrium values become large, and one
must treat the full nonlinear equations. This is
particularly true for monochromatic sources in
which significant changes in the distributions can
be produced in narrow ranges of energy. In this
case the gap equation must be self-consistently
solved along with the kinetic equations. In addi-
tion, the problems of transient response as well
as inhomogeneous spatial excitation remain to be
investigated. Finally, the nature of instabilities
in the nonequilibrium state and the possibility of
a driven mixed state represent open theoretical
and experimental challenges.

Sw~~=I ——N(0) dE dE' n'F(E+E') p(E) p(E') 1+I 2 I g

x (f(E)f(E')[n(E+E')+ 1]—[1 —f(E)][1—f(E')]n(E E')]+, (Aa)
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where

1„=dN(0) J dE p(E)l„(E} (A4)

E'-2 h Q2
=I „&— dE' dE of F(E' -E)p(E)p(E') 1—

3h, h

x {f(E)[1—f(E')]n(E' -E) —f(E')[1 —f(E)][n(E' -E)+1]].
2

d EFn( E+)Ep(E)p( ')E( +(——N(0) deS

is the total quasiparticle-injection rate. We note that the contributions due to various scattering processes
cancel each other. Thus, although the scattering processes affect the quasiparticle distribution, they do

not change the quasiparticle number and hence make no contribution to the rate of change of the total quasi-
particle density.

Similarly, Eq. (1b), with expression (8) added to account for the phonons escaping from thin films,
when summed over all phonon states of energy S~ ~ 24 gives

x([1—f(E)][1—f(E')]n(E+E') -f(E)f(E')[n(E+E')+ 1]]-
SS

(A5)

where

I h&-=dQ NF Q I h Q
2h

(A8)

is the total phonon injection rate for phonons with energy SQ—2&. Here we would like to emphasize that
the contribution due to the scattering processes that give the first integral term in Eq. (AS) does not van-
ish. This term is usually ignored. " However, it should be considered as a source term for the phonons
of energy SQ~ 24 when significant amounts of quasiparticles of energy SQ~ 3& are excited. The decay of
the quasiparticles with energy E—34 are dominated by scattering process in which phonons are emitted.
Therefore, this scattering term can be important when quasiparticles with energy larger than 34 are ex-
cited.

If the quasiparticle states of energy E&3& are not significantly disturbed, the scattering contribu-
tion in Eq. (As) can be ignored, and Eqs. (A3) and (As) can be put into the same form
BT equations, i.e. ,

dNqp 2 B
qp qp ph» (A7)

with

0
=I +RN2 BNph & qp ph&

eS
(As)

and

4m
ln 00 dn OO +2

R =——N(0), dE p(E)f(E) dE' p(E')f(E') o(EF(E+E') 1+ [n(E+E')+1]EE'

Q2
„O'F(E~ E )(1+, [1+ (E+E'')]

qp

2
qp

(Ae)

dA NF(A)n (A) I dE P(E)P(A —E)n'(A)(l ~ )[( f(E)][1 f(O E)] ph&

dEpE pQ-E 1+ 1 — E 1 — Q —E
Eh&

(A10)

~here (' ' ' )„and (' ' ' )»& represent, respectively, the average over excited quasiparticle pairs and
phonon excitations with phonon energy SQ~ 24. We note that both R and B dejend uPon the steady -state
distribution f(E) and n(A). Therefore they vary for different strengths as well as different mechanisms
of the driving forces.
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—(6N, )=I„-26N„(7„')' +2 N, h)(rs'),'„),

where

4 N(0) p (E)6f(E)

(B1)

(B2)

NF (Q) 6n (Q) (as)

Here the excess quasipaxticle density &N„ is de-
fined as

6N =— dE4N(0)( 2 ~),) [f(E) -f(E, T)].

(a4)

We note that this is not the quasiparticle density
difference between the driven state and the equi-
librium state, because we have used the steady-
state energy gap in Eq. (B4) to calculate the quasi-
particle density. The excess Phonon density of
phonons with energy SQ~ 24 is defined as

APPENDIX B: LINEARIZED ROTHWARF-TAYLOR

EQUATIONS

In this appendix we derive the linearized RT
equations from the linearized coupled kinetic
equations [Eqs. (8a) and (8b)]. We also give com-
ments on the linearized RT equations.

Following the same procedure as was used to
derive the RT equations in Appendix A, we obtain
from Eq. (8a)

6N „)= dQNF(Q)bz(Q) .
2b

Similarly, the linearized form of the phonon
kinetic equation [Eq. (8b)] gives

(B6)

Here, as discussed in Appendix A, we have
neglected contributions from quasiparticle scat-
tering processes [the first term of Eq. (8b)].
Equations (Bl) and (B6) differ from the Iinearized
coupled equations derived from Eqs. (A7) and (A8}
with R and B fixed as constants. The latter have
been applied by Gray to the investigation of the
quasiparticle lifetime in Al. ' That is, (~s'}'
differs from RNO, (T}, where N,', (T) is the quasi-
pa. rticle density in equilibrium state at tempera-
ture Tand (vs')', „)differs from B. The difference
comes from the fact that both R and B depend upon
the steady-state quasiparticle and phonon distri-
butions rather than the equilibrium distributions,
and hence cannot be treated as constants.

It follows from Eqs. (B1) and (B6) that in the
linearized regime the effective decay rates of the
excess quasiparticles and phonons are, respec-
tively, the average recombination times of the
excess quasiparticles and the average pair-break-
ing times of the excess phonons. The factors of
two which appear in Eq. (B1) result from the fact
that each event creates or eliminates two quasi-
particles.
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