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Relativistic many-body approach to hyperfme interaction in rare earths:

Explanation of experimental result in europium*

J. Andriessen

Laboratorium voor Technische Natuurkunde, Technische Hogeschool, Delft, Netherlands

K. Raghunathan, S. N. Ray, and T. P. Das
Department of Physics. State University of New York, Albany, Ne~ York 12222

(Received 19 May 1976)

A first-principles relativistic many-body treatment is carried out for the hyperfine constant in europium atom.

This investigation has allowed us to sort out for the first time all the contributing physical mechanisms, core

polarization, correlation, relativistic modifications of these, and the purely relativistic Casimir and breakdown

of LS coupling effects. It is found that all these competing contributions have to be accurately evaluated to

successfully explain the observed small hyperfine constant.

I. INTRODUCTION

'The hyperfine constant of europium atom was
measured' almost a decade back but a quantitative
understanding of it has remained elusive so far.
The reasons for this can be appreciated by an
examination of the relative sizes of some of the
contributions that have been considered previous-
ly, as compared to the experimental result. The
experimental value' of the hyperfine constant for
'"Eu is -8.8532+0.0002 MHz, which should be
compared with an earlier calculation' of the ex-
change-core polarization' (ECP} contribution of
-35 MHz, composed of substantial contributions
of opposing sign from individual shells, for ex-
arnple, -182, -181, and 275 MHz from the 3s,
4s, and 5s shells, respectively.

Two other mechanisms proposed by Sandars
and Beck' are the breakdown of LS coupling (BD LSC}
and the Casimir effects, both of which result from
the nonsphericity of the 4f' shell in relativistic
theory. A more-recent' relativistic Hartree-Fock
calculation of these latter effects led to contribu-
tion of 3.9 and -17.8 MHz, respectively, their
sum of -13.9 MHz being of comparable order as
the experimental hyperfine constant. A situation of
this kind, involving a relatively small experimental
hyperfine constant and a number of competing
mechanisms with comparable or substantially
larger contributions, requires that all such con-
tributions be obtained accurately in order to have
a complete explanation of the experimental result.
Thus in the case of phosphorus atom, it was cru-
cial to incorporate' correlation effects to bridge
the gap between the experimental value' and the
value arising from one-electron theory. Also a
recent investigation' on manganese atom has
shown that the relativistic enhancements of one-

and many-electron contributions were important
to obtain agreement with the experimental hyper-
fine constant. '

The rare-earth atoms being heavier usually in-
volve more significant canceilations among indi-
vidual shells and are expected to have more pro-
nounced relativistic effects. In the present work
we have therefore carried out a complete relati-
vistic many-body analysis of the hyperfine inter-
action in europium using the linked-cluster many-
body perturbation-theory (LCMBPT} procedure. "

Further in order to obtain valuable insight into

the role of relativistic effects on various mech-
anisms, we have also carried out a complete non-
relativistic LCMBPT analysis, which has enabled
a comparison of corresponding relativistic and
nonrelativistic diagrams. The information ob-
tained from the present analysis regarding the
importance of relativistic effects as well as other
mechanisms such as ECP and correlation effects
is expected to be of general value for the under-
standing of these effects in other rare-earth sys-
tems both in the free state as well as in solids.

The various physical mechanisms that con-
tribute to the hyperfine constant are considered
in Sec. II. Also the procedures for evaluating
these diagrams in both the relativistic and non-
relativistic cases are briefly discussed. Section
III presents the results for the contributions from
the various mechanisms in both relativistic and
nonrelativistic theory. These results permit us
to draw conclusions regarding the relative im-
portance of all the physical mechanisms and the
influence of relativistic effects on them. Follow-
ing this a comparison is made between the ex-
perimental hyperfine constant and our net theore-
tical result after careful consideration of the ac-
curacy of the latter.
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H. THEORY

H, = g A,,(i) = g [--,' V',. + v(i)], (2)

where the summation over i runs over all the X
electrons in the atom and the matrix elements of
the one-electron potential v are given by
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In Eq. (3) the one-electron states n refer to the
Hartree-Fock states of the atom. In the relativis-
tic case, the corresponding H, is given by

g N

Ho= g ho(i) = g [co.; p;+P, m+w(i)]. (4)
t=l

The n1atrix elements of u are given by an equation
identical to (3}but with the states n replaced by
the four-component relativistic states obtained by
the prescription of Andriessen and Van Ormondt"
and utilized in the recent work on manganese atom. '
The perturbation Hamiltonian H' is given by

Hl —Q Q yÃ-1 (6)
i&j +if j

V," ' being the chosen one-electron potentials cor-
responding to H, in Eqs. (2} and (4).

The basis sets needed for the LCMBPT proced-
ure are generated by solving the one-electron
equations corresponding to H, . For the relativis-
tic case the one-electron basis states are the four
component j rn states. The unperturbed ground
states 4, of the many-electron system is con-
structed for both the nonrelativistic and the rela-
tivistic cases through appropriate occupation of
the one-electron basis states.

For studying hyperfine properties, one needs
the expectation value of the hyperfine Hamiltonian
H„over the exact ground-state wave function of
the Hamiltonian H of Eq. (1) for the atom. Be-
cause of the spherical nature of the ground state
of Eu in the nonrelativistic approximation, the
electron-nuclear dipole hyperfine interaction does
not make any contribution and only the contact
term'0

H~= —
3 I 'Q 2s(6(r(}

87
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We briefly describe first the formalism and pro-
cedure for the calculation in order to facilitate the
presentation of the mechanisms and their contribu-
tions to the hyperfine constant. 'The Hamiltonian
for the many-electron atom can be written as fol-
lows:

H = Ho+ H' . (1)
The zero-order Hamiltonian H, in the single par-
ticle approximation is chosen to have the V" ' form

has to be considered. For the relativistic case
HN is given by

N fix r ~

3
3=1 5

where n,. are the Dirac matrices and p~ is the nu-
clear magnetic moment. The relativistic H„ in-
cludes the dipolar and the orbital terms along with
the contact term.

Using the linked-cluster expansion, the expecta-
tion value of the hyperfine Hamiltonian H„over the
ground state of H can be written"

&H„&= P &c, I "„H„„Ic,&, .
m no 0 0 0 0

(8)

The subscript L denotes that only the linked dia-
grams have to be considered in each order. The
diagrams representing the various terms in a
given order of the perturbation expansion are la-
beled by the pair of indices (n, m).

In the nonrelativistic case the contributions from
the lowest order (0, 0}vanish both because of the
sphericity of the ground state and because the 4f
electrons have no density at the nucleus and so can-
not contribute to the contact interaction. In the
relativistic case, however, one does get a finite
contribution in lowest order because of the lack of
sphericity of the ground state due to two types of spec-
troscopic term mixing. It can be shown" that there
is term-mixing both from within the 4f' configura-
tion and outside this configuration. These two types
of mixing lead to the two mechanisms referred to
in the literature4 as BDLSC and Casimir effects, re-
spectively. These effects are represented in Fig.
1(a), the one-electron state in this diagram re-
ferring to the relativistic 4f state constructed ac-
cording to the prescription of Andriessen and Van
Ormondt.

In the next order of perturbation (0, 1) we get
the ECP contribution given by the diagram of Fig.
1(b}. In this order and in all higher ones the hole
states in the diagrams that correspond to the 4f
shell are chosen according to the prescription of
Andriessen and Van Ormondt while the rest of the
hole and particle states are j»~ states. It should
be noted that in the relativistic approach the hole
states in Fig. 1(b) can be p, &, states in addition
to being sl/2 states, the latter ones being the only
ones that contribute in nonrelativistic theory.

In the second order of perturbation there are
two types of terms, (0, 2) and (1, 1). Each of these
types is composed of two classes, namely, the
one-electron consistency and the dynamic-corre-
lation diagrams. The former class corrects the
potential felt by one electron in some orbital for the
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FIG. 1. Typical hyperfine diagrams of various orders
for Euo atom.

changes in the orbitals of the other electrons pro-
duced by the magnetic hyperfine interaction. The
dynamic correlation diagrams represent mixing
into the ground state of states in which two elec-
trons are simultaneously excited. Typical con-
sistency and correlation diagrams of these orders
a,re shown, respectively, in Figs. 1(c), 1(d), and

1(e) and Figs. 1(f) and 1(g). The important dia-
grams beyond second order are represented by
Figs. 1(h)-1(k). Of these higher-order diagrams,
in the type 1(h}, the class with m =n=q are com-
bined with the diagram 1(d) with m =n to give lad-
der corrections"o to the (0, 1) ECP diagram.
These ladder corrections are characteristic of the
chosen V" ' potential. The class of diagram 1(h)
with m =no q was also included as a similar lad-
der correction to the (0, 2) consistency contribu-
tions. The rearrangement diagram 1(i) on the
other hand, represents the influence of pair cor-
relations among the electrons on the ECP diagram
1(b). The influence of these pair correlations is
included to all orders as a shift in the energy of
state n occurring in the energy denominator for dia-
gram 1(b). The remaining higher-order diagrams
in Fig. 1 are those of the type 1(h} with n~ a n, and

1(j) and 1(k). The evaluation of these higher-order
diagrams and comparison with the corresponding
lower-order ones such as, for instance, 1(k) with

1(c}, allows one to estimate the possible impor-
tance of the rest of the higher-order diagrams that
are not included in our work. This is necessary
for estimating the confidence limit of our theoreti-
cal result for the hyperfine constant.

TABLE I. Contributions to the hyperfine constant of ' Eu atom (in MHz) from relativistic
and nonrelativistic diagrams.

Perturbation
order Mechanism

Relativistic
result

I

Nonrelativistic
result

II

Relativistic
enhancement

I-II

Zero order
(0, 0)

First order
(0, 1)

Second order
(1, 1) + (0, 2)
Higher order
Total
Experiment

Casimir

BDLSC

ECP s type is
2s
3s
4s
5s
6s

Total
p type

Consistency
Correlation

-12.9
3.0

0.1

5.7
-215.3
—337.9

398.0
79.1

—70 ~ 3
3.0

55.5
6.9
3.9

—10.9
-8.8532 + 0.0002

0.1

1.5
—189.4
-189.1

253.6
40.2

-83.1

36.8
—1.4

2.7
—45.0

—12.9
3.0

12.8
3.0

18.7
8.3
1.2

34.1
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III. RESULTS AND DISCUSSION

Before entering into comparison between the net
theoretical result and the experimental result
we like to discuss some features of the contribu-
tions from various mechanisms, listed in Table
I. Qur results for zero order from Casimir
and BDI SC effects differ from those of the
earlier relativistic-Hartree- Fock calculation, '.

since there only one of the possible configur-
ations in jj coupling was used in constructing the
potential for generating the one-electron states
belonging to the 4f shell.

Turning next to first order, the individual shell
and net s-type ECP contributions are listed in
Table I. The latter includes both the sum of the
individual shell contributions as well as ladder
and rearrangement corrections. It is remarkable
that the net relativistic result is substantially
smaller than the nonrelativistic counterpart, un-
like what one expects from the increase" in the
s-state densities at the nucleus due to the con-
traction from relativistic effects. This feature
of the ECP result is a consequence of the combina-
tion of two facts. '" The first is that the ECP
contributions from individual shells vary in sign
as seen from Table I. 'The second is that while
due to relativistic effects, the densities of the in-
dividual shells at the nucleus always increase,
the exchange interaction of the various s shells
with the 4f electrons can either increase or de-
crease. The p-type ECP contribution as remarked
in Sec. II occurs only in relativistic theory.

The consistency and correlation contributions in
'Table I are obtained by evaluating all the cor-
responding second-order diagrams (typical ones
being represented in Figs. 1(c)-1(g) and the cor-
responding ladders. The net consistency effect
is much stronger than the net correlation effect
in both relativistic and nonrelativistic cases.
Though the individual correlation diagrams are
substantial, the net result is small due to can-
eellations among them. This cancellation also
leads to the interesting reversal in sign between
the relativistic and the nonrelativistic correlation
contributions.

The results in Table I, listed under higher-order
contributions, refer to those higher-order dia-
grams in Fig. 1 that were not included as ladder
or rearrangement corrections, that is, to a com-
bination of the correlation-type diagram 1(k), and

the consistency type diagram 1(j), and those of the
type 1(h) in which m en. This higher-order con-
tribution is seen to be substantially smaller than
the sum of the consistency and correlation con-
tributions grouped under second order in Table I.
Considering the fact that the higher-order dia-
grams individually were also found to be rather
small and that the higher-order contribution
is only 1% of the largest of the ECP contributions
(from 5s) indicates that the perturbation series
has indeed converged satisfactorily.

In view of the strong cancellations seen in Table
I between the ECP contributions from various
core ns shells and between the different mechan-
isms, it is important to estimate a confidence
limit for our net theoretical result. For this we
first consider the influence of higher-order dia-
grams not included in this work. An examination
of the relative importance of higher-order diagrams
included in Table I, as compared to their lowest-
order counterparts, and of the magnitudes of other
typical higher-order ones not included in Table I,
leads us to ascribe a confidence limit of +1 MHz
from this source. The other important source
to be considered in obtaining the confidence limit
is the influence of limitations in the computational
techniques. %e have made a conservative esti-
mate of +2 MHz for this contribution, through
evaluation of some of the larger (0, 1) diagrams
by an alternative method. " From these considera-
tions we estimate the confidence limit of our result
to be +3 MHz. The experimental result is seen
from Table I to agree well with our theoretical
result within the confidence limit.

In conclusion, the present study has provided
good agreement with experiment for the hyperfine
constant in europium atom, which has perhaps
the severest known cancellations among the various
contributions to the hyperfine constant. Further,
the analysis of all the one-electron and many-elec-
tron contributions studied here in both relativistic
and nonrelativistic theories, suggests that in gen-
eral for all rare-earth systems the quantitative
understanding of the hyperfine constants would
require the incorporation of all these contributions
using relativistic theory. The relativistic I CMBPT
procedure developed and applied here appears to be
well suited for such a task for all rare-earth atoms
and ions in free state. For rare-earth compounds
one has to complement this procedure by inclusion
of covalency effects.
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