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The specific heat of bcc 'He has been measured at five molar volumes between 21.5 and 24.5 cm' and for

temperatures between 50 mK and the melting curve. The data below 0.5 K show no evidence of the large

anomalous contribution to the specific heat which has been observed in all previous measurements, indicating

that this anomaly is not due to an intrinsic property of this quantum solid. Values of the nuclear exchange

energy derived from the low-temperature data are in good agreement with values determined by others from

various types of measurements. The specific-heat data above approximately 0.5 K are in agreement with

previous results and show the large contribution which is generally attributed to thermally activated vacancies.

Because of the absence in the present work of the low-temperature anomaly, however, the temperature

dependence of the vacancy contribution could be determined more accurately than was previously possible.

The measured vacancy contribution shows significant deviations from the expected behavior.

I. INTRODUCTION

In this paper precise measurements of the con-
stant-volume specific heat C~ of bcc 'He are re-
ported. 'The data were obtained along five dif-
ferent isochores between 21.5 and 24. 5 cm'/mole
and at the three largest molar volumes extend
in temperature from 50 mK to the melting curve.
It had been the intention to concentrate on mea-
surements below roughly 0.5 K and to determine
as precisely as possible the temperature depen-
dence of the large anomalous contribution to the
specific heat observed in all of the previous C~
measurements' ' on bcc 'He in this temperature
range. It was anticipated that such measurements
would yield meaningful indications as to possible
sources' "of this long-standing anomaly. Instead,
the data show no evidence of the anomalous contri-
bution at all. The results at low temperatures
(T ~ 0.3 K} can be described well as being due

only to the nuclear spins, which provide a contri-
bution to the specific heat proportional to T ', and

to the phonons, which account for the T' contribu-
tion. 'The best-fit coefficients of these two terms
correspond to values of the exchange energy

i
J

i

and the Debye temperature at 0 K, e„which are in
agreement with other experiments. Thus it is
demonstrated that the large excess specific heat
observed previously is not due to an intrinsic
property of this quantum solid.

At higher temperatures, the present results
are in general agreement with the earlier mea-
surements' ' and indicate a contribution to the
specific heat which becomes very appreciable near
the melting temperature and which has generally
been attributed to the presence of thermally ac-
tivated vacancies. The present data, however,
show significant deviations from the expected tem-

perature dependence for this contribution. Be-
cause of the absence in this work of the low-
temperature anomaly, the vacancy contribution
could be determined more accurately than was
previously possible. A brief report on a portion
of this work has previously been published. "

II. EXPERIMENTAL DETAILS

A. Calorimeter
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FIG. 1. Calorimeter.

A cross-sectional drawing of the cylindrical
calorimeter is shown in Fig. 1. It was constructed
of copper and had a nominal mass of 190 g and a
nominal sample-chamber volume of 9 cm'. The
calorimeter was firmly positioned below the mixing
chamber of a dilution refrigerator (Fig. 2}using
three graphite"" tubes (2.7-mm i.d. , 4.8-mm o.d. }
which were attached to the sample cell via a cop-
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FIG. 2. Cryostat.

per flange machined as part of the cell body. This
flange was also the platform on which three ger-
manium resistors and a cerium-magnesium-ni-
trate (CMN} thermometer (see Sec. IID) were
mounted. 'The calorimeter was completely sur-
rounded by a copper shield at the mixing-chamber
temperature.

In order to make precise specific-heat mea-
surements it is important to keep the specific heat
of the empty calorimeter as small as possible
relative to that of the sample. It is also desirable
that the material from which the calorimeter is
made have a high thermal conductivity to ensure
isothermal conditions. For these reasons oxygen-
free high-conductivity copper was chosen as the
construction material over, for example, BeCu.
Although copper is not a high-strength material,
this was not a serious draw back since in this
experiment the pressure in the sample chamber
was always less than 100 bar.

For temperatures greater than approximately
50 mK the Kapitza thermal-boundary resistance
is usually not a serious problem. Since in this
work no measurements were made at significantly

lower temperatures, it was not necessary to great-
ly increase the surface area by filling the calori-
meter with fine copper wires4 or sintered copper
sponge. ' Had this modification been made, it
may have been responsible for large density
gradients in the sample or numerous crystal de-
fects, either of which would have seriously affected
the specific-heat measurements. There were
however 12 0.15-cm-diam copper rods passing
through the sample chamber. Although the pre-
sence of these rods did increase the surface area
by a factor of 2, their main purpose was to re-
duce the average distance of the sample from the
nearly isothermal surface of the calorimeter and
thereby reduce the time necessary for thermal
equilibrium to be established. These copper rods
and the bottom end plug were soldered" to the body
of the calorimeter in a hydrogen atmosphere in
order to keep the inner surface of the sample
chamber clean. The calorimeter was then vacuum
annealed at 500 C for several hours to remove
the hydrogen which had diffused into the copper.

'The stainless-steel filling capillary which en-
tered the sample chamber through the bottom end
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plug of the calorimeter had a 0.05-mm i.d. , a
0.15-mm o.d. , and was approximately 8 cm long

up to the thermal anchor on the mixing-chamber
platform. 'This very small capillary size was
chosen mainly to reduce the relative importance
of the capillary's contribution to the measured
heat capacity.

The main heater (10 kA), an atndliary heater
(10 kQ), and two thermometer-bridge reference
resistors (1600 0, 2000 0) (see Sec. II D) were non-
inductively wound around and varnished (GE 7031)
to the body of the calorimeter. Heavy-enamel-
insulated 0.023-mm-diam platinum-tungsten (92%,
8%) resistance wire" was used because of its
high and nearly -temperature-independent resis-
tance and its small specific heat at low tempera-
tures. ""The electrical leads connecting these
resistors and the germanium thermometers to
the terminal strip on the mixing chamber were
0.076-mm-diam niobium wires.

A fine copper wire providing a conduction of
approximately 10 ' W/K at 0.1 K was connected be-
tween the calorimeter and the mixing chamber.
'The wire was used to counterbalance the residual
heat leak of 2 nW into the cell and was used in con-
junction with the auxiliary heater to adjust the
temperature drift rates.

The time required to solidify the helium sample
or to cool the calorimeter to the lowest tempera-
tures was considerably shortened by closing the
hydraulically operated (liquid-'He) heat switch.
Both contact surfaces of the heat switch were gold
plated. The effectiveness of the switch is shown

in Fig. 3 where the heat input to the calorimeter
divided by the resulting temperature difference
between the calorimeter and mixing chamber is
plotted as a function of the calorimeter tempera-
ture (T~,). The upper curve is the conductance
measured with the heat switch closed under a
force of 36 N; the lower curve was determined
with the heat switch open and corresponds to the
combined conductances of the graphite support
tubes, the niobium leads, and the copper-wire
thermal link. The dashed portion of each curve
was determined assuming that the heat input to
the calorimeter was due only to the power dis-
sipated in the auxiliary heater. The solid curves
were determined assuming that there was an ad-
ditional heat leak of 2 nW. When the heat switch
was opened, approximately 2.6 p,J of heat was
generated (Q/E = 0.07 pJ/N).

The cryostat was mounted on a vibration-isola-
tion table which was very effective in reducing
the heat leak to the calorimeter. Vibration heat
leaks" are, however, roughly proportional to the
mass of the calorimeter and for a good isolation
system are of the order of 10 nW/kg. The heat
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FIG. 3. Measured conductance between the mixing
chamber (T= 0.04 K) and the calorimeter (T~t) with the
heat switch closed and with the heat switch open. Other
details are given in the text.

leak into the 190-g calorimeter of 2 nW is there-
fore reasonable.

C. 'He sample and pressure generator

The 'He gas sample was purified by distilla-
tion" and had a 'He impurity concentration de-
termined by mass spectrometry" of 2.40+0.05
ppm.

'The high-purity 'He which was stored near at-
mospheric pressure was brought up to working
pressure using an adsorption pump. The small
stainless-steelbulb (25 cm') containing the activa-
ted charcoal was connected to the 'He storage
cylinders via a large-diameter capillary. There
was a trap (77 K) in this line containing molecular
sieve material. Z'o generate the pressure, the
bulb was first lowered into a liquid-'He Dewar and
left in this position until pumping had essentially

B. Sample-chamber volume

The room-temperature volume of the sample
chamber was determined using the accurately mea-
sured change in pressure as 'He gas contained in-
itially only in the sample chamber was expanded
into a calibrated 50-cm' reference volume. A
correction was then applied for the thermal con-
traction (=i%%uo) of the copper cell in order to arrive
at its low-temperature volume, namely, 8.97
+0.02 cm'. No corrections were made for the
change in volume as the cell was brought up to
working pressure since this change was calculated
to be always less than 0.1/0.
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FIG. 4. Deviations of the thermometer calibrations
from the least-squares polynominal fits to these data.
(a) Bridge 1; (b) bridge 2.

ceased. After manipulating the appropriate valves
in the gas handling manifold the bulb was then
pulled from the Dewar creating a 'He pressure in
the bulb of about 150 bar. A metering valve in the
line now joining the high-pressure bulb to the
calorimeter was slowly opened to increase the
sample pressure. It was necessary to tempera-
ture cycle the pump several times in order to
generate the desired pressure in the calorimeter.

D. Thermometry

The temperature was measured using two germa-
nium thermometers"'" in separate ac resistance
bridges. " Bridge 1 was used in the temperature
range 0.040&T&0.26 K; bridge 2 in the range
0.26 & T & 2.0 K. For temperatures greater than
0.9 K, bridge 2 was calibrated against a third
germanium thermometer (in a dc circuit) which
had been previously calibrated using the vapor
pressure of 'He (1962 vapor-pressure scale" ).
For T &0.9 K, both bridges were calibrated against
the magnetic susceptibility of CMN.

The bridge-ratio -versus -temperature data for
each bridge were fitted to the polynomial

lnT = A, lnR ', (1)
jag

with the resistance R = R„„6t/(1-(It). Here (il is
the bridge ratio and R„,is the temperature-in-
dependent resistance of the reference resistor.
The deviations from the fit for bridge 1 with N = 6
are shown in Fig. 4(a) and for bridge 2 with X= 6
in Fig. 4(b).

With bridge 1 the temperature could be deter-
mined with a precision of at least 0.015% of T
making it possible to measure 5% changes in T
(for the specific-heat data) to a precision of better
than 0.370. Above 0.26 K, 5% changes in T could
be determined using bridge 2 with a precision of
better than 0.1%. In order to achieve the stated
thermometer resolution at the lowest ternpera-
tures, it was necessary to dissipate 5@10"W

X=X.+&&/(T-d) ~

In these expressions Lo is the inductance of the
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FIG. 5. CMN thermometer.

of power in the germanium thermometer of bridge
1. Because of the self-heating in the resistor,
this power dissipation warmed the thermometer
approximately 0.3 mK above the sample tempera-
ture at 60 mK. The voltage amplitudes of the
oscillator driving the bridge circuit was however
sufficiently stable that changes in the level of self
heating were less than the resolution of the
thermometer. There were thus no problems aris-
ing from the fact that the thermometers were not
calibrated using their zero-power resistance.

A cross-sectional drawing of the CMN thermom-
eter is shown in Fig. 5. Finely powdered CMN
mixed with Apiezon-N grease was packed along
with 100 No. 40 bare copper wires into a 150-pH
coil. The ends of the fine wires were soldered"
into a threaded copper stud. Epoxy was used to
support and to encapsulate the filled coil. The
magnetic susceptibility of the 10-mg CMN sample
was determined by measuring the resonant fre-
quency of an LC tank circuit driven by a tun-
nel diode" and operating near 850 kHz. A minia-
ture superconducting coaxial cable joined the CMN
thermometer, mounted on the calorimeter to the
tank capacitor and tunnel diode mounted on the
1-K platform. When averaged over 10 sec, the
oscillator frequency was stable over a period of
several hours to 1 part in 10'.

The resonant frequency of the tank circuit is
given by

f= 1/2g(Lg)'I ~

where

L = L,(l + 4w)t)
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empty coil; )I is a background susceptibility; q

is the fraction of the coil volume occupied by CMN

(=0.5); A is the Curie constant; and & is a con-
stant with a magnitude expected to be ~0.3 mK,

which, in this work, was set equal to zero. Equa-
tions (2)-(4) imply that the temperature is related
to the frequency through a relation of the form

1/T=A/f +B.
The constants A and 8 used in converting reson-
ant frequency to temperature for T &0.9 K were
determined by a least-squares fitting of the T-f
data obtained for 0.9 & T &2.0. Deviations of the
measured temperatures from the calculated values
are shown in Fig. 6.

E. Energy measurement

The energy input to the calorimeter due to the
current pulse passing through the heater is given

by E=12Rt, where I is the constant current, R
is the resistance of the main heater, and t is the
time for which the current flows through the
heater. The magnitude of the current which was
provided by an electronic constant current source
was accurately determined by measuring (using
a potentiometer) the voltage drop across a stan-
dard resistor in series with the heater. A relay
with mercury-wetted contacts was used to switch
the current from a dummy load resistor to the
heater. A second pair of contacts in the relay
which opened and closed within 0.2 msec of the
first pair was used to trigger an electronic timer
in order to accurately determine the duration of
the current pulse. The magnitude of the constant
current was selected so that the pulse lengths
could be kept between —,

' and 2 min. The resistance
of the Pt-W heater, measured using a four-wire
technique, was found to increase by only 0.06/o as
the temperature was changed from 4 K to 50 mK.
In calculating the energy inputs to the calorimeter,
the resistance of the heater was assumed to be
constant and equal to its value at 1 K, namely,
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FIG. 6. Deviations of the CMN thermometer calibra-
tion data from the temperature determined using Eq.
(5).

9359 Q. Because the leads on the heater were
superconducting there was no correction for heat
generated in the leads. The total error in the

energy measurement, is expected to be less than

0.04/p.

F. Procedure

All of the specific-heat data presented in this
paper were obtained after a single cool down of
the apparatus. During this run the thermometer
bridges were also calibrated, and the heat capa-
city of the empty calorimeter was determined.

Several days were required to cool the apparatus
from room to liquid-helium temperature since no

hydrogen or helium exchange gas was used. Once
liquid helium had been transferred into the main
bath of the Dewar, which had been precooled to
77 K, the 1-K platform and the still of the dilu-
tion refrigerator (see Fig. 2) were slowly cooled
to 4.2 K by liquid-helium reflux in the 'He-re-
frigerator pump-out tube and in the shortening
tube, respectively. During this process, which
required about 24 h, a 'He pressure of roughly
7 psi was maintained in these plumbing lines.
The mixing chamber of the refrigerator and the
calorimeter were thermally connected to the 1-K
platform via the two mechanical heat switches
and were thus also cooled to 4.2 K. Next the
shorting tube was evacuated; the vise-type heat
switch was opened; and the 1-K and dilution re-
frigerators were started. By the following morn-
ing the calorimeter was at 50 mK. Several days
were now spent calibrating the thermometers
(see Sec. II D) and measuring the heat capacity
of the empty calorimeter (see Sec. IIH).

'The high-purity 'He sample was then condensed
into the calorimeter. About 20 h were required
to completely fill the cell with liquid. The sample
pressure was now increased at a rate that did not
cause the calorimeter to warm excessively. To
prevent any solid from forming in the capillary
during this process, the temperatures of the cap-
illary thermal anchors on the mixing chamber
and on the 1-K platform were raised above the
freezing temperature of the sample. When the
pressure corresponding to the desired molar
volume was reached, the pressure generator (see
Sec. IIC) was separated from the system. The
calorimeter then started to cool slowly. After
the freezing temperature had been reached, which
was indicated by a dramatic decrease in the cooling
rate, the heaters on the capillary thermal anchors
were gradually turned off. With the capillary
plugged with solid helium the sample in the calo-
rimeter was now confined to solidify at constant
average density. For the lowest-density sample
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Sample
Vg

(cm3)

Time required
to solidify
sample (h)

0.6743
0.9349
i.i820
i.4235
i.8i i4

24.454
23.786
23.08 i
22.425
2 i.459

42
3i

i9
i3

TABLE I. Melting temperature T~ and molar volume

V& for each of the bcc 3He samples. The molar volumes

were determined from T~ using the melting curve PVT
data of Grilly (Ref. 34).

tion) increased rapidly with increasing density
(see Fig. 6) and at the two highest densities were
so long that measurements could not be made for
T ~ 0.1 K. At the middle density and for T ~ 0.1 K
it was still necessary to monitor the temperature
for at least 40 min after the heat pulse in order
to determine the steady-state after-drift rate. As
a result these low-temperature data are much less
precise than those obtained for the two lowest
densities where the thermal-relaxation times were
much shorter.

G. Data reduction

this required 42 h (see Table I). The completion
of solidification was marked by a sudden increase
in the cooling rate. At this time the melting tem-
perature T was accurately determined by slowly
warming the sample and noting the onset of melt-
ing (see Fig. f). The sharp change of slope in the
warming curve indicates that the sample had a
very uniform density. No further attempts to an-
neal the samples mere made. The calorimeter
was now allowed to cool overnight to approximate-
ly 47 mK. After opening the hydraulic heat switch
and thereby allowing the calorimeter to slowly
drift to its new equilibrium temperature (=55 mK),
heat-capacity measurements were begun.

The data were obtained using the conventional
heat-pulse technique. Prior to each measure-
ment, the power being dissipated in the auxiliary
heater was increased by a small amount causing
the calorimeter to warm at a slow and nearly con-
stant rate. After this drift rate had been well
established, a known amount of energy mas de-
livered to the calorimeter which changed its
temperature by approximately 5%. After thermal
equilibrium had been reestablished the drift rate
was again determined. The fore-drift rate for
each datum point had been adjusted so that the
after-drift rate, with the sample in thermal equili-
brium, would be near zero. Extrapolations of the
fore- and after-drifts to the middle of the heating
interval were used to determined the temperature
change 4T due to the heat pulse. Data were taken
in this manner to within a few mK of the melting
temperature. If no more data were to be obtained
at this density, T was again measured. The two
determinations of T for each of the five densi-
ties agreed within the precision of the measure-
ments (0.2 mK) and indicated that there was no
slippage of the plug in the capillary.

For T ~ 0.2 K and at each density only a few
seconds were required for thermal equilibrium
to be established. However at lower temperatures
the thermal-relaxation times (spin-lattice relaxa-

where

and

In this work all of the data mere obtained with
5=1.05. 'Thus in the region where C~ is roughly

0.936

0.935—

0
M

0.934—

0.933
0 2

TIME (min)

FIG. 7. Temperature as the calorimeter was warmed
to the melting point of the sample vs time (arbitrary
origin). The uncertainty in the melting temperature
corresponds to an uncertainty in the molar volume of
less than 10 cm .

The experimental information from which each
heat-capacity datum point was derived consisted
of an initial temperature T„afinal temperature
Tf y

and the quantity of heat 4Q responsible for the
chm~e in temperature. These three quantities
are related to the heat capacity C~ via the relation

TjF

hQ= Cy(T)dT.
Tj

If C~ is proportional to T', then this expression
implies that
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proportional to T', i.e., for T & 0.1 K, g =0.9994.
For T «0.1 K, the heat capacity is roughly pro-
portional to T '. Here g is given by the expression
45/(1+ 5)' which is again equal to 0.9994 for our
particular value of 5. 'Thus cal,culating the heat
capacity using Eq. ('I) with g set equal to unity
introduced an error of less than 0.1/Or.

The heat capacity of the sample is the mea-
sured heat capacity minus the heat capacity of the
empty calorimeter. To convert this to a molar
heat capacity the number of moles of sample mas
calculated using the measured sample-chamber
volume and the molar volume of the sample. The
molar volumes mere determined using the mea-
sured melting temperature and the PVT data of
Grilly. "

H. Heat capacity of the empty calorimeter

The contribution of the empty calorimeter to the
total measured specific heat is shown in Fig. 9.
For the largest sample molar volume (24.454 cm')
at which measurements were made the empty cell
w'as, at al. l. temperatures, responsible for less
than 35k of the total heat capacity. However, at
the smallest molar volume considered (21.459
cm') the contribution of the empty cell became

HKATING INTfRVAL
(0& 8.429 XIO W)

I I I I I 1 I I I

0 I 2 5 4 5 6 7 8 9 lO

&IME tmin)

FIG. 8. Temperature recorded before and after the
application of a heat pulse. The time axis has an arbi-
trary origin. The molar volume of the sample was
24.454 cms. At the higher densities, the longer thermal-
relaxation times encountered at these low temperatures
are indicated by the dashed curves.
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FIG. 9. Contribution of the empty calorimeter to the
total measured heat capacity. The numbers give the
molar volume of the sample.

very significant at low temperatures and ac-
counted for 80% of the total at 0.1 K. Obviously,
this means that if, for example, the heat capacity
of the empty and filled calorimeters were each
measured with a precision of 1%, then the sample
heat capacity at 0.1 K would be known only to 10/~.
lt thus became extremely important for the higher
density samples to know accurately the heat capac-
ity of the empty as well. as of the filled calorim-
eter.

'The heat capacity of the evacuated calorimeter,
measured at the beginning of the experiment, is
plotted as C/T vs T' in Fig. 10. Figure 10(a)
shows the data for T &2 K, while Fig. 10(b) pre-
sents, in more detail, the data obtained for T
%0.4 K. A function of the form AT+ BT' (straight
lines in the figure) was adequate to describe the
data above 0.4 K to within about 1%. However in
order to fit the lower-temperature results it was
necessary in addition to i,nclude a small constant
term.

The dashed curve in Fig. 10 corresponds to the
heat capacity one would have expected to measure
if the calorimeter had been constructed entirely
of copper. There were, of course, also small
contributions to the specific heat from the stain-
less-steel filling capillary, the graphite support
rods, the Pt-%' heater wire, etc. The contribu-
tion from the 'He exchange gas in the three ger-
manium thermometers was mainly responsible for
the need to add the constant term to the function
in order to describe the low-temperature data.
'The thermometer capsules were filled by the
manufacturer with a half-atmosphere of 'He at
room temperature. This implies that liquid should
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2.8 III. RESULTS AND DISCUSSION
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FIG. 10. Measured heat capacity of the empty calori-
meter. The dashed line is the heat capacity of the
equivalent mass of pure copper.

A. Absence of the low-temperature anomaly

The specific heat of bcc 'He was measured at
the five molar volumes listed in Table I. At the
three largest volumes the data extend from 50 mK

up to the melting curve; at the remaining two
volumes data were obtained only above 0.1 K.
Shown in Fig. 11 are the results for TS0.6 K
plotted as a function of temperature on log-log
scales. For T &0.1 K the specific heat is due
mainly to the nuclear-spin contribution propor-
tional to T ' while at higher temperatures the
phonon contribution proportional to T' dominates.
Below roughly 0.1 K the scatter in the data in-
creases rapidly with increasing density corre-
sponding to the rapidly increasing thermal relaxa-
tion times encountered at low temperature (see
Sec. II F). At the two highest densities these spin-
lattice relaxation times were so long (&7 min) that
meaningful data could not be obtained for T &0.1 K.

The solid curve in Fig. 11 shows the smoothed
results of Castles and Adams' at 24.40 cm'/mole
which is nearly equal to our largest molar volume.
The two sets of measurements are in agreement
at T = 0.065 K and for T &0.3 K; however, in the
region of the minimum in the curves there is a
large discrepancy of about 30k. Although not in-
dicated in Fig. 11 a similar difference exists at
the other molar volumes. Measurements of the

start to condense in these thermometers at rough-
ly 0.8 K. Near this temperature (T' = 0.6 K') the
data plotted in Fig. 10(a) do show a small anoma-
lous peak. For T ~0.5 K the vapor pressure of
'He is very small and so nearly all of the 'He is
in the liquid phase. The three thermometers,
estimated to contain 5 ~10 ' moles of 'He, will
then contribute a roughly constant heat capacity
of approximately 0.010 mJ/K for 0.15&T & 0.5 K
(0.028 & T' &0.25 K'). At lower temperatures the
specific heat of liquid 'He decreases linearly with
temperature. However, this decrease was appar-
ently nearly offset by the growing 1/T' contribution
of the Pt-W heater wire. The specific heat of the
CMN in the susceptibility thermometer also has a
T ' temperature dependence, however, its contri-
bution was calculated to be only 0.2 pJ/K at 50
mK.

Because the filling capillary may have played a
significant role in earlier specific-heat measure-
ments on both solid 'He and 'He, we note here that
the very small capillary used in this work ac-
counted for less than 0.2% of the empty calorim-
eter's heat capacity at all temperatures.

10

0
E

E

o 1

0.04 0.1

FIG. 11. Specific heat of bce 3He vs temperature.
The numbers are the molar volumes in cms. The smooth
curve corresponds to the work of Castles and Adams
(Ref. 4) at 24.40 cm3/mole.
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specific heat by Sample and Swenson' and by Pan-
dorf and Edwards' made prior to the work of
Castles and Adams4 do not extend in temperature
to the region of the specific-heat minimum and so
it is not possible to make as detailed a compari-
son with these results. However, in the region of
temperature overlap these three earlier sets of
data are qualitatively very similar. In the re-
mainder of this section comparisons with pre-
vious measurements will mainly be restricted to
the most recent work of Ref. 4.

Castles and Adams were able to describe their
results, at each of the several molar volumes con-
sidered, by the function

C, = or-'+PT+yT', (8)

with P equal to 9, 8, and 7 mJ/mole K' at molar
volumes of 24.40, 23.81, and 22.91 cm', respec-
tively. A weighted" fit of the present data at the
three largest volumes and for T &0.3 K with the
same function yielded values of 0.02~0.05, 0.14
+0.05, and -0.9+ 0.3 mJ/mole K' for nearly cor-
responding molar volumes of 24.454, 23.786, and

23.081 cm', respectively. The two sets of param-
eters differ by an order of magnitude in absolute
value. Although the standard error bars on the pre-
sent values of P do not include zero for each of the
molar volumes, the deviation from zero is not
considered to be significant. Small systematic
errors in the measurements or the fact that other
terms due to the lattice and proportional to higher
powers of T should have been included in the fitting
function could account for this difference. The
present low-temperature results thus show no
evidence for any contribution to the specific heat
other than that attributable to the nuclear spins
or to the phonons. The fact that the large anoma-
lous contribution to the specific heat, reported in
all of the previous specific-heat work on bcc 'He,
was notalsoobservedinthis work demonstrates that
after all the long-standing specific-heat anomaly
in 'He is not due to some intrinsic property of this
quantum solid. The origin of the anomaly in the
previous work remains however an interesting
matter.

At one time a similar anomaly had been re-
ported in the specific-heat measurements" "on
hcp 'He. But now it is generally believed that this
excess contribution was due to various experi-
mental difficulties such as an improper account-
ing of the large heat capacity of the stainless-
steel filling capillary, errors in the low-tempera-
ture thermometer calibration, or errors in the
measurement of the heating interval (see Ref. 39).
It is possible though that crystal defects may have
played a role in these measurements. " The more-
recent measurements of the specific heat of hcp

'He ' "excepting the work of Castles and Adams'
show no low-temperature anomaly. Castles and

Adams do see an unexplained contribution to the
specific heat but state that it is nearly within
their experimental uncertainty. The absence of an

anomaly in 4He is consistent with the recent re-
sults of Hanson etal. 4' They observed no anoma-
lous contribution to the entropy of the solid de-
termined using high-resolution measurements of
the density of liquid 4He along the melting curve.

In the case of the most-recent specific-heat
results on bcc 'He by Castles and Adams care
was taken to guard against some of the now-ob-
vious pitfalls and still the anomaly remained.
Since the present experiment differed in several
technical respects from that of Castles and Adams
and also from the other previous work it is not
possible to definitely say which one of these dif-
ferences explains why the anomalous specific heat
was not also observed in the present work.

Table II is a comparison of some of the perhaps-
significant experimental parameters in the pres-
ent and in previous work on bcc 'He. The differ-
ences which stand out are in the size of the calo-
rimeter, in the ratio of surface area to volume,
and also in the time used to solidify the sample.
That the samples were grown extremely slowly
and in a large calorimeter with a very open geo-
metry suggests that the solid samples were of
higher crystal quality than in the previous experi-
ments. This leads to the speculation that crystal
defects may have been responsible for the anoma-
ly reported in the earlier works. It should also
be noted that although Eq. (8) can be used to de-
scribe the data of Ref. 4, this. does not imply that
the term PT is the anomalous contribution to the
specific heat. It has been shown4' that if y is re-
quired to be consistent with sound velocity mea-
surements (and consequently also with the present
results), then the excess specific heat of Ref. 4
has a Schottky-like temperature dependence. This
again suggests crystal defects. " To be kept in
mind, however, is the possibility that the excess
specific heat observed previously may not in each
experiment have been due to the same effect. If
this is the case, then an intercomparison of the
various experimental parameters can be both con-
fusing and misleading. Another point to be con-
sidered, is the fact that the PVT measurements of
Henriksen et al. ,"which can be simply related to
the specific heat, are consistent with the existence
of the anomaly. Since these strain-gauge pres-
sure measurements involve completely different
experimental techniques and since there is no
equivalent to the empty cell heat capacity to be
subtracted from these data, it would appear that
the specific heat anomaly cannot be dismissed as
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TABLE II. Comparison of some experimental details.

This work

Castles
and

Adams
(Ref. 4)

Pandorf
and

Edwards
(Ref. 3)

Sample and
Swenson
(Ref. 2)

Principal cell
construction
materials

Nominal cell
volume (cm )

Surface area/
volume (cm ')

Ce~tg (C emytv

+CIA)~) at 0.3 K
and at 24 cm /mole

Size of stainless-
steel capillary

Ccay|1lary/

Cecity at 0.1 K

Transfer gas
used in cool
down

Heat switches

He concentration
(ppm)

Freezing method

Copper

0.2

0.05-mm i.d.
0.15-mm o.d.
by 8 cm long

0.002

none

mechanical

2.4

blocked
capQlary

BeCu and
copper

0.4

0.10-mm i.d.
0.20-mm o.d.
by 10 cm long

0.009

4He

supercon-
ducting
(tin)

blocked
capillary

Copper

0.3

104

0.6

0.13-mm i.d.
0.25-mm o.d.
filled with
0.08-mm-diam
niobium wire

He

supercon-
ducting
(indium)

300

blocked
capillary

BeCu

10

0.4

0.25-mm i.d.
0.46-mm o.d.
filled with
0.2-mm-diam
steel wire

Hp

mechanical
and super-
conducting
(lead)

1800

blocked
capillary

Solidif ication
time (h)

Annealing of
sample after
completion of
sol idif ication

Temperature drift
rate at 65 mk

(pK/min)

13-42

no

0.05

10

1-2

yes
(2 h)

0.1-0.5
400

&0.5

yes

0.05

0.3

yes
(0.3 h)

0.05

having been due to some trivial experimental dif-
ficulty.

Table III gives the best-fit parameters when the
data at the three lowest densities are fitted with
Eq. (8) with P set equal to zero. In place of the e
and y values, the exchange energy ~Z~/k~ and
Debye temperature at 0 K, e„arelisted. These
parameters were calculated from a and y using

the relations

)
J

~
/k~ = (0/3R)'

eo= 12Rv'/5y, (10)

where k~ is Boltzmann's constant and R is the gas
constant. The uncertainties quoted for each of the
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Molar volume
(cm )

IJ(/a,
(mK)

80
(K)

TABLE III. Nuclear-exchange energies and Debye

temperatures resulting from fits of the specific-heat
data at the three largest molar volumes and below 0.3 K

to the function C~=ofT +yT .

0.9—
0.8—
0.7—

0.6—

I I I I f I I I I I I I I I

24.454
23.786
23.08i

0.8756 + 0.0006
0.5435 + 0.0008
0.359+0.007

i8.9i+ 0.02
20.52 + 0.03
2 i.97 + 0.09

E
ID

0.4— 0

0

0.02
24.454

pQ OQQ 00.00 ~~~ Q-Q 0 "-—0Oooo p O 0

0
0

-0.02

0.02

0.00

-0.02

V I0 Q
00 po

0
qp QO

Q~

I I

23.786
0 0

o o 0
0 0 0

0.05 0.10 0.15 0.20 0.25 0.30

FIG. 12. Deviations from a least-squares fit of the
specific-hest data to Eq. (8) with g —= 0. The numbers in
the figure give the molar volumes in cm3.

values in Table III are standard errors in the pa-
rameters. The additional systematic errors are
difficult to estimate, but it is felt they are less
than 0.5% for all of the parameters except for the

value of ~J
~

at 23.081 cm'/mole. At this density
the long thermal-relaxation times at low tempera-
tures may be responsible for a considerably lar-
ger systematic error. The deviations of the data
at the two lowest densities from the best fit to
Etl. (8) (p—= 0) are shown in Fig. 12. At the third
molar volume the deviations are considerably
larger and can readily be inferred directly from
Fig. 11. In Fig. 13 the values of the exchange en-
ergy given in 'Table III are compared with those
determined by others from specific heat, ' magnetic
susceptibility, "PVT,"and NMR" measurements.
The molar volumes in all of the previous experi-
ments have been redetermined using Grilly's"
PVT data along the melting curve. The Debye
temperature for the largest molar volume is in

excell, ent agreement with the value determined
from sound-velocity measurements" in single
crystals of 'He at 24.45 cm'/mole, namely, 18.66
+0.34 K. The values of 8, are also in agreement
with the values determined from the previous
specific-heat measurements by others'"' if their
data below approximately 0.5 K are disregarded.

~ THIS WORK

0 CASTLES 8 ADAMS

0 KIRK et al

0 PANCZYK 8 ADAMS

A RICHARDSON et al

0 2 I I I I I I I I I I I I I I

23.0 23.5 24.0 24.5

MOLAR VOLUME (t:~&)

FIG. 13. Comparison of the nuclear-exchange ener-
gies determined in this work with values determined
from specific-heat measurements by Castles and Adams
(Bef. 4), from magnetic susceptibility measurements by
Kirk et al. (Ref. 47), from PVT measurements by
Panczyk and Adams (Ref. 48), and from NMB measure-
ments by Richardson et al. (Ref. 49).

Further comparison of 0, values is made in Sec.
III B.

Another representation of the present specific
heat results is given in Fig. 14. Plotted here is
the temperature-dependent Debye theta 8(T) cal-
culated from the data at each of the five densities
using the equation

C,—C',"'= "v'R[T/8(T)j3,

where

CSPia= nT = 3R(J/ksT} (12)

At the two highest densities the values of
~
J

~

used
were taken from the work of Panczyk and Adams. "
If what remains after subtracting the spin-order-
ing contribution from the total measured specific
heat of the sample is due to the lattice alone, then
8(T}should be nearly constant for sufficiently low
temperatures (T/8, ~ 0.02). This is the behavior
observed in most crystalline solids including hcp
'He. " 'The present data at each of the densities
are consistent with this expectation, but contrary
to the rapid decrease in 8(T) with decreasing
temperature that has been reported on the basis
of all of the previous C~ measurements' ' on bcc
'He. The smoothed results of Castles and Adams
are also indicated.
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24

20

18 -A

THIS WORK

~ — 21.459
22.425
23.081
23.786
24.454

0 -2

2

-2
0

I I I~ I J I ~ (1 t 0.1) I J I

C (1+0.01) C
empty empty

l I I

4 I I I

I JI (1t0.01) IJ I

r
C ~t (1m 0.01) C

I

0.01
T/8p

21.459

24.454

0.02

12

8t ADAMS-

21.67
22.91

C — 23.81
D —24.40

FIG. &5. Effects of errors in ~J~ and in G, &„upon
the determination of Q. The numbers in the figure are
the molar volumes in cm3 of the highest- and lowest-
density samples considered.

10
0.02 0.04 0.06 0.08

FIG. 14. Debye thetas for bcc 3He vs reduced tem-
perature. The numbers are the molar volumes in cm .
The smooth curves were determined using the data of
Castles and Adams tabulated in Ref. 4 with 0o set equal
to the maximum value of Q(T).

The effects of errors in the determination of
~

J
~

and in the heat capacity of the empty calorimeter
upon O(T) are illustrated in Fig. 15. At the largest
molar volume, 24.454 cm', a 1% error in ~Z~ has
a very pronounced effect on 0 for T/O, ~0.01. In
contrast, at 21.459 cm'/mole even a change in

~

J
~

of 10% results in a significant change in 0 only for
T/0, ~0.005. Thus using values of ~J~ deter
mined in other experiments is not a serious prob-
lem at the higher densities. Also plotted in Fig.
15 are the changes in 0 corresponding to a 1/p un-
certainty in the heat capacity of the empty calorim-
eter. At the lowest density 0™ is significantly modi-
fied only for T/0, ~ 0.005, that is, for low enough
temperatures that the exchange contribution is al-
ready appreciable. Qn the other hand, at the high-
est density the effects of an error in the addendum
heat capacity of 1% would be seen in 0 at high
enough temperatures so as to be distinguished
from the effects of an error in ~J~. Referring
now to Fig. 14, the slight upward deviation of the
data at 21.459 cm'/mole and at the low-tempera-
ture end of the curve may be due to a systematic
error in the heat capacity of the empty calorim-

eter of about 1'Pp. 'The slight downward deviations
of the data at the two largest molar volumes could
be explained by an error in the determination of

~Z
~

of less than a few tenths of 1%.
In this section of the paper the differences be-

tween the present and previous specific-heat
measurements of bcc 'He for T ~ 0.5 K have been
discussed. At higher temperatures, however, all
of the determinations of C~ are in reasonable
agreement. This is demonstrated in Fig. 16,
where 0 at 0.5 and at 1.0 K is plotted as a func-
tion of molar volume and compared with previous
work.

26—

RDS
ON

22—

—20—
Qz

5K

16—

14
21

I

22
I I I

23
MOLAR VOLUME (cm~)

I

24 25

FIG. 16. Debye temperature as a function of molar
volume along two isotherms. The results of Castles
and Adams (Ref. 4), Pandorf and Edwards (Ref. 3), and
Sample and Swenson (Ref. 2) are also shown for compari-
son.
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TABLE IV. Values of the Debye temperature at 0 K,
80, and the vacancy activation energy y.

(cm3) ep
I.O—

24.454
23.786
23.08i
22.425
2i.459

i8.95
20.53
2i.90
23.54
26.04

5.99
6.99
8.05
9.24

i i.22

O

x 0.9—

0.8—

A -24.
B -23.
C -23.
0- 22.
E-2l.

-d lneo
d lnV

(13)

27

25—

24—

23—

o 22

21—

20—

18
24

MOLAR VOLUME (Cm3)

FIG. 17. Log-log plot of the Debye temperature at
0 K vs molar volume. Also shown are the results of
Castles and Adams (Ref. 4) and Sample and Swenson
(Ref. 2).

B. Debye temperature and Griineisen parameter

Listed in Table IV and plotted in Fig. 17 on log-
log scales are values of the Debye temperature at
0 K determined for each of the molar volumes.
'The values, which at the three largest molar vol-
umes differ slightly from those given in Table III,
were determined by a graphical extrapolation of
8(T) to 0 K (see Fig. 14). Also shown in Fig. 17
are values of 8, determined by Sample and Swen-
son' and Castles and Adams' assuming 8, to be
equal to the maximum value of 6(T) The n. ega-
tive of the slope of the straight line drawn through
the present data, namely, 2.41, corresponds to
the Griineisen parameter at 0 K which is defined
by the relation

0.7
0

I

0.02
I

0.04

Treo

I

0.06 0.08

FIG. 18. Reduced plot of Debye theta vs temperature.
The numbers are molar volumes in cm~. The dashed
curve corresponds to the vibrational specific heat
calculated by de Wette et al. (Ref. 51).

The uncertainty in y, is estimated to be ~0.05.
Based on their estimates of O„Sample and Swen-
son had reported y, =2.2.

C. High-temperature anomaly

The smoothed specific-heat results are shown on
a reduced plot of O(T)/8, vs T/6, in Fig. 18. In
constructing this plot the values of 0, listed in
Table IV were used. In contrast to the nearly uni-
versal behavior observed for both hcp 'He, ' and
'He, "'"at least for T/8, & 0.06, the reduced
curves in bcc 'He have a large molar-volume de-
pendence. This behavior is compared with the
theoretical curve due to de Wette et aL" which is
shown as a dashed line Fig. 18. The theoretical
reduced curves determined using the calculated
vibrational specific heat of bce 'He are density
independent. We note also that the hcp 'He, ' and
high-pressure hcp 4He data, "as well as data for
argon and krypton" (fcc) if plotted in Fig. 18 would
agree to within about 1% with the dashed curve for
T/80 ~ 0.06. The fact that the experimental
curves' ""for bce 'He deviate to such an extent
from the expected behavior suggests that there is
a significant contribution to the specific heat from
some excitation system in addition to the phonons.

In Fig. 19(a) we show the excess specific heat as
a function of temperature. The phonon contribu-
tion subtracted from the measured data was deter-
mined (after de Weite and Werthamer") using val-
ues of the reduced 8/6, from theory" and 6, from
experiment. This excess specific heat is the so-
called "high"-temperature anomaly of bcc 'He. In
agreement with the observations of Heltemes and
Swenson' and Sample and Swenson' the excess
specific-heat results at each of the five densities
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C....,.=If (a,/g. )(V/T)'e '"
This is the expression for the specific heat of a
two-level system (Schottky specific heat) if T «y.
The ground state and excited state have degener-
acies g, and g„respectively. The parameter y
is the energy separation between the two levels
and ft = 8314 mJ/mole K is the gas constant. The
best fit value of y with g, /g, = 1 at this molar
volume and values of y at the other molar vol-
umes determined using the relation

(14)

could be made to nearly coincide by scaling the
temperature for each molar volume by a volume-
dependent factor f(V). Thus, in fitting the excess
specific-heat data with an analytic function, it was
only necessary to use the data at a single density.
Since the data at the highest density cover the larg-
est temperature range we tried fitting these re-
sults with the function
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22 23
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B —23.786
C —23.081
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FIG. 19. (a) Excess specific heat vs temperatures.
C~~~ is the difference between the measured specific
heat and the vibrational specific heat determined using
the theoretical reduced 8 curve (Fig. 18) and eo from
this work. (b) C~~ plotted as a function of reduced
temperature T/y . The values of yused in constructing
this figure are listed in Table IV and plotted as a func-
tion of molar volume in Fig. 20. The solid curve is the
Schottky specific heat.

FIG. 20. Energies y used to reduce the temperature
in creating a universal curve for C~„~(see Fig. 19)
plotted vs molar volume on log-log scales. The values
of y have been scaled so as to give the best fit to the
Schottky function, Eq. (14).

y(V) =f(V)y(21.459)/f(21.459) (15)

are plotted as a function of V on log-log scales
in Fig. 20 and are listed in Table Dt. The excess
specific heat for each of the molar volumes divided
by the gas constant is shown plotted versus the
scaled temperature T/y in Fig. 19(b). Also shown
is the best-fit Schottky specific heat. Quite clear-
ly there are significant systematic deviations of
the data from the curve. These deviations are
similar to those reported by de bette and %er-
tharner~ in their analysis of the Sample and Swen-
son' data. Other fits of the data to Eq. (14), with
g, /g, equal to 0.5, 3.5, 4.0 were definitely worse.
The deviation of the data from the Schottky func-
tion are shown in greater detail in Fig. 21. They
do not fall on a single curve, however, the devia-
tions for each density are sensitive to the value of
80 used in determining the excess specific heat
and also depend on the point (T/y =0.11) at which
the excess specific-heat curves were forced to
coincide. For the largest molar volume (24.454
cm') and at T=0.4 K (T/8, =0.02, T/p=0. 07)
the deviations correspond to the measured specific
heat being approximately 1(P/0 larger than the sum
of the phonon and Schottky contributions. It is not
likely that this difference can be entirely attri-
buted to the use of an incorrect phonon contribu-
tion since to correct the discrepancy it would be
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necessary to depress the phonon 6/8, curve at
T/8, ~0.02 (see Fig. 18) by about 3%. This would
place the phonon reduced-Debye -temperature
curve at this reduced temperature below the mea-
sured (and hence also the phonon) 6/8, curves at
the highest densities. The 6/8, curves corre-
sponding to the vibrational specific heat would
thus be required to have both a strong tempera-
ture and molar-volume dependence.

Results from specific heat, ' '" thermal conduc-
tivity, ' nuclear magnetic resonance, "'"a,nd
x-ray experiments"'" taken together give strong
evidence that thermally activated vacancies are
(at least partially) responsible for the anomalous
specific heat. The significant deviations of the ex-
cess specific heat from the Schottky function how-
ever indicate that the excitation process is more
complicated than simple vacancy formation. Heth-
erington" showed that a vacancy would be highly
nonlocalized and would propagate as a wave in 'He
crystals. This calculation yields a band of vacan-
cy excitation energies which lies considerably
above the experimental values but has a similar
molar volume dependence. In Quyer's" discussion
of the properties of vacancy-wave excitations he
gives an expression for the vacancy-wave specific
heat which is just Eq. (14) modified by a factor
E(T). The factor F(T) is monotonically increasing
and approaches unity as T-~ and is a measure
of how much of the band is filled at temperature
T. The modified Schottky function increases with
increasing T more rapidly than the Schottky func-
tion and hence deviates even more from the data
in the region around T/y = 0.08. Thus it appears
that the high-temperature anomaly is not fully

0.04 0.08 0.1 2 0.1 6 0.20

T

FIG. 21. Deviations of C,„~(see Fig. 19) from the
Schottky function [Eq. (14), g,/go= 1] as a function of
reduced temperature T/y.

S=S +S = C T'dTV
0

where

T
Si= Ci~T 'dT

0
(18)

explained. It could be conjectured that there may
be yet another excitation system but in any case
it would appear that this unexplained contribution
to the specific heat is in some way related to the
vacancies since T/y (see Fig. 21) remains a good
reduced temperature.

Because of the systematic differences between
the experimental excess specific heat and the
Schottky function, the values of q resulting from
fits of those data to Eti. (14) depend strongly on the
temperature range of the fit and on the weighting
of the data. This, however, does not affect the
density dependence of y. The values of p shown
plotted versus the molar volume in Fig. 20
lie along a straight. line with slope ding/d InV„
= -4.74. This slope is numerically equal to roughly
twice the GrGneisen parameter y. We thus find
empirically that y 0-8,'.

D. Other thermodynamic functions

In order to facilitate the derivation of other
thermodynamic functions, the specific-heat data
minus the spin contribution at each molar volume
were fitted with the polynomial

N

C~v—= C„—C'~"= g A„T". (16)
ff3

Only data with T/8, )0.008 were included in the
fits. C~"' was determined using the values of
iJ i/ks given in Table III for the three largest
molar volumes. At 22.425 and 21.459 cm', re-
spective values of 0.19 and o.o8 mK, taken from
the work of Panczyk and Adams, "were used. The
best-fit parameters are listed in Table V. De-
viations of the data. from the polynomials are plot-
ted in Fig. 22. Above approximately 0.35 K, Fig.
22 demonstrates that the precision of the data
is better than 0.1/o. The larger scatter at lower
temperatures is due to the longer thermal relaxa-
tion times encountered here (see Sec. 11 F) and
also to the fact that significant contributions from
the empty calorimeter (see Sec. IIH) and from the
nuclear spine (see Sec. IIIA) were subtracted from
the total measured heat capacity.

In Table VI the smoothed values of C~-C~"' and
the corresponding values of 6/6, are tabulated as
s. function of T/8, . Also listed are other thermo-
dynamic functions. The entropy which ean be
written as a sum of lattice and spin contributions
is related to the specific heat via the relation
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The increase in the internal energy above its
value at 0 K due to the lattice was determined
using

(21)

(22)

The derivative (BP/BT) „canbe related to the
specific heat via the equations
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For T/e, &0.01, ~R(J/keT)'&10 'R in2 for each
of the molar volumes. Thus, to a very good ap-
proximation, the total entropy at these tempera-
tures can be determined by simply adding R ln2 to
S . In the table values of SL are listed which were
calculated using
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FIG. 22. Deviations from a least-squares fit of the
specific-heat data with Eq. (16). The best-fit para-
meters are given in Table V. The numbers in the
figure are the molar volume in cm . The short vertical-
line segments indicate deviations larger than ~%.
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TABLE VI. Smoothed thermodynamic functions for bcc He. The values in the bottom row for
each of the molar volumes correspond to extrapolations of the functions to the melting curve.

Cv-Cv
T/ep (m J/mole K) 8/ep

gL

(m J/mole K)
(v vp)'

(m J/mole)
(aI /aT)i

(jo+ bar/K)
(P-~p)'
(10 3 bar)

V=24.454 cm, op=18.95 K

O. 010
0.015
0.020
0.025
0.030
0.035
0.0356

1.95
6.65

f7.38
40.84
S8.31

175.9
190

1.00
0.995
0.964
0.906
O.S41
0.780
0.773

0.64
2.18
5.36

11.44
22.61
42.16
45.2

0.092
0.467
1.538
4.158

10.03
22. 15
24.2

1.93
6.77

18.3
48.2

118
255
280

0.091
0.470
1.58
4.51

12.0
29.0
32 ~ 2

V = 23.786 cm, ep ——20.53 K

0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.0455

1.93
6.63

16.50
36.10
74.34

144.5
262.0
446.2
471

1.00
0.996
0.980
0.944
0.890
0.832
0.780
0.735
0.730

0.64
2.18
5.28

10.82
20.41
36.63
62.98

103.7
109

0.099
0.506
1.635
4.220
9.678

20.57
40.96
76.63
81.7

1.99
6.87

17.5
41.5
95.0

198
381
687
730

O. 1O1

0.522
1.71
4.57

1 1.2
25.8
54.7

108
117

V=23 ~ 081 cm, Op=21 ~ 90 K

0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.050
0.0540

1.92
6.64

16.13
33.56
65.57

122.6
217.4
364.0
579.3
813

1.00
0.996
0.988
0.967
0.928
0.879
0.830
0.787
0.749
0.722

0.63
2.18
5.24

10.52
19.18
33.17
55.24
88.72

137.5
190

0.104
0.537
1.730
4.355
9.607

19.62
37.84
69.12

120.0
180

2.04
7.01

17.4
38.4
82 ~ 3

166
310
546
909

1260

0.112
0.574
1.85
4.79

11.2
24.4
49.9
96.0

f75
263

V =22.425 cm, ep ——23.54 K

0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.050
0.055
0.060
0.0605

1.94
6.62

15.90
32.41
61.25

110.7
191.4
3f4.6
492.3
739.6

1073
1110

1.00
0.997
0.993
0.979
0.950
0.910
0.866
0.826
0.790
0.759
0.731
0.729

0.66
2.20
5.24

10.4O

18.61
31.44
51.08
80.26

122.1
180.0
258.0
266

O. 115
0.582
1.853
4 ~ 606
9.961

19.83
37.25
66.55

113.4
185.2
290.0
303

2.10
7.17

17.5
37.1

74.6
144
262
449
737

1150
1670
f7fo

0 ~ 124
0.632
2.03
5.13

11~ 5
24.0
47.5
88.7

15S
268
433
446

V=21.459 cm, Op =26 ~ 04 K

0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.050
0.055

1 ~ 94
6.60

15.79
31.78
58.47

101.7
169.2
269.1

410.0
600.7

1.00
0.998
0.995
0.985
0.965
0.936
0.903
0.870
0.840
0.813

0.64
2.18
5.21

10.29
18.24
30.25
47.92
73.26

108.5
156.1

0.125
0.641
2.039
5.044

10.78
20.99
38.32
66.45

110.2
175.4

2.19
7.44

18.O
36.8
69.5

127
221
365
578
886

0.142
0.725
2.31
5.77

12.5
25.0
47.1

84.7
145
240
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(mJ/mole K)

TABLE VI. (Continled) ~

s (U vo)'
8/80 (mJ/mole K) (mJ/mole)

V=21.459 cms, 60=26.04 K

I /~z')~v y
(10 ~ bar/K) (10 3 bar)

0.060
0.065
0.0696

851.7
1176
1550

0.790 218.6
0.768 299.1

0.'751 391

269.2
400.3
561

1300
1830
2380

381
584
832

where

and

(24)

the present calculations these deviations were de-
scribed by the function

C~„= 0.075-R (T/cp —0.115)
1250(T/ y-o. Ij.s)~Xg

6I Pi I ggSPi I

V k~T d 1nV
(25)

In order to compute (SP/ST)~~ it was necessary
to express C~~ as a smooth function of the volume
so that the volume derivative could be accurately
determined. This was done by writing

C ~ = Cph+ C~„+C6f f .I (26)

As in Sec. III C, the phonon contribution to the
specific heat C,„was taken as

C = "Rs4(T/e), — (21)

with

and

e=e, (e/o,)„„ (28)

(29)

The theoretical curve for the reduced Debye temp-
erature is due to de Wette et al."; the coefficients
C„in the polynominal approximation are given in
a paper by de Wette and Werthamer. " Values of
eo were determined as a function of the molar
volume using (see Sec. III B)

Smoothing of the results with respect to molar
volume in this manner leads to calculated values
of C~~ which differed from the data by as much as
5% at the largest molar volume. This is apparent
from the deviations of both 8, and y from the best-
fit curves [Eqs. (30) and (31), respectively] drawn

in Figs. 17 and 20. These deviations of Oo and p
are largest for the two largest molar volumes and

appear to be correlated: the same adjustment in

the molar volumes is required to bring both the

Oo and y values onto the respective solid curves.
Using adjusted molar volumes (e.g. , 24.454- 24.53 cm'/mole), the deviations of the specific-
heat data from Eq. (26) were less than about 1%
for each density. The values of (SP/ST)~v listed
in Table II were determined by numerically evalu-
ating the integral of Eq. (24) using the adjusted
molar volumes.

The final column in Table II gives the integral
of this derivative with respect to temperature; that
is, it lists the change in pressure above its value
at absolute zero which is due to the lattice. For
T &0.4 K, the spin contribution to the pressure is
small, and thus the tabulated values can be used
in a comparison with the direct measurements of
pressure versus temperature by Straty and
Adams. " The two sets of data are in good agree-
ment.

8 =4 188x104V "o7 (30) IV. SUMMARY

The second term of Eq. (26) is the Schottky con-
tribution to the specific heat (see Sec. III C) given
by Eq. (14) with

y = 2.584 x 10 V (31)

The final term in Eq. (26), C«„accounts for the
difference between C~~ and the sum of the phonon
and Schottky contributions. In Sec. III C, this dif-
ference was labeled C,„„„-C'„",„,and plotted as
a function of T/y in Fig. 21. For the purposes of

Using a large copper calorimeter with a very
open geometry, the specific heat at constant vol-
ume of bcc 'He was measured with high precision
at five molar volumes. The high-purity 'He sam-
ple was solidified extremely slowly using the
blocked-capillary method. At the three largest
molar volumes, the data extend from the melting
curve down to 50 mK. Below approximately 100
mK these data are dominated by the T ' contribu-
tion due to the nuclear spins and yield values of
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the nuclear exchange energy in agreement with

other measurements. At the two highest densities
the data extend down in temperature to j.00 mK.
No data could be obtained at lower temperatures
due to very long thermal-relaxation times. When

the spin contribution is subtracted from the data
at each of the five molar volumes, the results be-
low approximately 0.3 K are proportional to T',
the temperature dependence expected for the pho-
non contribution. In contrast to all of the previous
specific-heat measurements on bcc 'He, the pres-
ent results show no evidence of any anomalous
contribution. Thus the long -standing low -tempera-
ture specific-heat anomaly of 'He, cannot be due

to an intrinsic property of this quantum solid. The
source of the anomaly seen by others is still how-

everr

unknown.
At temperatures greater than about 0.5 K the

present results are in agreement with the earlier
less-precise measurements and show a significant
contribution to the specific heat which presumably
is due to some excitation system in addition to the

phonons. This contribution has generally been at-
tributed to the presence of thermally activated
vacancies. As in the earlier works the tempera-
ture dependence of this excess specific heat can be
qualitatively described by the Schottky function
corresponding to the specific heat of a two-energy-
level system. In the present work, however, the
specific-heat data are not complicated by the pres-
ence of the low-temperature anomaly, and thus
6, for each volume could be determined accurate-
ly. This permitted the vacancy contribution to be
extracted from the data with less uncertainty than
previously possible. 'These excess specific-heat
data show significant systematic deviations from
the simple Schottky function. At the largest molar
volume this difference corresponds to as much as
10/p of the sample's total heat capacity. The ex-
pression for the specific-heat due to vacancy waves
given by Guyer deviates even more from the data.

The specific heat and other thermodynamic func-
tions derivable from the specific heat have been
tabulated for each of the five molar volumes.
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