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We construct a theory for localized electrons in disordered solids similar in spirit and intent to the Fermi-
liquid theory of Landau. That is, for low temperatures and excitation energies small compared to the Fermi
energy, the electrons may be viewed as forming a gas of localized quasiparticles. The phenomenological theory
is presented and applications are made to both equilibrium and time-dependent properties of the glass. A
microscopic justification of the quasiparticle picture is made by an examination of the single-particle Green’s
function of the interacting system. The collective properties of the glass are examined by studing the Bethe-
Salpeter equation satisfied by the four-point vertex for particle-hole scattering. This leads to the identification
of the phenomenological effective interaction between quasiparticles with a certain limit of the four-point
vertex and to a microscopic justification of the phenomenological transport equation used to study time-
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dependent phenomena.

I. INTRODUCTION

A great deal of theoretical effort has been di-
rected toward elucidating the features of the elec-
tronic wave functions and energy bands in the
presence of a random potential, leading to a qual-
itative understanding of many of the electronic
properties of noncrystalline solids.’ However,
the effects of electron-electron interactions have
received little attention. In this paper we try to
fill part of this gap by formulating a Fermi-liquid
theory for electrons in disordered solids. It is
a generalization of the Landau theory of tran-
slationally invariant Fermi liquids.?

The existence of such a theory was first con-
jectured by Anderson.® He suggested that phase-
space restrictions on scattering processes near
the Fermi level are relevant in the disordered
system as they are in the uniform one, with the
consequence that a quasiparticle description of
low-lying excitations is still valid. The differ-
ence is that the noninteracting system to which
one makes reference in defining quasiparticle
excitations is a disordered one, so the quasi-
particle wavefunctions have no long-range phase
coherence and may even be localized. He called
this description a Fermi-~glass theory. We con-
struct such a theory here, with special emphasis
on the case where the quasiparticles near the
Fermi level are localized.

Anderson’s quasiparticle picture depends on a
one-to-one correspondence, close enough to the
Fermi level, between the eigenstates of the in-
teracting system and those of a noninteracting
one. We therefore require knowledge of the sin-
gle-particle states of this disordered system. Al-
though we do not know the explicit form of these
states the way we do in the crystalline case (where
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they are Bloch states), we do have a reasonable
knowledge of their general properties.! For ex-
ample, we know that they may be extended or lo-
calized, in the sense that the correlation func-
tion { | ¥, (x)[2| ¥, (0)[?) has infinite or finite range,
and that localized and extended states cannot co-
exist at a given energy E. Critical energies E,
separate a band into localized and extended parts;
their positions are functions of the degree of dis-
order in the potential. For sufficient disorder,
all states will be localized.* On the basis of these
established features, we shall assume here that
we know adequately any statistical properties of
the states near the Fermi energy which are nec-
essary to evaluate physically measurable quan-
tities.

Despite our ignorance of the detailed features
of the one-electron eigenstates of a particular
member of the statistical ensemble of systems,
we will sometimes find it useful to have a labeling
scheme for localized states. Although this scheme
is incomplete and has no rigorous basis, it is con-
sistent with what we know about these states from
previous work and is useful for understanding
physically the expressions we write later for vari-
ous quantities. Consider a particular energy E;
eigenfunctions of this energy have a characteristic
extent in space, the localization length I(£), if
they are localized. Part of specifying a state,
then, is saying where it is localized, which we
do by specifying a position R. No R, of course,
is defined much more precisely than within a lo-
calization length. There are many states localized
near a given ﬁ, and since they are orthogonal to
each other, they must all have different numbers
of oscillations in amplitude within the localization
region. We express these oscillatory features
(admittedly imprecisely) by a generalized local
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wave vector K. We therefore write the general
eigenstate | #) as | R,K). The number of values

of K at a given R depends on the localization length
and thus on E; the limit on the precision of defi~
nition of K can be obtained through the uncertainty
principle: AK=1/I(E). Hence there are v(E)[I(E)/
L] values of K per unit energy characterizing
states with energy E localized near a given point
R where v(E) is the density of states, L the size

of the system and d the dimensionality. Note that
K is not really a wave vector, and thinking of it

as one too literally can lead to nonsensical re-
sults. It is just a way of specifying the typcial
number of wiggles in the wave function.

It is appropriate here to review the basic fea~
tures of Landau’s Fermi-liquid theory for the
uniform system. Its aim is to account for the ef-
fects of interparticle interactions on the prop-
erties of a system of fermions at low tempera-
tures. Landau assumed that the excitations of
the Fermi liquid, like those of the Fermi gas,
could be labeled by their momenta or wave vector
k. That is, in the adiabatic generation of the Fer-
mi liquid from the Fermi gas, no phase transition
which breaks translational invariance occurs.
Landau argued further that because of Pauli-prin-
ciple restrictions on the scattering in and out of
these eigenstates near the Fermi surface, their
collisional lifetimes should vary like (E - Ep)"3,
thus justifying the quasiparticle picture for low-
lying excitations. This argument assumes that no
broken symmetry which alters or destroys the
Fermi surface, such as magnetic order, Mott
transition, or superconductivity occurs. The con-
dition that no such catastrophe occur serves to
define a normal Fermi system to which Landau’s
theory applies. In this paper we shall also re-
strict our attention to systems which are normal
in an analogous sense.

A second consequence of the Fermi-surface
restrictions on scattering processes is the fact
that quasiparticle-quasiparticle interactions can
be described by a self-consistent field picture.
The interaction is characterized by the phenom-
enological scattering functionf“BV‘s(fé -%’) in terms
of which the energy é2® of a quasiparticle in a
state | k) is given by

El=eg®e 3 Do FOBI (R kNN (k7). (1.1)
ys k!

The Greek indices are spin indices which assume
the values @ =1,2. In the absence of an external
magnetic field e28=(k2/2m*)6,5 (m* is the quasi-
particle mass) is the energy of a single excited
quasiparticle. The second term in (1.1) describes
the modifications of the quasiparticle energy re-
sulting from interactions of a quasiparticle in a

state | k) with the other excited quasiparticles in
states | 2’). The degree of excitation of the sys-
tem is described by 512%8 (k) =n*® (k) —n°(€,)d us,
the deviation of the quasiparticle distribution func-
tions #*? (k) from its equilibrium value n%e,) (a
Fermi function). A knowledge of f®8¥8 (%« ') to-
gether with m* [or equivalently the quasiparticle
density of states at the Fermi energy v(ep) =m *kp/
72 ] provides a complete description of all of the
low~temperature properties of an interacting Fer-
mi system,

The Landau scattering function may be written

FoEV(ReR') =A (R R)00s0,5 +B(R+R")GupeGys
(1.2)

where A (k%) describes the spin-independent part
of the quasiparticle interaction while B(% - £’) de-
scribes the exchange interaction between quasi-~
particles. The functions A(%«%’) and B(%«%’) de-
pend only on the angle between % and &’ since for
quasiparticles on the Fermi surface |El= | E’[=kF.
The expansion of these functions in a series of
Legendre polynomials defines a set of dimension-
less parameters A; and B;. The effects of inter-
actions on the low-temperature properties of the
system are then expressed in terms of these pa-
rameters.

The Landau theory is applicable to both equili-
brium and nonequilibrium phenomena provided
that (g, w) «< (g, €z), Where g and w are the wave
number and frequency of an external disturbance.
To study nonequilibrium phenomena Landau de-
rived a Boltzmann-like transport equation for the
semiclassical phase-space distribution function
n®® (k,7,t) by using the quasiparticle energy in
(1.1) as a classical Hamiltonian in the classical
Liouville equation.

In the phenomenological Fermi-glass theory we
describe below, we shall proceed in as close anal-
ogy as possible with Landau’s theory. The quasi-
particle state label K will have to be replaced by
the formal label n of the exact eigenstates [or
sometimes for illustrative purposes, by our in-
formal labels (R, K)], and we shall have to use
a full density matrix in place of the semiclassical
distribution function n*® (&, ,t), but the basic
structure will be the same.

Our paper is organized in the following manner.
In Sec. II we introduce the basic assumptions
underlying the theory and proceed to develop the
phenomenological theory. We obtain a phenomeno-
logical Hamiltonian for quasiparticles in terms
of an effective interaction (analogous to the Landau
scattering function). This effective Hamiltonian
is used to obtain a quantum-mechanical transport
equation (analogous to the Landau-Boltzmann .
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equation) which may be used to study the effects
of interactions on nonequilibrium properties of
the Fermi glass. Section III is devoted to some
applications of the phenomenological theory. In
the first part of this section we consider some
static properties of the glass (i.e., specific heat
and magnetic susceptibility). The second part of
this section considers time-dependent properties
of the glass. In particular we calculate the tran-
sverse dynamical susceptibility y,(w) (which is
measured in an electron-spin resonance experi-
ment) in the presence of a static uniform mag-
netic field. We also calculate the ac conductivity
o(w) of the glass. Section IV considers the mi-
croscopic description of the Fermi glass at T=0
and is intended in part to justify the phenomeno-
logical theory. The first part of this section is
devoted to a study of the single-particle properties
of the Fermi glass. We study the single-particle
Green’s function and show that for energies near
the Fermi energy the notion of well-defined quasi-
particle excitations is valid in the glass. In the
second part of this section we study the collective
properties of the Fermi glass. We study the
Bethe-Salpeter equation satisfied by the four-point
vertex for particle-hole scattering. From a con-
sideration of the poles in this function for small
energy transfer w we establish the validity of our
phenomenological transport equation and identify
our effective interaction with a certain limit of
the four-point vertex.

II. THEORY: BASIC ASSUMPTIONS
AND PHENOMENOLOGY

The basic assumptions of our theory are similar
to those of the Landau theory of Fermi liquids and
we briefly state them here:

(i) In the adiabatic transition from the noninter-
acting disordered system to the Fermi glass there
remains a one-to-one correspondence between the
low-lying excitations of the noninteracting system
and those of the interacting system. An excited
state of the Fermi glass corresponds to the oc-
cupation of quasiparticle states | ) with energies
€,>€p and the occupation of an equal number of
quasihole states | m) with energies €,,<€,. These
particle-hole excitations differ from those in the
noninteracting system because of their interac-
tions. The interactions lead to a damping of these
excitations and, as we shall see, the notion of a
quasiparticle is only valid for energies ¢, near
the Fermi energy €z.

(ii) Our second assumption is that the state of
the Fermi glass is completely determined by a
knowledge of the quasiparticle density matrix

Npm- It is @ 2X2 matrix in spin space (in the fol-

lowing analysis we shall not write the spin indices
explicitly as we did in Sec. I).

It follows from the above assumptions that the
total energy of the glass is some functional of the
quasiparticle density matrix which for small de-
partures 6n,, from equilibrium may be expanded
in a Taylor series

E[nnm] =EO +E € mn 6nnm

mn
+3 D B s MOy 5 2.1)
mnrs

where in both of the above summations a trace
over all spin indices must be understood. We
have defined the matrices

€ = (OE /01 ) = o 2.2)
and
® s = (6% B/ S0y Oys) = 0 (2.3)

(here n° is the equilibrium density matrix, a Fer-
mi function). We note from (2.3) (by interchanging
the order of differentiation) that

<I>mrlrs =¢rsmn * (2'3')
The first term in (2.1) is the ground-state energy

of the glass. If we define 6FE =E —E, then we can
write

OE =tr(h +56h)on , (2.4)

where we have used (2.1)-(2.4) to define a single-
particle Hamiltonian for quasiparticles 2=k +56h
which has matrix elements in the quasiparticle
state basis |m) given by

ilmnzemn+zcbmnrsansr . (2.5)
rs
In the quasiparticle Hamiltonianl'z, the first term

-h is the Hamiltonian for a single quasiparticle

while the second term 64 describes the interac-
tions between a quasiparticle and the other ex-
cited quasiparticles of the glass. If we consider
a single quasiparticle, the quasiparticle Hamil-
tonian 72 will be diagonal in the quasiparticle state
basis and we haves,, =€, =€,0,,, where ¢, is
the energy of a single quasiparticle in the state
|#). In the absence of an external magnetic field
or of magnetic order there is not preferred di-
rections of spin and therefore €, will be indepen-
dent of spin (i.e., proportional to the unit matrix
in spin space). The effects of interactions are
described by the matrix &, . which is analogous
to f (k +£’) in Landau’s theory of Fermi liquids.
The quasipartigle density of states v(e) (for both
directions of spin) is defined at finite temperatures

by



vie) =tr <— %), (2.6)
where
2%(R) :(eB(h—u)+1)-1_ (2.6%)

At low temperatures 7'« 7 the quasiparticle den-
sity of states at the Fermi energy may be written

vieg) =2 Zé(en—ep). 2.7

If we neglect interactions (i.e., &, =0) our the-
ory describes a system of independent quasipar-
ticles and the only modifications of the low-tem-
perature properties of the glass is the replacement
of the free-electron density of states by the quasi-
particle density of states. The interesting modifi-
cations of the noninteracting system arise from the
interaction part 6% of the quasiparticle Hamilto-
nian. As we shall see, the quasiparticle density
of states together with certain averages of the
matrix ¢,,... (these averages define dimensionless
parameters similar to the Landau parameters) over
states at the Fermi energy give a complete de-
scription of the low-temperature properties of the
Fermi glass.

In the absence of spin-orbit coupling the most
general rotationally invariant form for &, is
given by

q’mm‘s =Amm's +an7‘S-(; ._(;I N (2'8)

A,..s describes the spin-independent part of the
quasiparticle interaction and B,,,,, describes the
exchange interaction between quasiparticles. It
is convenient to write

My =0 fu + 0¥ G (2.9)
where we have defined the matrices

O =% T 5 My (2.10)
and

6%, =5tr, 55, (2.11)
(here tr denotes a trace over spins). 6f,, and
6\1;,,,,, are the number density and spin-density
matrices, respectively. One finds that the quasi-

particle Hamiltonian may be written in terms of
5f and 5 as

].;lmn =€n5nm +2 ZAmnrséfsr +26 ° ZBMYIT«‘Jé‘I’ST N
rs rs

(2.12)
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In Sec. III we shall use the self-consistent single-
particle Hamiltonian (2.12) to calculate various
static and dynamic properties of the Fermi glass.

In general one is interested in calculating the
linear response of the Fermi glass to a weak time-
dependent, nonuniform external field of frequency
w<«<e€p (=1 in our units) and wave vector ¢g. The
Hamiltonian for a quasiparticle in the presence of
the external field is obtained from (2.12) by making
the replacement 2 =~ + V(r,t), where the interac-
tion energy of a quasiparticle with the field may be
written

Vo, t) =V, t) +V,0r, 1)+ 5 . (2.13)

The average value of a dynamical variable A (i.e.,
current, magnetization, etc.) is given by

(Ag',q,w)) =tr A% bn,(w), (2.14)

where A%} is the Fourier transform at wave vector
q' of the single-particle operator A°(r) corre-
sponding to A, and the trace in (2.14) denotes both
a trace over spins and quasiparticle states |#).
While for a crystal ¢ =¢’ modulo a reciprocal-
lattice vector, ¢ and ¢’ are in general independent
in a random system. In order to calculate the
statistical average in (2.14) we need to determine
the deviation 6n of the quasiparticle density ma-
trix from its equilibrium value. That is, for time-
dependent problems, we must solve the equation
of motion of the quasiparticle density matrix:

;21 7, n]

ol (2.15)

obeyed by the quasiparticle density matrix. Equa-
tion (2.15) in our theory is the analog of the Lan-
dau-Boltzmann equation in the Landau theory of
Fermi liquids.

We observe that after linearizing (2.15) we will
have an integral equation to solve for on(w) as can
be seen by recalling (2.5).

It should be clear from (2.14) and (2.15) that
(A(q’,q,w)) is a functional of the parameters of
our theory. That is, the statistical average in
(2.14) will in general depend functionally on the
quasiparticle energies ¢, and the interaction ma-
trix ... These parameters are random vari-
ables describable by a probability distribution
function. In order to compare calculated quantities
such as (A(g’,q,w)) with the results of measure-
ments we must perform a further configurational
average over an ensemble of random systems. We
denote such a configurational average by a sub-
script ¢. If the configurational statistics are ho-
mogeneous, off-diagonal (g#¢’) elements of
«A(g’', q,w))) . will vanish.
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III. APPLICATIONS OF THE PHENOMENOLOGICAL THEORY
A. Static properties

1. Specific heat

The specific heat at constant volume C, is given
by

c,= <-§%>“ ) (3.1)

where F =E — 1 {N) is the free energy of the glass.
If we recall (2.4) the deviation of the free energy
from equilibrium is given by

OF =F —F,=tr(h —u)on +3trdadn. (3.2)
The change 6z in the quasiparticle density matrix
arises from the thermal excitation of quasiparti-
cles and is given by

_.0 0 _ on’
on=n(T +6T) —-n (T)-B—T—GT (3.3)

for an infinitesimal change 67T in the temperature.
Since

noT) = (P * M +1)"1 (3.4)
we can write (3.3) as
__om® (h-pu)

on = o T 6T . (3.5)

If we substitute (3.5) into (3.2) we have

oF=23 (e, —u)2<— Z—ZO> %Jro((aT)"’) ,

(3.8)

where we have observed that the second term in
(3.2) is of O((567)?) since 6% ~0(6n). If we recall
(3.1), then we can read off from the above equa-
tion that

-2 2 on’
Comg ey =n) (— " ) (3.7)
which may be written
N 2 on?
C,,—TJ; de v(e) (€ = ) (— ae>' (3.8)

At low temperatures we may use the Sommerfeld
expansion

0 2 T\*
_%=5(€_u)+%%6"(e—u)+0<7> (3.9)
in (3.8) and find
2 1 00 2
Co= gy | degerlvl@) e ~w)?lote -u),

(3.10)

so that
C, =5m2kgv(u) T .

As in the uniform Fermi liquid, the low-temper-
ature specific heat is not affected by the interac-
tions between quasiparticles. The only modifica-
tion of the noninteracting theory is the replacement
of the free-electron density of states by the quasi-
particle density of states.

(3.11)

2. Static magnetic susceptibility

If we apply a static magnetic field ﬁo =H ,Z to
the glass then the quasiparticle Hamiltonian may
be written

h=h -%gu,Hyo,+6h. (3.12)
In the presence of H, the glass will be in a state
of constrained equilibrium and we may write the
quasiparticle density matrix as

n°(h) =n°(h) +on , (3.13)
where #° is a Fermi function. If we combine (3.12)
and (3.13), we find that the deviation 6xn of the
quasiparticle density matrix from equilibrium may
be written

9

(o]
BZ (0h —tgupH,yo,) . (3.14)

on =

We want to calculate the average magnetization
(M) =xH, produced by the external field. This is

given by

(M) =Lgpytroon. (3.15)
We note from (3.14) and (3.15) that only the spin-
dependent part of 5% will contribute to ( M) since
the spin-independent part of 6% will vanish on
taking the trace over spins in (3.15). If we recall
(2.11), then (3.15) becomes
(M) =gup Y. 6%, - (3.16)
n
On multiplying both sides of (3.14) by  and taking
tr, we find

- an° T 3
0V, = Be. <2 Z BimrsO sy = 2815 Ho 6""‘) ’
n rs
(3.17)

where we have used (2.12). Equation (3.17) is an
integral equation for the spin density which in gen-
eral does not have a solution in closed form. We
can however obtain a series solution for 6\17,,,,, by
direct iteration of (3.17):
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5‘I’nm=-%g“3 0 8¢, <5mn+ZZBnmllll 9€ +2 Z Bnmlllz

I 1113

If we recall (3.16), we find the static magnetic
susceptibility may be written
X =3 (gug)?v 1 =v(B) +v¥(B? —+++),  (3.19)

where we have used (2.8) to introduce the quasi-~
particle density of states and have defined the
dimensionless parameters

1 on’ on°
v{B) ";Z <"2 36,‘1 >Bn1n1n2n2<-2 3¢ )7

ning n2

(3.20a)

1 an’ on’®
V2<B>=; Z <_2 9¢ )Bn1n1n2n3<_2 9€ >

ningngng n1 n2

an°
XB (=2
ngngng 4( 35"4>’

(3.20p)

and so forth. The configurational-averaged sus-
ceptibility ( x), is then obtained by replacing each
term {B") in the series (3.19) by ((B™))..

In the absence of exchange interactions ((B")), =0
for all » and the configurational-averaged suscep-
tibility (x), =4(guy)?v(ez) is a Pauli-like suscep-
tibility which is identical to the result one would
obtain from Fermi-gas theory by simply replacing
the free electron density of states by the quasi-
particle density of states. The modifications of
the susceptibility arising from the exchange inter-
actions are given by the series in (3.19). In anal-
ogy with Fermi-liquid theory we can define a sin-
gle parameter B, to represent the effects of the
exchange interaction on the cenfigurational-aver-
aged susceptibility of the glass. That is from
(3.19) we can write

<X,c> =(gu'B)2V/4(1 +Bo)y (3-21)
where the parameter B, is defined by the series
(1+By)" =1 =v BN +v*UB* ) =-++). (3.22)

As in Fermi-liquid theory the parameter B, must
be determined experimentally. The nature of the
exchange interactions in the glass determines the
algebraic sign of B;. I B,>0 (B,<0), then the ex-
change interactions in the glass are antiferromag-
netic (ferromagnetic), leading to a reduction (en-
hancement) of the susceptibility. If B, is negative,
then the stability of our assumed paramagnetic
ground state requires that B,>~1, since for B,
=~—1 the interactions lead to a ferromagnetic in-
stability.

an’
i g +) (3.18)
3

A necessary and sufficient condition for the
stability of our theory is that the series in (3.22)
converge to a positive number. The general con-
ditions for the convergence of such a series are
beyond the scope of this paper. However, we note
that if

L<_<_§_’”i>_>f_.<1, (3.23)

«B" Mo

then the series in (3.22) is absolutely convergent.
If we recall (3.20a) we see that (B) is the average
of the quasiparticle exchange interaction B,,,,, over
states at the Fermi energy. An interesting theo-
retical situation prevails if the following two con-
ditions are met: (i) the configurational average
of the quasiparticle exchange interaction vanishes
(i.e., {(B),=0) while there remains other nonzerc
terms in the series (3.22); and (ii) the series in
(3.22) diverges. This situation might appropriately
be called a “Fermi spin glass.”®
The meaning of the formal expressions (3.18)-
(3.20) we have derived can be made more tran-
sparent by an approximate treatment in the con-
text of the informal (R, K) representation we dis-
cussed in Sec. I. The first-order correction to
x [Eq. (3.20a)] becomes

=5 T (2 5wm)

R,K,R",K'

lim

)

x(RK|BIR'K")

X (—2 3;%1?’7) . (3.24)

(We have simplified notation by not writing the
matrix indices of B twice.) If the quasiparticle
interactions are short ranged, or, more pre-
cisely, their range is much less than the localiza-
tion length, only terms with R =R’ contribute.

Then (3. 24) contains an average of the qua.ntlty
(R,K|B| R, K’) over all localization regions R,
with the constraint that (R, K) and ¢(R,K’) must
be within =T of the Fermi level. Within a particu-
lar localization region, two states | RK) and

| RK") will have energy E, only if the two wave
functions have about the same number of oscil-
lations: |K|=|K’|. This gives them about the
same kinetic energy; they both have about the
same potential energy because they are localized
in the same region R. So for a given region ﬁ,
there will be a particular magnitude of K and K/,
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which we call K,(R), a sort of local Fermi mo-
mentum, for which e(K, R) =¢(K’,R) =E,. [K.(R)
will be large in deep trap regions and small in
shallow ones.] In this picture, the K and K’ sum-
mation in (3.24) becomes an integral over a local
Fermi surface. In a transparent notation,

v(B) =v(By(R))g (3.25)

and in the same way, (3.20b) can be expressed as
v¥(B%(R)),. Each term in the series (3.19) be-
comes an average over localization regions of a
power of a local Landau coefficient B,(R), and

=5 (gup)?v{[1+By(R)]™ . (3.26)

B. Dynamic properties
1. Dynamic susceptibility : Application to electron-spin resonance

In an electron-spin-resonance experiment one
applies a small uniform rf magnetic field B(t)
transverse to an applied dc field ﬁo. If the fre-
quency w of the rf field is near the resonance con-
dition w=guzH,, then the rf field will induce mag-
netic dipole transitions between the Zeeman levels
and produce a net transverse magnetization M, (w)
proportional to the applied rf field. The linear
response function for the driven spin system is
the frequency-dependent transverse susceptibility
X+ (w), which we now calculate.

The quasiparticle Hamiltonian can be written

h=h —L(gugH+0) +oh , (3.27)

where ﬁ=f102 +E(t). It is convenient to introduce
the quantity 67 which is the deviation of the quasi-
particle density matrix from local equilibrium and
is given by

n=n°(h) +on =n) +67 , (3.28)

so that from the above equations we have

_am®
on =61 + [67
The reason for introducing 67 is that it facilitates
the linearization of our transport since 67 is pro-
portional to the applied rf field while én contains
a piece which is zeroth order in the applied rf
field. This zeroth-order piece 6x#? is proportional
to the dc field H, and already appeared in our
earlier calculation of the static susceptibility.
If we substitute (3.27) into (2.15) and use (3.28) and
(3.29) we obtain the linearized equation of motion

~ g H-]. (3.29)
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;oon . on® pon® , - ob
ot ok ot 28H8T G

+[n,o1] - sgup

Hlo,, 6] +[679, 571] .
(3.30)

In (3.30) 52™ and 6% are the parts of 6% which
are first and zeroth order, respectively, in the
small rf field b(z).

We want to calculate the transverse magnetiza-
tion M, (w) produced by the rf field. This is given
by

M, () =%gup tro,dn=y,(w)b,(w), (3.31)
where o, =0, +io, and b, =b, +ib,. If we use (3.29),
then M, (w) may be written

o anO - > >
M, (w) =38up tro, <5n t o, Lok —é-(guBH-a)J> .

(3.32)

It is clear from (3.31) that we may write 61 =6 <o
since the 8f term in (2.9) will vanish on taking

the spin trace in (3.31). With this in mind we may
write the interaction part of the quasiparticle
Hamiltonian as follows:

}: _ on’
éhnm = 2 BnmfsénST + 2 Z& BﬂmTS ae 6 hST
rs rs S

e Bno
= 5(gus )23 By = (3.33)
7 r

where we have made use of (3.29). From (3.33)
we see that 62 and 64 satisfy the following
integral equations:

© - CLAP 0
6hn(in_zz:Bnmrs EYS 6h 2
rs

an’
= 5(g1sH00.)2 3 Bupr 5 (3.34)
r r

and

6h$?’731 = 2 ;BanséﬁST +2 Z;Bnmrs a Gh(l

> anl
~5g1sb3) 2, By ;Z«—. (3.35)
r r

In order to calculate 65 we need to solve (3.30),
(3.34), and (3.35) self-consistently. We look for
a solution of the form

) 0

- Hgupb B0, (3.36)

n
where A (w) is to be determined. If we substitute
the ansatz (3.36) into (3.35) we find

67y () =A (w)

670 (w) == 4(gub - 3) [A(w) +1]2 ZB,,,,,,, - +2 ZB,,M ot (3.37)
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If we iterate (3.37) we obtain the following series solution:

> - on° on® an®
Gh%(w)=—%(guab°0) [A(w) +1] <2 Z 2 - 9¢ +Z 2B mrs g€ 2B, 4 e '> . (3.38)
r T rst s

o€,

In the following analysis it will also be useful to have a series solution for 5h‘®), Iterations of (3.34) pro-

duces the following equation:

9 [

n
€,

on’ an’
5h(’32‘ == %(g“BHOU:)<2 ZBnmrr rYen +E 2B s S.E_ZBsrtt -3_€T+- °t ) (3.39)
r rst s

If we substitute the ansatz (3.36) into our time
Fourier-transformed equation of motion (3.30)
multiply both sides of the resulting equation by
o, and take the trace over spins we find on using
Egs. (3.38) and (3.39) that A (w) satisfies

[A(W) (w=-gugH,) +w]S,=0, (3.40)
where we have defined

an®
Sy=1+) 2B, - —
r r

an’ an’®
+ 2B s ;6:33,” PR (3.41)

rst

For S,+0 we have from (3.40) that
Aw)=-w/(w-gugH,). (3.42)

If we combine (3.42) and (3.36), we can write the
deviation from local equilibrium as follows:

w on® (guag-'o:)ﬁ
w=-gugH, 9¢, 2 nm *

O (W) =

(3.43)

The many-body effects which are contained in the
terms involving 64V and 64 in (3.30) have not
appeared in the solution (3.43) and the function
57,,,(w) is resonant at the free-electron Larmor
frequency w; =gugH, The remainder of the cal-
culation is straightforward. We substitute (3.43)
into (3.32) and make use of (3.38). After a little
algebra one finds that the configurational-averaged
transverse susceptibility (x,(w)), may be written

(@) o =={x)cgupHo/(w -gugH,), (3.44)

where (x), is given by (3.21). We see from (3.44)
that all of the many-body effects in (x,(w)), are
contained in the static susceptibility. In particular
we note that the position of the electron-spin reso-
nance occurs at the free-electron Larmor frequen-
cy w; =gugH, and is not affected by the exchange
interactions. We could have anticipated this re-
sult since we have not included spin-orbit coupling

r

in our theory. The reason is that the electron spin
resonance frequency is the rate of precession of
the total magnetization of the quasiparticles which
is a constant of the motion (i.e., commutes with
the microscopic Hamiltonian including Coulomb
interactions in the absence of spin-orbit interac-
tions).

2. ac conductivity of localized quasiparticles

In order to calculate the ac conductivity o(w)
of the Fermi glass we must first obtain an ex-
pression for the current produced when a time-
dependent external electric field is applied to the
glass. For a noninteracting system one simply
solves the linearized Liouville equation for 6n(w)
and calculates the induced current from the stan-
dard expression

J(w) =e tr Von(w) s (3.45)
where the velocity operator is given by
iV=[T,n] (3.45)

(n is the single-particle Hamiltonian). In the Fer-
mi glass the change‘ on in the quasiparticle density
matrix, produced by the external field, produces
a change 6/ in the quasiparticle Hamiltonian and
therefore a first order (proportional to the applied
field) change 6V in the velocity operator given by

i5V=[T,6n] . (3.46)

If we include this contribution the induced current
becomes

J(w) =e trn°(7)6V(w) +e trVon(w) . (3.47)

If we apply a time-dependent electric field E
=E %e~'“? (w =w +i0) to the glass the quasiparticle
Hamiltonian may be written

h=h +6Rh +V(£), (3.48)
where

V(t) =—eEyxe™ vt , (3.49)
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The linearized Liouville equation becomes

‘ Effl“[h’ on] +[oh,n°(R)] +[V(®),n°(R)].  (3.50)

In order to solve (3.50) it is convenient to intro-~
duce the auxiliary function 87 defined by
én:e—'ihtéﬁeiht’ (3'51)

which when substituted into (3.50) yields the fol-
lowing equation:

§ 2, o))+ 0, (0], (3,52
where
Gii(t) =€“‘t5h(t)€-iht (353)

and similarly for ¥ (¢). We easily solve (3.52)
obtaining

t . ,
5 (t) = =1 f dtt e @memr en)t

X[87 (@) = €E g X ) [n%(e,,) =n%(€,)] -
(3.54)

J

rstv

If we observe that

Oy (£) =€ ™1 Cmren)E gy (), (3.55)
then we find from (3.54) that

Mg (@) = (R ~ €E g Xy ) Ly (@) (3.56)
where we have defined the function

L) =[n%e,) ~ne,)] /(w =€, +€, +in) .
(3.57)
On taking the tr_ of both sides of (3.56) we find

that the spin-independent part of the quasiparticle
density matrix satisfies the equation

5fmn(“‘)) = (2 ZAmnrséfsr - eEO an>Lmn(w) ‘
(3.58)

We obtain by iteration the series solution of (3.58)

6 pn(@) = = eEo(Xm,, D024, X Lo (@) + D024, Lo (w) 244, 1, Xyp Loy (@) +++ ->L,,m(w) . (3.59)
rs

By making use of Egs. (3.45’), (3.46), and (3.47)
it is easy to show that the current may be written
in the form

3(“’) =2e Z vnm <5fmn(w) - E ZAmnrséfsr (w) Lm"(O))‘,

7S

(3.60)

where the second term in the above expression is
the analog of the “backflow current” in the Landau
theory of Fermi liquids.® If we make use of (3.58)
then we can write (3.60) in the form

) =237, (z 2A s Lo ()0, (@)
_eonanm(w)), (3.61)

where we have defined the function
Lyp(w) =L, (w) = L,,,(0). (3.62)

We note that when A4, =0 Eq. (3.61) reduces to
the Kubo-Greenwood formula for noninteracting
particles.” Since the interaction (3.61) always ap-
pears multiplied by L, (w) we can immediately
deduce that there are no interaction effects at zero
frequency. The real part of the dc conductivity
vanishes as in the noninteracting case® since
L,.(0)=0. If we observe that

L, ()=wL,,(w)/(,~¢,), (3.63)

then on substituting (3.59) into (3.61) we find that
the ac conductivity is given by

o(w) =2ie? <Zx,,mLm,,(w)X,,,,,(em =€) +w 3 X, L (0) 24 s Ly (@) X,

mn mnrs

tw Z XnmLmn(w) 2Amnrs Lsr(w) 2Asrut Ltv(w)Xtv e ') . (3'64)

mnrstv

From (3.64) we obtain an expression for the real part of the conductivity
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Reo(w)=~2¢*wlmy L 3 (2AL) +x =~2¢%wImx+L(1-2AL)"x, (3.85)

n=0

where A and I are matrices with elements

(WLl ALY =Ay s (ol Z1EsL) =Ly, 8y 4,600 (3.66)

and x is a vector with components X, . Explicitly

gc_'i(ZAfz)"-o_cﬁ Z

e lone

Since 1 is the only complex quantity in these ex-
pressions. The imaginary part of the nth order
term in (3.65) is proportional to

n+l
1m9_c_°f/(2Ai)" -£=Z X (2L *A )2
=1

XImL(2AL)H ey,

(3.68)
in the same matrix notation. Hence

Reo(w) =—2e°wx * i (L*¥A)' Im L i QALY -x

=0
==2efwx- (1 -Zf,*A)"llmf,(l —ZAI',)'l.&.
(3.69)

Thus, except for the vertex correction to the posi~
tion operator

x=x'=(1-2AL)"x (3.10)

(3.70) is simply the Kubo-Greenwood formula
valid for noninteracting quasiparticles. Mott’s
argument for the resulting frequency dependence

Reg (w) « w?(lnw)* (3.71)

then goes through in essentially its original form.
The frequency dependence remains of the form
(3.71); only the magnitude of ¢ is affected by the
vertex corrections.

IV. MICROSCOPIC THEORY OF THE FERMI
GLASSAT T=0

A. Single-particle properties

The existence of the Fermi-glass theory we have
constructed depends, like the Fermi-liquid theory
of Landau, on the notion of well defined quasi-
particle excitations near the Fermi energy. The
purpose of this subsection is to demonstrate
that the same phase space restrictions on elec-
tron-electron scattering that exist in the Fermi
liquid are also operative in the Fermi glass. As
in the liquid, the physical basis for those restric-
tions lie in the Pauli exclusion principle which

(xlllngllg ((-U) zAlzlllglq. vt

24 I2n Yan=1 Ton+1lent2 L Tana2’ Iznel (W)X Tn+2 I2n+ L ) (3.67)

prohibits an electron from scattering into an oc-
cupied state,

In this section we will work in a basis of states
|#) in which the exact single-particle Green’s
function G is diagonal. In this basis G satisfies
the usual Dyson equation

G ME)=E -9 -3 (E). (4.1)

In order to prove Anderson’s conjecture that there
exist well defined quasiparticle excitations in the
Fermi glass we need to examine the irreducible
self-energy =,(E) in Eq. (4.1). We will examine

2 .(E) by using self-consistent perturbation theory,
in which the fermion lines in all diagrams rep-
resent exact propagators G, (E), and we omit all
diagrams with dressings on the propagator lines.
The first-order contributions to ,(E) correspond
to the standard Hartree-Fock diagrams. These
diagrams give a real, energy-independent con-

I

w

N m n_
. (a) :
n I
L |

L~ _m | n

(b) :

FIG. 1. Two second-order diagrams contributing to
Im Z, (E). The solid lines are exact single-particle
propagators and the dashed lines represent the electron—
electron interaction.
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tribution to 3 ,,(E) which corrects the single-par-
ticle energy e‘,}?. The first contribution to lmZ,,,(E)
(and therefore to the quasiparticle lifetime) comes
from the two second-order diagrams in Figs. 1(a)

* dE'dE"
Zn(E) =Z Vrmns Vsmnr _ (2,”)2

mrs

and 1(b). We will consider in detail the diagram
shown in Fig. 1(a) [the diagram in Fig. 1(b) leads
to similar results].

The contribution of the diagram in Fig. 1(a) is

G,(E")G,(E")G,(E +E" -E’). (4.2)

To proceed, we introduce the zero-temperature spectral representation for G,(E)

f &) . frix) >,

GnlE) = [,,, dXA"(x)<E —-x=in E -x+in

(4.3)

where A,(x) is the spectral weight function, f*(x) =0(x) [©(x) is a step function] and  =0*. If we

substitute (4.3) into (4.2), we find

Zn(E) :ZVrmns I{smm- [ dxldxzdxsAm(xl)As(xz)Ar(xs) (E _xl_xs +x2—in

mrs

f—(xl)f+(x2)f_(x3) + f+(x1)f-(x2)f+(x3) >

E+%,=%x5=x, +11)

(4.4)

Since the spectral weight functions are by definition real we have

1m2"(E) ="T‘"Z Vrmns Vsmnr fw dxldxz {Am(xl)As(xz)Ar(xl +x2—E) [f+(x1)f+(x2)f-(x1 +x2—E)

mrs

There are two cases to be considered in (4.5):
(i) E =0 and (ii) E<0. We shall only consider the
case E 20 since E <0 can be similarly analyzed.
For E 20 the term proportional to f ~(x,)f (x,) f* (x,
+x,—E) vanishes due to an incompatibility of the
step functions. If we consider the limit E—~0* in
the remaining term, then because of the step func-
tions the only contribution from the integral comes
from x,,x,~0% for x, +x,<E. Since all energies
in (4.5) are then near the Fermi energy (e, =0) we
make the quasiparticle ansatz for the spectral
weight function

A,x)=Z,6(c;~€,). (4.6)

To show the self-consistency of this ansatz is the
aim of this subsection. If we substitute (4.6) into
(4.5), then to O(E?) we find that Im 3, (E) has the
form

m /;
Im En(E) == EEEZ VrmnsVsmanerZs
mrs .
X6(e,=1*)0(€s=N")O(E - €,,— €, +€,).
(4.7

We find the same proportionality to E? that char-

—f-(xl)f-(xz)f+(x1+x2-E)]}- (4.5)

acterizes the quasiparticle decay rate in the nor-
mal uniform Fermi liquid. It arises because of
the restrictions on the region of integration in
(4.5) imposed by the Fermi functions f*; x,,x,>0
and (v, +x,)<E. The part of ImZ, coming from
Fig. 1(b) gives a contribution of the same form,
that is, a series of §-function spikes modulated by
a factor EZ.

In general we can write a spectral representa-
tion for T, (E) which has the form

CED)
Z . (E) =Z W . (4.8)
m

That is, = has a set of poles E =E® +in with resi-
dues C (E®) o E®2.

This form is valid in a finite system (of arbi-
trary size). For a uniform system, as the limit
of infinite size is taken, the number of poles
grows like the size of the system while the resi-
dues of the individual poles scale like the inverse
of the size. Hence T (like G) acquires a branch
cut singularity. When the states of relevance (i.e.,
those near E, in this case) are localized, however,
the analytic structure of ¥ in the infinite-volume
limit is rather different, as Anderson® has pointed
out for the case of the Green’s function in the non-
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interacting system. As the size of the system
grows, ¥ acquires more and more poles, but their
residues will generally be smaller and smaller.
The system can always be approximated arbitrari-
ly well (in the sense that the sum of the residues
of the omitted poles can be made arbitrarily
small) by a finite one, with a finite number of
poles in ©. (The correct qualitative features of
Z can be obtained just by choosing the size of the
system larger than the localization length.) In
order to discuss the problem we have here, there-
fore, we will always use the discrete-pole form
of ¥ (4.8), and only take the limit of large volume
at the end.

The single particle spectrum is given by the
poles in G,(E), that is by the solutions of

el —eP=Rex (). (4.9)

The residue Zf, corresponding to the pole ei, is
given by

; 9% Tl
e R -2 4.1
2| (aF) : (4.10)
so that G,(E) has the form
0 Zi 4.11)
G"(E)“Z,.: E —¢! +in (4.

Figure 2(a) shows how the roots ef, are interleaved
between the poles of Z,(E). The residues Z will
be large when the line £ ~¢/9 crosses Z,(E) ata
point where the slope of T is small. That is, Z}
will tend to be large when the intersection lies
about halfway between two successive E{, and
small when the intersection lies near an E(,."’ since
| 6= /0E| blows up at the . Figure 2(b) shows
the resulting structure in

|G, (B)l =1 Y Z16(E ~€l).
t

The question we want to ask in ascertaining the
validity of the quasiparticle hypothesis (4.6) is how
fast the residues fall off as we move away in en-
ergy from the largest one. H they fall off fast
enough, we can ignore all poles but the one with
the largest Zi, and the self-consistency of (4.6)
will be proved. To show this, we pretend for the
moment that all the E({‘) are equally spaced, and
that in the energy range in which we are looking,
the strengths C(E%) of all the poles in 3 (E) are
all the same value, C. This fictional situation
will be sufficient to establish the typical way that
the Z} fall off, although it will miss fluctuations in
the /;, such as appear in the more realistic picture
of Fig. 2,

Consider the graphical solution of Eq. (4.9), as
shown in Fig. 2. We let & be the spacing between

Re /| (a)

[Im G, !

|

FIG. 2. (a) Schematic graphical solution of Eq. (4.8).
The solid lines are the ReZ, (E ). The dashed lines are
the spikes in | ImZ, (E)| at the energies E,(:) in Eq. (4.8).
(b) Shows the resulting bebavior in|ImG, (E)|. Note
that Figs. 2(a} and 2(b) are drawn with a common energy
scale E.

the E% in (4.8). The largest Z% is clearly ob-
tained when the line £ ~ E© crosses 2,(£) at © =0.
We number our roots €! so that thisi=1. In the
following, we take e(,,l) as the origin of energy. In
the first interval we can write

3, (E)=C [(E +56)" 1 + (& - 50)"], (4.12)

where we have approximated the sum in Eq. (4.8)
by only keeping the energies E%) corresponding to
the end points of the interval. This is a good ap-
proximation, in a small region of energy where C
is slowly varying, since these terms have the
smallest denominators. The derivative of % ,(E)
evaluated at E =0 is

oz __ 3¢
(8E>E~0- = - (4.13)

In the second interval = (E£) crosses zero with the
same slope (4.13); elementary algebra then yields
the position of the second root, e(f), as

@=5-6%/8C +0(5°). (4.14)

The position of the second root has therefore been
shifted by 6%/8C towards the left-hand end point
of the interval. In each subsequent interval the
root is shifted closer to the left-hand end point of
the interval. Since | 8% /5E| increases in each in-
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terval as the end point is approached the corre-
sponding residues decrease in successive inter-
vals. In an interval for which the shift is ;6 the
residue will be decreased by roughly a factor of
2 relative to the residue at the root in the first
interval. Therefore let the shift in the Nth inter-
val be 6. Then from (4.14) N is given by N63/8C
~36. If we define the width in energy I' =N5, then

r=2c/s. (4.15)

This is the desired result, since C is proportional
to the square of the energy (measured from the
Fermi energy). Thus the behavior of the envelope
of the spikes in the spectral weight function for the
Fermi glass is the same as that of the spectral
weight function itself for a uniform normal Fermi
liquid. In either case ImG can be approximated

as well as one wants by a single spike at the quasi-
particle energy, provided that the energy is close
enough to the Fermi level.

Higher order diagrams should not change this
result. They can be analyzed using the reduced
graph expansion of Langer® and Ambegaokar® and
(to leading order in E) only affect the magnitude
of (4.7), not its E? dependence.

B. Collective properties

The intent of this section is to give a micro-
scopic basis to the phenomenological transport
equation introduced in Eq. (2.15). In the course
of this analysis we shall also relate the phenom-
enological effective interaction &,,,,, [see Eq. (2.1)]
between quasiparticles to a gquantity which can in
principle be calculated microscopically. In writing
this section we have followed as closely as pos-
sible the original work of Landau.°

The four-point vertex for particle-hole scat-
tering in the glass satisfies the Bethe-Salpeter
equation

. dE
Tpnsr(€, €', w0) =T0 (e, €’,w) -—zf o D Thsw (€,B,w)G5(E +0) G5 (E) Trsy, (B, w, €). (4.16)
® ws

In (4.16) TY (e, €’,w) is the irreducible four-
point vertex for particle-hole scattering. The
Bethe-Salpeter equation (4.16) is shown graphi-
cally in Fig. 3.

We are interested in I',,, (€, €’, w) for energies
near the Fermi energy e, =0. By virtue of the
results of Sec. IV A the exact Green’s functions
in (4.16) may be written at 7'=0 in the form

Gs(E) =Zsf;/(E — € —iﬂ) +Zsf:/(E —€s +i77) )
(4.17)

where all quantities appearing in (4.17) have been
previously defined.

The poles in the four-point vertex I, (€}, €, w)
as a function of the energy transfer w in a scat-
tering correspond to the collective modes in the
system. In (4.16) we expect some singular be-
havior in I,,,,(€, €’,w) for w—0 since for e;z=es=0
the poles of the two internal propagators in (4.16)
coincide as w0 and w;z =€z — €z —~0. A gener-
alization of the argument given by Landau®® leads
to the result

Lm  G5(E +0) G5 (E) =G2(E) +iR 75 (E, w, wys) ,
Wns =0

(4.18)

where we have defined the quantity

21252 6(E)bles) wrg
W= wyz tia

R%—(E,w,w,—n;)= s

(4.19)

with @ =n*. We note thatlim Ry for w -~ 0andwz~—~ 0
is not well defined since it depends on the order

in which the two limits are taken. We define the
limit I'“(e, €’) of I'(e, €', w) by first performing

the sum over states e;~ez in (4.16) keeping w
finite and then letting w—0. If we use (4.18) we
find that _

m r m r
€ €’/ € €/
€-Ww S €—-Ww S
n €lw n €-w

FIG. 3. Graphical representation of the Bethe-Salpeter
equation (4.16).
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Timrs(€5 €") =Tl €, -1y " 2E 1l (e, €) GAE) Ty (B, €). (420

If we take the limit w0 in (4.16) and use (4.18), we have

dE
T €100 =Tl €) =i 5 | e

In (4.21) we have set w =0 in T'® since it is a regu-
lar function of w. If we write (4.20) in an obvious
matrix notation, we have
r¢=r®-;rY¢?rv, (4.22)
which may be formally solved for T'“ to give
r¥=(1+r®g2)-1r®, ‘ (4.23)
On writing a similar equation for (4.21) we have
r=rY-ir@R +6*)r. (4.24)

We can eliminate I'® from the above equation by
combining (4.24) and (4.23). We find that

r=T“+T“RT. (4.25)

[ Equations (4.22)-(4.25) are analogous in form to
equations found by Landau for the uniform Fermi
liquid.] In the limit w—0 (i.e., near the pole of I')
'T'>TY so that (4.25) may be written as the follow-
ing homogeneous integral equation:

ansr(e, €',w)
Z—Z—G(e—)w——
Z w5 (€ : —so.ms“sﬂ'ozms Trzor (€', @) -

(4.26)

We observe that the indices s and » and the vari-
able €’ play the role of parameters in the above
equation. Therefore we look for a solution of the
form

rmnsr(e’ €', w) =gm,,(€, w)hs,.(€', w). (4.27)

If we substitute (4.27) into (4.26) and divide both
sides of the resulting equation by the common fac-
tor i,,(e’,w) we obtain the equation

VA VAL (N )w;;,;-
) g (w)

(4.28)

Emle, 0) = Zl‘mm prp—s
ms

In order to make further progress towards re-
lating (4.28) to our phenomenological transport
equation we write

s (@) =[Wpas /(@ = s +i)] 525 (4.29)

which leads to the equation

(e, E) (G?—,.(E)

(4.21)

2miZ 5 Z5 6(E) b(ex)wzs
W - wyz Ha

(W = Wy ) DT (@)

=Wy 9, Do (€) 257256 (€5)855 (w) -
ms

(4.30)

We recall that our phenomenological transport
equation [see (2.15)] in its linearized form is
given by

i 22 =1, on] +[0k,n%(n)], (4.31)

or more explicitly by
(@ = Wy ) ¥y (W) =672y [0e,, ) —1%e )], (4.32)

where at T =0 the quasiparticle equilibrium dis-
tribution function is a step function #n%e,) =©(-¢,).
Therefore at T'=0 we may write

n%e,) —n%€,) =wn,0(€,) . (4.33)

If we recall that 6%,
interaction &

is related to the effective
by the equation

mnrs

6hmn = Z @mm‘sénsr 2 (4‘34)
rs

then we may write (4.32) as follows:
(0 = W )00 () =Wy B(€ ) D By 5 O1175 ()
s
(4.35)
or upon writing
5 (W) = 67,0 (€,,) (4.36)
we find that (4.35) becomes

(W0 = Wy VDT (@) =W,y Z ® i 57 07z ()0 (€5)

(4.37)

so that our homogeneous phenomenological trans-
port equation is identical in form to (4.30) which
was obtained by an analysis of the Bethe-Salpeter
equation and which determines the collective modes
of the glass. By a comparison of (4.37) and (4.30)
we find that the effective interaction &, between
quasiparticles is related to their scattering by the
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equation

D inrs “Z mZ s Cmnrs 5 (4.38)

which is completely analogous to a result obtained
by Landau'® for the uniform Fermi liquid.

V. SUMMARY AND CONCLUSIONS

We have constructed a theory to account for the
effects of the electron-electron interaction on the
low-temperature (T «T}) electronic properties of
disordered solids. Although we have placed spe-
cial emphasis on the case where the single-parti-
cle states at the Fermi energy are localized, the
theory we have constructed is easily adapted to the
case of extended states. The low-lying excitations
of the system are viewed as quasiparticles. Each
quasiparticle is then viewed as a single entity
moving in the self-consistent field of all the other
quasiparticles. The resulting theory has the form
of a mean-field theory for the quasiparticles.

We have shown that the low-temperature elec-
tronic contribution to the specific heat is unaf-
fected by interactions; the only modification of
the free-electron theory is the replacement of the
free-electron density of states by the quasiparti-
cle density of states. The static spin suscepti-
bility has been calculated and shown to be either
enhanced or reduced by the interactions. Con-
ditions under which the series for the suscepti-
bility may diverge and a phase transition into a
“Fermi spin glass” state can occur have been
briefly discussed. The transverse dynamic sus-
ceptibility observed in an electron-spin-resonance

experiment has also been calculated. The position
of the resonance is unaffected by either the dis-
order or interactions and occurs at the free-elec-
tron Larmor frequency. We have calculated the
ac conductivity of localized quasiparticles and
shown that Mott’s result! Reg(w) oc w?(Inw)? is still
valid for interacting electrons; only the magnitude
of Reg(w) is affected by the interaction. We have
studied the single-particle Green’s function G(E)
for the interacting system and proven the self-
consistency of the quasiparticle picture by show-
ing that close enough to the Fermi energy one can
approximate the spectral weight function arbitrari-
ly well by a single spike at the quasiparticle ener-
gy. Finally, we have studied the Bethe-Salpeter
equation satisfied by the four-point vertex for
particle-hole scattering and have obtained a mic-
roscopic justification of the phenomenological
transport equation used to study time-dependent
phenomena.

As we have noted, our theory applies only to
what we call “normal” Fermi systems. A con-
densation into an abnormal state would be signaled
by the divergence of the power-series expression
for some response function. The modification of
this theoretical framework to accommodate ab-
normal ground states is under study.
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