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The energy levels of the ground state and the first excited state of a single electron, trapped at an oxygen-ion
vacancy in a ZnO crystal, have been calculated in this paper by using a semicontinuum model. The
electrostatic polarization potential of the vacancy is calculated by direct summations over the electronic and
atomic dipoles of the neighboring ions. The data of Tessman, Kahn, and Shockley on electronic polarizabilities
of the zinc ion and the oxygen ion in ZnO are used. Absorption and emission occurs according to the Franck-
Condon principle. The energy difference between the computed ground state and the excited state agrees well

with the experimental absorption wavelength. The evaluated value of the wavelength for the emission in the
transition of the electron from the relaxed excited state to the relaxed ground state is also in agreement with
observation.

I. INTROI3UCTION

Energy l.evels of an el.ectron trapped at a neg-
ative-ion vacancy in alkali halides have been cal-
culated by the semicontinuum model. . In this treat-
ment, the vacancy is represented by a potential
wel. l of depth V, and radius A. The principle con-
tribution to Vo is the Madelung potential V~, and
the electrostatic polarization potential V„ofthe
surrounding medium of the vacant ion. Krumhansl.
and Schwartz' suggested that polarization can
follow the motion of the electron adiabatically.
The average polarization potential (1 —1/e„)/2A
should be used in determining V, . Here &„is
the optical dielectric constant. Such a correction
has been recognized correct in the calculation of
the I" center in alkali halides. The polarization
potential may be calculated with the proper choice
of the value of A.

In this paper we actually cal.culate the electro-
static polarization potential at the center of an
oxygen-ion vacancy by adding the potentials at
the center contributed by the surrounding polarized
electronic dipoles and ionic displacements; a
basic method made by Mott and Littleton. ' Such
a calculation is possible by using the results of
the electronic polarizabilities of ions in ZnO ob-
tained by Tessman, Kahn, and Shockl. ey' (TKS),
and the effective ionic charges of ions in ZnO
obtained by Coulson, Hedei, and Stocker. ~ The
energy-level cal.culations are based upon Fowl. er's
treatment in al.kali halides. ' Trial hydrogenl. ike
wave functions are assumed for the ground and
the excited states. The energies are found by
us ing the var iational method. The optical ab-
sorption in a transition from the ground state of
the I' center to its 2P-like excited state occurs
according to the Franck-Condon principl. e. We
take into account the distortion of the lattice in

the relaxed ground state and the relaxed excited
state for the emission by assuming that the po-
tential remains spherically symmetric.

II. ELECTROSTATIC POLARIZATION POTENTIAL

(&, —f )/'(e, + 2) = —,
'

v N(n, + o. + n, ),

where X represents the number of molecules

(2)

The el.ectronic polarizabilities of ions in ZnO
have been determined by TKS' in a reverse pro-
cess. Starting by taking the measured index of
refraction, using simple additivity, and assuming
the correctness of the Lorentz formula, they
worked backward to find the electronic polariza-
bility. By using these data of the electronic polar-
izabilities of ions in ZnO, the Lorentz equation
holds. Here we assume that an oxygen-ion va-
cancy exists in ZnO. The vacancy will. give an
electric field which will produce electronic and
atomic polarizations. We fol. low the treatment
of Dekker' for such a problem by assuming an
ionic displacement x of the zinc-ion lattice re-
lated to the oxygen-ion lattice in a mol. ecule. Let
the effective ionic charge be Z. The atomic polar-
ization is represented by a point dipole of mo-
ment Zx at the location of each positive ion, and
the ionic displacement is related to the force by
the equation ZE, =fx. Here &; is the internal
field at the molecule and f is the restoring force
constant. Writing o.', for Z'/f, we obtain

p., =ot,E, , p, =-n I'-, , and Zx=a, E, ,

where p,+ and p, are the dipole moments of the
zinc ion and oxygen ion, respectively, n, and

represent the electronic polarizabilities of
the zinc ion and the oxygen ion, respectively, and
a, is the atomic polarizability. The value of at,
may be calculated from the equation'
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'0, = [Z(e„-1)/4«Ne, (n, + n )]

x[(n, +n, )r, '+n r, ']. (4)

The total potential Vp at the center of the vacancy
arising from polarization is obtained by adding
the contributions of al. l its neighboring ion pairs
of the lattice. The summations are carried out
according to the structure of the hexagonal lat-
tice, and we obtain

a'Q r,-. '=Q Qg [(f --,'m)'+-,'-m' +-,'(-'. +n)'] '
l m n

+P g P [(i --,'m)'+-,'(-,'+m)'
l m n

+-,'(- -', +n)']

(ion pairs) per unit volume, and e, is the static
diel, ectric const, ant. The internal electric field
may be calculated from TKS's data in n, and a
for zinc 2nd oxygen ions by the equation'

P, = N(n, + n )E, = [(e„—1)/4«] E,

where F- is the electric field in the crystal arising
from the vacancy.

The electric field E at a large distance x from
the center of the vacancy arising from the vacancy
is Z/(e, r'), and a dipole p at a lattice point gives
a potential lI,/r' at the center of the vacancy. Let
r; and r, be the distances of the zine ion and the
oxygen ion of a molecule (ion pair) to the center
of the vacancy. The potential at the center of
the vacancy due to an ion pair is given by

III. ENERGY STATES

The present calculations in electronic energy
states are based on the semicontinuum model
developed by Fowler. ' The Hamiltonian for the
electron trapped at a negative-ion vacancy is

p'
H= + P' V„„(r—R„)+V„,(r),

V

where the sum is over all lattice points R„,ex-
cept the vacancy V„„„(r—R„)is the perfect-crys-
tal potential centered at R„,and V „(r)takes
into account all the polarization effect. Inside
the vacancy,

H= P'/2m+ V,.
Fol.lowing Simpson" and Fowler, ' we write

(6)

ZM 1
V =-- +2V —y+-

d q(r)r 'dr,

where M is the Madelung constant (1.641), d is
the nearest-neighbor distance, y is the electron
affinity, 1/e*= 1/e„—1/e, , and q(r) is the frac-
tion of the electronic charge outside a sphere of
radius x in the low-frequency part of polarization
and is given by

a.u. By using the equation V~ =Z(1-1/e„)/8, we
found A =4.28 a.u. This value is comparable to
the nearest-neighbor distance 3.69 a.u. ' Similar
results have been obtained for the F center in
alkal. i halides' and the F center in the magnesium

. Oxide.

for zinc ions, and

a'Qr, ' =Q' Q ' Q' [(f ——,'m)'+-,'m'i —', n'] '
l m n

+Q Q Q [(l ——,
' m)'+ f(-,'+m)'

l m n

+-,'(-,'+n)'] '

for oxygen ions. The summations include the
potentials of all lattice points, except the vacancy,
within a sphere of 80 rings of like ions. Cal.cula-
tions with a computer give the values of the first
equation, 47.30, and the second, 26.14. The
primes on the summations indicate that the lattice
point with l =m =n =o simultaneously is excluded.
The lattice constant a is the distance of the near-
est l.ike ions. There are two mol. ecul. es per unit
cell in Zno; N in terms of a is u2/a'.

For the numerical calculation of V~, we use
Z=1.20, ' a =6.12 a.u. ,

' e, =(ell ej)'i', with ell-—6.6
and &i =7.6, &„=4.04, a+ =0.79&&10 "em', and

=2.1&&10 ' cm'. The l.ast three quantities are
data of TKS.' The value of V~ is found to be 0.211

Here 4 is the wave function of the state from
which absorption or emission takes place. V,
is measured from the bottom of the conduction
band. Outside the vacancy the Hamiltonian is
written

H=P'/2m+ —Z/ re,

where the effect of the eleetrostatie potential is
approximated by using an effective mass m* in
the conduction-band mass approximation, i.e.,

+Q V„„,(r —R„)=

and V „(r)—V „(r)are written in terms of an
effective dielectric constant e,«(r). Here the
prime in the summation over v is removed by
adding V„„,(r). According to Simpson" and Fow-
ler, ' we get

1 Z —1 1 1—+ —+ — q(s)s 'ds.

(12)



As in the calculations of energy l.evels of the E
center for alkali halides, we choose the wave
functions

iV~ =
& '4

~

—
I +a &; + & +aI, ~ 4'»» &.

(15)

4„=-(u'/7»»)'t '(1+c»r) e '",
= (P'/»»)»t'~e 8' cos8

(12)

(14)

for the E+-center calculations in ZnO. Here ~ and

P are variational parameters. The energies for
the ground state and the excited state are then

+ Vo(4'a ~ 4'a&» — ( ~&I —
I @'.&.

eff

where i means the integration to be taken over
the inside of the potential well of radius x & A,
and 0 means the outside of the same region. The
energies are found to be

+ V [1——,', (56+ 56t + 2at'+ at'+ t') e -'] —(Z/56e„,ft)(fat +18t'+ 7t'+ t ') e (16)

where t = 2eA, and

Wu, = (1/aft')[u' ——,', (1 —1/m*) (24u'+24u'+ 12u'+4u' -u') e "]

+ V,[l ——,', (24+24u+12u'+4u'+u')e "]—— (au+au'+au'+u')e ",
eff

(17)

where u =2PA.
In order to get the energy of absorption for the

E' center we minimize the 8'„and W» with
respect to the variational parameters to get the
energies of the states. The Madelung energy is
—0.534 a.u. The energy obtained from uv-induced
electron emission from the top of the val. ence
band is —8.5 eV." Since the band gap of ZnG at
room temperature is 3.34 eV, the el.ectron affinity
is about —5.16 eV (- 0.190 a.u. ). The vaiue of
V, for the absorption is evaluated from 4». We
found V, = —0.238 (5+6+76t+10t'+t')e»/56Ae*
a.n. As explained by Fowler, ' the Eci. (12) is not
adequate for evaluating &,«. Since the el.ectron
in the ground state is moving with optical fre-
quency in a very small orbit, the electronic wave
function is very compact and the electron-phonon
interaction may be negligible. We choose c,«-—&„
as done by Fowler in his calculation for NaC1.
We use the conduction-band effective mass of the
electron, en*=0.27m, "where m is the mass of
a free electron. We found 8'„=—3.18 eV, 8'»
= —0.05 eV, n =0.65 a.u. , and P=0.04 a.u. The
energy difference for the absorption is 3.13 eV,
which corresponds to a band of X=4000 A. An
energy level at 3.2 eV below the conduction band
associated with oxygen-ion vacancies in ZnO has
been obtained by Harrison, '4 and the 4000-A ab-
sorption band associated with the same vacancies
in ZnO has been recorded by Smith and Vehse"
and Meese and Locker. " The result obtained here
is in agreement with observations.

After absorption the lattice relaxes. The po-
sitions of the neighboring ions change, the electro-
static polarization potential changes, and the
Madelung energy is less negative. A change of
the order of 10% in the nearest-neighbor distance
has been assumed by Fowler' and Wood and Joy"
for the case of alkali halides. The expansion of
the rel.axed E center in ZnO shouM be similar.
By assuming an expansion of 6%, the vacancy
in ZnO obtained is R =4.54 a.u. for the emission
calculation. The related change gives Vq= 0.199
a.u. , the same order of change in Madelung ener-
gy gives V~ = - 0.502 a.u. The value of Vo is eval. -
uated from 4», the result is V, = —0,212
+ (24+ 1au+ 6u'+u') e "/24Re* a.u. The electron
in the relaxed excited state has a very large or-
bit, its velocity is much slower as compared to
its ground state, and the electronic charge is es-
sentially outside the vacancy. The value of e,ff
becomes e, so that we choose &,«= &, for the
emission calculation. The energy level of the
relaxed excited state is higher than the ground
state and the electron conduction-band effective
mass is larger. The Langreth's formula" gives
m~=0. 483m. The energies 8'„and W» in Eqs.
(16) and (17) for the emission are again minimized
and we found W„=-2.47 eV, S',

&
=-0.04 eV,

n =0.56 a.u. , and P =0.04 a.u. The emission ener-
gy is found to be 2.43 eV which corresponds to

0
a band of wavel. ength 5100 A. Harrison" has also
found an energy level. associated with the oxygen-
ion vacancies in ZnO at the donor level which is
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about —0.05 eV." Evidence of lumineseenee emis-
sion associated with the oxygen. -ion vacancies

o

in ZQO Rt R maximum %avelength of 5100 + has
been obtained by Van Craeyrest et ai."

IV. MSCUSSION

The degree of accuracy in the calculations of
the electronic energies in the ground state and
the excited state for the I'" center in ZQG depends
upon the sel.ection of the wave functions for the
electrons and the constants of the crystals. Ne
select the hydrogenic @rave functions for the el.ec-
trons in ZnO since the use of a model of a hydro-
genlike electron orbit in ZnO has been proven
satisfactory by Hutson. " The electronic polar-
izabilities of ions in ZnG, determined by TKS'
using least-squares fit of experimental. data, ap-
pear very accurate. The values of the effective
charges of ions in ZnO evaluated by Coulson et &l.'
should be good since Suchet' has obtained the
same values for ZnO vrith a different method. In

the evaluation of the polRrizRtion potential Rt the
center of the vacancy arising from the polarized
dipoles, the summations in Eqs. (6) and (6) have
been carried out over 5&10' neighboring-ion pairs.

The results should be very good approximations.
For the emission calculation, the initial state
is the relaxed excited state. The conduction-band
effective mass is ealeulated by the formula"I*= (1 —O. O006P)(O. 2V m)/(1 —6/6+0. OO346').
Here 6 is the coupling constant, equal to
e'(rn/2%v)'~'/I'e~. The larger electron effective
mass gives correct values in the energies of
the relaxed states.

The value of P is found very small so that the
mean radius of the electron orbit (4»~ r~ @» )
is very large. The choice of &,« —-&, in the emis-
sion calculation should be appropriate. The value
of the term involving e,« in Eqs. (16) and (17)
is very smal. l as compared with the values of the
other terms. Such an approximation has very
l.ittl. e effect in the values of W„and 8'» even
if this approximation may not be accurate. Thus
the 6 Pp distortion of the relaxed E' center in
ZnO may be a close approximation.
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