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Ultrasonic-attenuation measurements were performed in three single-crystal vanadium samples, with resistivity

ratios of '7.8, 245, and 450 as a function of magnetic field and temperature. Measurements obtained as a

function of applied magnetic field were compared to the theoretical predictions of Houghton and Maki (HM)
for the region near H„. Because of the varying purity of, the samples, the HM predictions for the dependence

of the normalized attenuation on mean free path were also tested. In all cases, the experimental results were

in good qualitative agreement with the HM predictions. Ultrasonic-attenuation measurements as a function of
temperature compared well to the BCS theory and yielded critical temperatures of 4.69, 5.26, and 5.27 K
with corresponding zero temperature energy gaps of 2b(0)/kT, = 3.6, 3.6, and 3.5 in order of increasing

sample purity.

I. INTRODUCTION

Acoustic-absorption measurements were per-
formed as a function of temperature and magnetic
field in three different-purity vanadium samples
with resistivity ratios (I') of 7.8, 245, and 450,
to be referred as samples I, II, and III, respec-
tively. The data obtained in the normal state were
related to Pippard's' free-electron theory for
ultrasonic attenuation to provide information about
the electron mean-free paths and to test the quality
of the transducer bonds. Measurements as a func-
tion of temperature were compared to the BCS
predictions~ to yield the critical temperatures and
the temperature-dependent energy gaps. However,
the greatest emphasis has been placed on the data
obtained in the mixed state near the upper critical
field H„, where the magnetization is small and
depends linearly' on H„H= r H (H-is the applied
field). In this instance, detailed comparisons were
made to the theory of Houghton and Maki' (here-
after HM) which describes the normalized attenu-
ation (o„—o,)/n„—= na/o (n —normal, s —super-
conducting) in terms of a single, dimensionless
parameter

where b. is the spatially averaged order param-
eter, k, is the reciprocal-lattice vector of the
vortex lattice, v~ is the Fermi velocity, and l is
the electronic mean-free path. This parameter p,

can be expressed in terms of experimental ob-
servables with the result p, =f (t) aH, where f (t)
is a function of the reduced temperature t.

In this paper, the normalized attenuation as a
function of II is directly compared to the normal-
ized attenuation as a function of p, ; two independent
methods of experimentally determining f (t) are

presented, as well as supporting information ob-
tained from the energy-gap and normal-state data.
These data are presented for all three samples.
The results appear to experimentally corroborate
the HM theory.

II. THEORY

The starting point of the HM approach to ultra-
sonic attenuation in the mixed state is to write
down the damping factor for this nonequilibrium
process and solve for the imaginary (absorptive)
part, which is just the attenuation in the super-
conducting state n, . Thus, the rate of energy
absorption is proportional to the square of the
matrix element for the transition probability
times essentially the product of the density of
initial and final states, i.e., the product of the
Green's functions. For this purpose, HM use the
Green's function derived by Brandt, Pesch, and
Tewordt. '

The transition probability depends on the orien-
tation of the magnetic field relative to the direc-
tion of propagation. For transverse waves, the
polarization is also important. For consistency
in comparison of the data, transverse waves with
phonon wave vector q parallel to H and ion motion
u perpendicular to H were propagated in all three
samples. The corresponding HM expression for
the attenuation in this configuration is

no/o. = 15' [p, (1 —p, )J, +—„v —-', p, ——,
'

p v2+ g3 j,

where

2p,

(
2 1)z/2
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(The quantitative and qualitative behavior of this
function has been discussed in Ref. 6.)

IV. ANALYSIS

A. Houghton-Maki parameter p. = f(t)QH

To facilitate the comparison of theory and ex-
periment, the HM parameter p, =2v w (6/kk, vz)'k, I

must first be expressed in terms of measurable
parameters. The reciprocal-lattice vector is
k, =(2'„/y, )'~', where the flux quantum p, =2.07
x10 ' Gcm'. and the square of the spatially-aver-
aged order parameter can be related4 to the mag-
netization by

(2)

where

-4vM = (H„-H)/[p(2~2- I)+ n j.
(This expression defines g, and P =1.16.) Here

(3)

III. EXPERIMENT

A Matec ultrasonic attenuation system in the

double echo mode was used to perform our pulse-
echo measurements. In sample I, both longi-
tudinal waves (135 MHz) and transverse waves
(255 MHz, polarized (110)) were propagated in

the (110) direction. In sample II, transverse
waves with a frequency of 15 MHz in the (110)
direction and polarized in the (110) direction
were propagated. In sample III, 45 MHz trans-
verse waves in the (100) direction were used. In

all cases, the applied magnetic field was parallel
to the direction of propagation. (For greater
detail on the experimental apparatus or proced-
ures, see Ref. 6.) Table I lists the relevant sam-
ple parameters.

A typical field run involved sweeping the mag-
netic field from zero to a value approximately 20%
greater than H„and sweeping back to zero. Dur-
ing this process the temperature was held con-
stant. After each run, the sample was returned
to the virgin state by heating it to about 30 'K for
8 min. Field runs were performed at constant
temperatures ranging typically from 1.5 K to the
critical temperature T, in 0.25' steps.

N(0) = mph/2w2 is the density of states per spin
at the Fermi surface, and n is the demagnetization
factor. The resulting relationship is

4) @
z/2

g'v' N(0) 2H,
f(t-) s.H,

where

Z/2

k'v'N(0)

(4)

Wc2 1
2 dt P(2tc2 —I)+ n

'

Since the normalized attenuation (o „—n, )/o. „ is
described by p, , then at a constant temperature
the attenuation is also described by H„-II=-AH.

(5)

1. First experimental method ofdetermining f (t)

The experimental procedure involved measuring
the attenuation n, as a function of the applied mag-
netic field H for fixed values of temperature. Fig-
ure 1 shows representative raw data graphs for
samples I and II. These figures illustrate that
II„and a„may easily be read off the graphs. The
behavior near H„(-200 G in sample I and -900 G
in sample II) will be discussed later in this article.

That portion of the graphs for II near H„, typi-
cally 0.2(H„-H„) in samples II and III, but as
much as 0.8(ff„-ff„)in sample I, was then
digitized, and the results were fed to a Univac
1110computer. Two tables, one of the theoretical
values of aa/n vs p, and one of the experimental
values of ao/n vs r H, were compiled. For a
given experimental value of the normalized at-
tenuation, a value of p and a value of b, H were
found from these two tables. The computer was
then used to provide a linear least-squares fit of
p. to ~H, where the slope of this least-square fit
at reduced temperature I is f (t) =p/S, H. The val-
ue of H„was appropriately adjusted to make the
line intersect the origin. The shift inH„ never
amounted to more than a 2% change from the
visually obtained value. Figure 2 shows the re-
sulting linear relationship for samples I-III. In
samples II and III, aproposed' ' one-dimensional
fluctuation effect dominates the electron-phonon

TABLE I. Relevant sample parameters.

Sample I ( p/po) Length (cm) Diameter (cm)
Cylinder

axis p (pOcm) po (pQcm)

I
II
m

7.8
245
450

3.94
3.78
0.62

0.61
0.63
0.37

[110]
[110]
[100]

22
21
23

2.8
0.087
0.052
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FIG. 1. Raw data of attenuation vs applied magnetic
field for (a) sample I, 135 MHz, T =3.6 K, longitudinal
wave and (b) sample II, 15 MHz, T = 3.0 'K, transverse
waves.

80 Ib0

interaction very near H„causing a rounding in the
attenuation. This effect has not been included in
the HM theory; therefore, data obtained for ex-
tremely small values of H, those in the convex
part of the curve of n, vs H, were intentionally
discarded for this analysis in samples II and III.
The effect appeared to be minimal in sample I.

Once the proportionality constant f (t) between

p and e.H was obtained, the theory [Eq. (1)] and
the digitized experimental points were compared
for that temperature. The results for several
temperatures can be seen in Fig. 3.

2. Second experimental method of determining f(t)

An independent method of arriving at f (t) = tJ./e H
was used in comparing the HM theory to the ex-
perimental results. The method required deter-
mining H„, ~„and l as functions of temperature.
These values could then be substituted into Eqs.
(4) and (5) to arrive at a continuous functional
relationship between p. and AH for all t.

(a}H, 2 as a function of temPerature. The values
of H„ for each temperature could easily be read
off the raw data curves, but, for self-consistency,
adjusted values were used. These values were
determined by a linear least-squares fit of p, to

5D j& g 2D H I.5'I|'
p) g er'/r

SAMPLE III

O ~ ~ ~

QH (Q

FIG. 2. Linear relationship between p and b, H for
several temperatures in samples I-III. Slope of line,
p/b, H, is the value of f(t) at that temperature.

AH as described previously. The critical tem-
perature could also be obtained from this data by
extrapolating to H„equal zero, yielding T, =4.81,
5.26, and 5.34 K for samples I-III, respectively.
A modified equation for Abrikosov and Ginsburg's"
~,(t) incorporating a fitting parameter a, and a
quadratic temperature dependence for H, (t) was
used to empirically determine H, ~(t) =H, ~( }(10—t )/
(1+at2). H 2(0) and a for each sample can be
found in Fig. 4 which also illustrates the com-
parison of the experimental points for H„and the
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Experimental data are compared to the empirically de-
termined equation H~~(t) =H,&(0) (1-t )/(1+at ) where
H ~(0) =7000, 2800, and 2625 G and a =0.3, 0.6, and
0.55 for samples I-III, respectively.
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empirically determined values for all three sam-
ples. Therefore, part of Eq. (5) is reduced to:

2H„ t " 2 dt

go~, g(0) '~' 1+2at'-at'
2 (1 —t')'t'(1+at')'t'

The demagnetization factor n was estimated from
sample dimensions and the theoretical results of
Osborn. " The calculated values are n =0.036,
0.043, and 0.12 for samples I-III, respectively,
for the applied field parallel to the cylindrical
axis of each specimen.

(b) x, as a fsnction of temperature x, as a func-.
tion of temperature and mean-free path was de-

0 ih0 200
hH tQ

FIG. 3. HM theory vs experiment in samples I-III.
HM theory tEq. (1)], smooth curve, vs the digitized ex-
perimental points at several temperatures.

termined in two different ways. One method was
based on the experimental results of Auer and
Ullmaier" who showed that K, was a linear func-
tion of the residual resistance at any fixed tem-
perature. In order to make use of their finding,
it was assumed that the inverse of the resistivity
ratio was a direct measure of the residual resis-
tance. With tlis information, a table listing K, vs
1/I' was established for various temperatures,
using the magnetization data on vanadium obtained
by Sekula and Kernohan" for I' =450, and by Rade-
baugh and Keesom" for I'=140. Thus v~(t) values
for samples II and III, with resistivity ratios of
245 and about 450 could be obtained from simple
interpolations. Once these values were obtained
for a few temperatures, a Chebyshev polynomial
fit was used to provide K, as a continuous function
of temperature. Sample I, with a resistivity ratio
of 7.8, required large extrapolations from the
data yielding an anomalous temperature dependence
for K,. For this reason, another method to evalu-
ate this parameter was explored.

Finnemore" has suggested that for "not too pure"
samples, x, /x experimentally appears to obey
the same temperature dependence (to within about
5%) for a wide range of sample purities. The
impurity concentration can be incorporated into"

K=K&(t=1) =No+7. 53810 p y ",
where pp is the residual resistance in Oem, p ls
the electronic specific-heat coefficient in erg/
cm'K', and Kp which equals 0.85 for vanadium, "
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is the intrinsic portion of the Qinzburg-Landau
parameter which is independent of the electron
mean-free path. The z, temperature dependence
for each sample was determined by using a Cheby-
shev polynomial fit to continuously join the z2/«
data of Sekula and Kernohan. The z value for each
sample was determined from Goodman's relation

i

and yielded z' = 3.15, z~ =0.92, and K+ = 0.88.
(For reference, «, /«as a function of temperature
is shown in Fig. 5.) Comparison of the v, values
obtained from this method and the one previously
described showed them to agree within 5% for
samples II and III, but large discrepancies oc-
curred for sample I.

Because of the extremely low resistivity ratio
of sample I, it was felt that neither of the two
methods was applicable to this sample. Ostenson
and Finnernore" have experimentally found that
Eilenberger's theory" for the temperature depen-
dence of z2 agrees rather well with their results
when the mean-free path is comparable to the
coherence length, but discrepancies arise as
sample purity increases.

The results of conductivity measurements (de-
scribed later in this paper) indicated that the as-
sumption that l-l, was not unreasonable for sample
I. It was also assumed that l = l„, the transport
mean-free path. Therefore, if l =((cl)'~a, then

g/l„=((, l)' '=1. From this information Eilen-
berger's theory predicts x =1.7, and provides the
temperature dependence for «, /« for sample I.
This is shown in Fig. 6 which is a reproduction
of Fig. 16 in Ref. 21.

(c) Electron mean free path -l. The electron
mean-free path was determined by fitting the the-
oretical value of f (t) to the lowest temperature
experimental point where the best agreement be-
tween theory and experiment is expected. The

U3

REDUCED TEMP

FIG. 5. K2 as a function of temperature for samples II
and III. Data of Sekula and Kernohan are joined by a
polynomial fit to yield «t/«as a continuous function of
the reduced temperature;

l.7

1.4

l.3

l.2

I' I

I.O
0 0.2 0.4 0.6 0.8 I.O

T/T

FIG. 6. t(2j~ as a function of temperature for sample I.
Duplication of Fig. 16 in Ref. 21.

function f (t) is completely determined theoreti-
cally except for the value of l which could then be
extracted from the experimental data. The values
thus obtained are l, = 5.4x10 ' cm, lz = 5.8x10 '
cm, and lz =9.0x10 ' cm. This mean-free path
was found to be independent of temperature and
magnetic field for the region of interest in all
three samples, indicating an impurity limit l.
This determination was based on Pippard's result'
that n„ is proportional to l for ql &1. The attenu-
ation in the normal state, arrived at by applying
a magnetic field sufficient to turn the sample nor-
mal, was found to be independent of temperature
from 1.5'k to T,. Doubling the applied field also
had no effect, indicating that / was independent of
the applied field (see Ref. 6).

Up to this point, no mention has been made of
the values used for the Fermi velocity and the
density of states per spin at the Fermi surface
N(0) in the HM expression [Eq. (4)j. The values
for the mean-free path indicated above were de-
termined using the phonon enhanced values of
vr =1/(1/v}r and N(0) determined by Radebaugh
and Keesom. " They obtain the density of states
per spin from the temperature coefficient of the
electronic specific heat

y =-', saks N(0) =1.179x104 erg/cm'K2,

which is related to the band structure (BS) density
of states by y = —,

'
v ks (1+X)N„«(0); X, the phonon

enhancerr. ent factor, equals one in vanadium. '
This implies that N(0) = 2N„s(0). Also (1/yl over
the Fermi surface is

fZS/v
@ I

u sv're(0)
/AS I& elis

where N(0) is the phonon-enhanced or band-struc-
ture value depending on the desired value for
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g = (e /12m h) IS . (7)

Hadebaugh and Keesom" quote a value of S/Sz
=0.714 where S& represents the area of the Fermi
surface for a free-electron gas of density n = 3.61
x10"cm ' (they assume five free electrons per
atom). Thus, their value for S substituted into
Eq. (7) yields values for the mean-free paths of
l, =1.3x10 ' cm, lz =4.0x10 ' cm, and lz = 6.8
x10 ' cm.

Pippard' has shown that for ql &1, the attenu-
ation due to the electron-phonon interaction
should be proportional to 'z, and for ql & 1,
proportional to w. Frequencies high enough to
get ql of the order of one were obtainable only
in the purest sample. Figure 7 shows a plot of
[a„(0'K)—o.,(0 'K)] /f versus the applied frequency

f for sample III, for both longitudinal and trans-
verse waves. Here o,„(0'K) —a, (0'K) is a direct
measure of the electron-phonon interaction and
is therefore the appropriate parameter for this

0.08-
N

(I/g ), and S is the area of the Fermi surface in

k-space excluding zone boundaries. Therefore,
the phonon-enhanced value of v~ is —,

' as large as
the band-structure value. The result is that band-
structure values for v~ and N(0) yielded mean-free
paths twice as large as phonon-enhanced values,
i.e. , I, = 1.1x10 ' cm, /~ = 1.1x10 cm, and lz
=1,8x10 ' cm (band-structure values).

Still another method of arriving at the mean-
free path is through the conductivity data taken
using a standard four probe dc technique. Based
on the relaxation-time approximation to the Boltz-
man transport equation, ' the dc conductivity may
be expressed as

1 Nmv~, hS f
5 pv& 6' pv,' (8)

(f is the frequency, v, is the transverse sound
velocity) and solve for I. This method yielded
l, =1.61x10 ' cm, l~ =6.54x10 ' cm, and l~ =1.42
x10 cm by using the experimentally found
values z'„=0.0008 cm ', +~=0.03 cm ', and (y~
= 0.0S cm '; all at f = 15 MHz. Table II lists the

plot. The deviation of the experimental points
from the extrapolated, small ql, linear depen-
dence of an/f on f indicates the onset of the ql-1
regime. In determining the value of l, the ratio
of this deviation to the extrapolated value at a
given frequency was compared to the same ratio
calculated from Pippard's theory, yielding the
value of ql, and thus providing another means of
finding the electron mean-free path. (The values
obtained from longitudinal and transverse data
were found to agree within 20%.) To obtain simi-
lar values for l in samples I and II, it was assumed
that the low-temperature residual resistance re-
flected the purity of the sample and therefore the
ratio of the residual resistances should be in-
versely proportional to the ratio of the mean-free
paths. The values obtained from this were L, =9.0
x10 ' cm, l~ =2.9x10 ' cm, and l~ =4.1x10 cm.

A different approach might be to use the values
of l determined from the Pippard method and, us-
ing the conductivity formula [Eq. (7)], solve for S.
This method revealed S/Sz =0.12 which is rela-
tively small for a transition metal, but may re-
flect the fact that the mean-free path (actually the
relaxation time) in the conductivity uses a differ-
ent weighting factor in the integral of the scatter-
ing probability over all processes than that used
in the ultrasonic attenuation (ql & I). '

In contrast to this method it might be revealing
to insert the Hadebaugh and Keesom value of
S = 4.35x10"cm ' into Pippard's free-electron
expression for transverse waves with ql &1;

TABLE II. Electronic mean-free paths and methods of
determination (all mean-free parths in units of 10 ~ cm).

0.04- Sample lb l c

I
II
III

(7.8)
(245)
(450)

54 ll 13 90 16
58 110 40 290 65
90 180 68 410 140

~~
/0 -~ I I I

0 120
I I I I

240

f (MHz)

FIG. 7. Attenuation vs frequency in sample III. Data
illustrate the onset of the ql -1 regime.

Determined from fitting experiment to HM theory
using phonon enhanced values for v& and N(0).

b Determined from fitting experiment to HM theory
using band-structure values for v+ and N(0).' Determined from dc conductivity data.

"Determined from Pippard's relation for ba/f vs f.' Determined from Pippard's relation n„-S l.
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FIG. 8. Relationship between l and I as determined
from methods listed in Table II.

various values of l and the methods used in de-
Qrmining them. Figure 8 graphically illustrates
the relationship found between / and I' from the
various methods.

The slope n of lnl, vs lnI, and therefore power
dependence of l, -l"" is 0.7. Since 1, and l, only
differ by a constant, the slope for l~ is also 0.7.
The slope for /, is 1.0. This is to be expected
since I" is proportional to the conductivity. The
slope for l„ is also 1.0; again this follows from
the fact that only one of these points was obtained
from the frequency dependence of ho, and the oth-
ers were estimated from the ratio of conductivi-
ties. The slope for /, is 1.1 which differs only
slightly from the linear relation that is expected.
So at least the absolute value of the electron-
phonon contribution to the attenuation appears to
scale as the conductivity. The principle difference
except for proportionality constants appears to be
between the slopes of the mean-free paths ob-
tained from the Houghton-Maki theory and the
Pippard theory. An arbitrary constant could be
understood in terms of using different numbers
for some of the parameters since the processes
may be taking different averages over the Fermi
surface. Perhaps the additional power dependence
difference as a function of purity could also be a
symptom of this averaging wherein for purer sam-
ples the Fermi surface more closely resembles
the Fermi surface for pure V.

B. Lower critical field 0~&

The primary focus of this research has been on
the attenuation near H„, but some comment should
be made on the behavior in the vicinity of H i.

As the applied magnetic field is increased from
zero, there is a point where the flux lines first
penetrate the sample. For very pure supercon-
ductors, this flux penetration provides additional

scatterers for the thermally excited quasielec-
trons, thus decreasing their mean-free path.
From BCS theory n, /n„=2/(e~t r +1) or n, n„-
-l, therefore the attenuation should decrease as
l decreases [see Fig. 1(b)] until some other me-
chanism of interaction begins to dominate. This
effect has been seen experimentally"' and the-
oretically" "by other researchers.

The sudden rise in the attenuation atH„ for
the least pure sample [see Fig. 1(a)] seems remi-
niscent of the shape of the magnetization curves~
found for vanadium and provides a further in-
dication of the impurity content of this sample.
Again, similar behavior has been found in various
metallic compounds" and in a relatively impure
sample of niobium" (1 =68), where the mean-free
path is small.

C. Attenuation as a function of temperature, BCS energy gap

It appeared that the two purest samples of van-
adium exhibited two energy gaps, a high-tempera-
ture gap near T„and a low-temperature gap be-
low t =0.5. The apparent discrepancy between the
two temperature gaps, approximately 10% was
much less than that obtained by others in niobium, "
but has been seen in vanadium" before. Because
of the temperature limitation of t «0.3, the possi-
ble deviation in the low-temperature energy gap
was too large to provide conclusive results. For
this reason the data were visually fitted to the BCS
expression n, /n„=2/(e~t "r + 1), with a single en-
ergy gap. The results were 2b, (0)/kT, = 3.6+0.2,
3.6~0.2, 2.5+0.2, with the corresponding critical
temperatures reflecting the respective sample
impurity concentrations in that T,' = 4.69 K, T~
=5.26 K, and T,~ =5.27 K. These critical tem-
peratures compare very favorably with those ob-
tained by extrapolation of the H„versus tempera-
ture data, which were T,' = 4.81 K, T,~ = 5.26 K,
and T,~ =5.34 K; the maximum deviation being
about 3%. Comparison of these results to those
of other researchers" "revealed good agreement
within experimental error.

A plot of the BCS theory compared to the digi-
tized experimental points can be seen in Fig. 9.

V. DISCUSSION AND CONCLUSIONS

The Houghton-Maki' theory for ultrasonic at-
tenuation in the mixed state predicts that the
normalized attenuation can be described in terms
of the parameter p. , which, in turn, has been
shown to be equal to a well-described function of
the temperature times H„-H, i.e. , f(t)nH, for bH
small. The experiments performed in three different
purity vanadium samples as a function of magnetic
field for numerous temperatures very clearly
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FIG. 9. BCS theory vs experiment in samples I-III.
BCS theory vs the digitized experimental points.

manifested the linear dependence of p. on AH.
The normalized attenuation of a function of p, , as
predicted by HM, was found to be in excellent
agreement with the experimental results of n, n/n
vs ~H, at all temperatures and in all three sam-
ples. In sample I, the least-pure sample, the
theory agreed with the experimental results
through 80'%%u& of the mixed state region, 0.8 (H„
-H„}. In samples II and III, the region of com-
parison was over 0.2 (H„-H„), which is much
closer to the expected regime of validity since the
theory requires that the magnetization be small,
and be a linear function of ~H.

The HM theory also predicts the functional de-

pendence of f (t} on the reduced temperature t
The slopes of the linear plots of p, vs hH pro-
vided discrete values of f (t); but if the tempera-
ture dependence of H„, ~„and l could be de-
termined, a continuous function, f (t), as pre-
scribed by HM could also be found.

The upper critical field, H„, was experimentally
found to obey the empirical relation

H, (t) =H„(0) (1 —t')/(1 +at' )

with the appropriate values of H„(0) and a for each
sample.

The temperature dependence of ~, was not such
a universal function for all three samples. The
magnetization data of Sekula and Kernohan'4 were
used to describe the temperature dependence of
K2/~ for samples II and III, while the v values were
obtained from Goodman's" relation I(. =~p+ 7 5

&&10'ppy' '. a, as a function of temperature for
sample I (which was considered relatively impure),
was determined from the theoretical predictions of
Eilenberger" for $p=l.

The electron mean-free path l was experimen-
tally found to be independent of temperature and

magnetic field over the region of interest. For
this reason, it was used as a fitting parameter be-
tween the discrete and continuous values of f (t) at
the lowest temperature, where the theory is ex-
pected to be most accurate. The resulting agree-
ment between theory and experiment, illustrated
in Fig. 10, was excellent, especially in light of the
fact that the HM theory has incorporated the low-
temperature limit of T =0 'K in order to arrive at
their simple expression for the normalized attenu-
ation in terms of p.

A comparison of the mean-free paths determined
in this manner with those obtained from dc con-
ductivity measurements or from Pippard's pre-
dictions for attenuation versus frequency, yields,
at most, a factor of 5 in discrepancy. There are
several possible explanations for this discrepancy.
One, the mean-free path or, what is more readily
discussed, the relaxation time, in the conduc-
tivity formula [Eq. (7)] uses a different weighting
factor in the integral over the scattering proba-
bility over all processes that that used in ultra-
sonic attenuation for ql&1. In dc conductivity, the
relaxation time' is inversely proportional to the
weighting factor of (1 —cosa) in favor of large
angle scattering; while for ql ~1, the inverse of
the relaxation time for acoustic absorption has a
weighting factor" of —,

' (1 —cos'8). Thus depending
on the availability of umklapp processes, the
mean-free path as determined from the dc conduc-
tivity might be very different from the mean-free
path used in the ultrasonic attenuation coefficient.
Two, the mean-free path as determined from
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FIG. 10. p/b, H as a function of reduced temperature
for samples I-III. Digitized values vs the continuous
values of f(t).

Pippard's free-electron approach neglects real
metal" "effects which have been found to be im-
portant even in indium' which has a nearly spheri-
cal Fermi surface. Bliss and Rayne" have shown
that the effect of the crystal potential on the Fer-
mi-surface topology is largely responsible for
describing the attenuation behavior. They claim
that minor modifications to the free-electron
Fermi surface, such as the rounding of corners
and cusps, are important in determining attenu-
ation values. Their experimental results showed
that n/f vs f begins to curve away from the qt & 1
extrapolated line before q/ is of the order of 1.

Thus, a comparison of the experimental results
of this research to the predictions of Pippard's
theory could lead to a possible discrepancy of a
factor of 2 or 3 in the determination of the acous-
tic mean-free path of the electrons. Three, the
values used for the Fermi velocity and the density
of states per spin at the Fermi surface are not
well established, at least, as to whether phonon-
enhanced or band-structure values should be used.
In any cyse, the HM theory neglects these real
metal effects. In light of the possible explanations
for disagreement, the final comparison of the
discrete values of f (t) determined from the slopes
of the p, vs b, II plots at various temperatures,
and the theoretically prescribed, independently
determined, continuous values of f (t), illustrates
the excellent agreement the HM theory provides
in describing ultrasonic attenuation in the mixed
state.

There have been other ultrasonic studies of the
mixed state in vanadium~ but these have not been
as thorough, nor were the results compared to the
HM theory. The extensive data presented in this
investigation have been shown to be in excellent
agreement with the HM theory for q ~ ~

H with both
longitudinal and transverse waves, and has also
indicated the proper dependence on the electronic
mean-free path.

Measurements of the ultrasonic attenuation
coefficient in the mixed state have also been made
on niobium, and the results compared to the HM

theory. Carsey and Levy" found good qualitative
agreement for both longitudinal and transverse
waves with j ~ ~ H, but a factor of about 20 was
necessary in comparing the HM value with an in-
dependently determined value of L. There may be
two explanations for this. The first possibility is
that, because they did their comparison in the
small-p, (an/a-p) regime, the one-dimensional
fluctuation effect, which is dominant in this re-
gion, may have contributed to the factor. Another
possibility is that the HM theory is valid for low-
frequency ql &1 phonons and their frequencies with
0.7&ql & 3.0 may have been too high. Purvis et al."
also performed mixed-state ultrasonic measure-
ments on niobium and found a factor of 2 necessary
for their agreement, but this factor of 2 arose
from comparing the mean-free path from fitting
the HM theory to experiment to the conductivity
mean-free path. The validity of this comparison
has been discussed above. Also, it would appear
that a phonon-enhanced value of the density of
states was used, but it is not entirely clear wheth-
er the band-structure or phonon-enhanced value
was used for the Fermi velocity. This may be
the reason for the discrepancy.

Purvis et al."also tested the frequency depen-
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dence of the normalized attenuation as a function
of magnetic field and found that for any value of
n. H, ~a/a monotonically increased as the fre-
quency was increased from 10 to 110 MHz. The

opposite frequency dependence was seen by Ikush-
ima et a/. "for a frequency range of 25-700 MHz,
while no dependence on frequency seen by Forgan
and Qough~ from 10 to 70 MHz. In each case the
experiments were perfomed on relatively pure
(I' =1000-2000) niobium samples. The HM theory
predicts no dependence on frequency for the at-
tenuation coefficient provided ql &1. This predic-
tion has not been thoroughly tested in this work,
although transverse waves with q ( ( IT and fre-
quencies of 255 and 135 MHz, propagated in sample
I at 1.6, 2.5, and 3.5 K revealed no frequency de-
pendence. It would appear that some definitive
experimental work is required to clear up this
disagreement.

Another area which has not been thoroughly
tested is the HM predictions for acoustic absorp-
tion when the phonon wave vector is perpendicular
to the applied field. Even at a p, value of 0.2 and

ql «1, HM contend that a 30/0 difference exists
between the normalized attenuations of transverse
waves with ion motion parallel to, and perpendicu-
lar to, the applied field H. Preliminary results on

sample I revealed no such difference, although it
might be expected that since the electron mean-
free path is of approximately the same dimension
as the coherence length in this sample, such an
anisotropic effect might not be manifested in this
relatively impure sample. Therefore, further
experiments on the purer samples might reveal
interesting results for these orientations, es-

pecially in view of Maki's contention" that for
ql &1, the attenuation would effectively take differ-
ent averages of the order parameter simply by
rotating the field from u

~ ~
H to u& H.

It would also appear that the HM theory may have
a larger region of validity than they purport. HM

contend that the theory shou1d be valid for moder-
ately pure superconductors with the mean-free
path much larger than the coherence length, but
the results on sample I, where i=go would seem
to indicate the theory is applicable over a wider
range of purity. To this extent, the experimental
results of Tittmann4' have been in agreement.
Tittmann has performed longitudinal ultrasonic
attenuation measurements on a single crystal of
V-5.6-at.% Ta with )0/I = 5. A detailed compari-
son with the HM theory shows remarkably good
agreement indicating that the theory is applicable
over a much wider range of purity than expected.

So it seems that the HM theory, as far as it has
been tested, provides an accurate description of
electron-phonon interaction in the mixed state.
Still, there remain areas for further experimental
research, and with the production of purer sam-
p)es the theory may need to incorporate some real
metal effects in order to provide a complete de-
scription of the mixed state.
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