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X-ray scattering from adsorbed xenon monolayer films
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The x-ray diffraction patterns of xenon adsorbed on spheron have been measured at 175'K for surface

coverages from 0 = 0.1 to 1.05. Continuous patterns of a liquidlike character are obtained, without any obvious

change in the structure of the adsorbed film with coverage. Atomic distribution functions were calculated by

Fourier transforming the xenon structure factor. Theoretical arguments are advanced concerning these

distribution functions and structure factors. It is concluded that the adsorbed films show no sign of registry

with the surface lattice or long-range two-dimensional order under the experimental conditions of this study.

I. INTRODUCTION

The properties of simple gases physically ad-
sorbed on well-characterized solid surfaces have
recently become a subject of renewed interest. "
Heat-capacity and isotherm measurements on

rare gases adsorbed on graphitized carbon blacks
indicate an unexpected variety of phase transitions
in these two-dimensional systems, ' ' including
ordered films which may or may not be in registry
with the substrate lattice; as well as liquidlike
films which exhibit two-phase equilibriums and
two-dimensional critical points. Although some
of these phenomena were well known, recent data
have allowed a better definition of the two-dimen-
sional phase diagrams as well as revealing en-
tirely new phases in some systems. In addition to
the thermodynamic investigations, structural
studies that yield information concerning the
atomic distributions in these films are of consid-
erable interest. These include low- energy elec-
tron diffraction (LEED) measurements on phys-
isorbed films at very low temperatures' (where
the vapor pressure of the adsorbed gas is small
so that scattering from unadsorbed gas does not
obscure the diffraction pattern) and more recently,
determinations of neutron diffraction by physi-
sorbed films. ' In the neutron-diffraction study,
the substrate consisted of exfoliated graphite
oriented so that the basal planes were nearly
parallel to one another and to the wave vectors
of the incident Bnd scattered neutron beam. Films
of "Ar and N, were adsorbed (primarily on the
basal planes) at coverages near to or greater than
one monolayer. Under these conditions, mea-
surable changes in the neutron scattering occurred
when gas was adsorbed; observed features in the
difference spectra were related to the adatom-
adatom ordering that occurs in these systems at
the relatively low temperatures used.

In this paper, we report x-ray scattering from
xenon physisorbed on a graphitized carbon black.
These experiments have several advantageous
features relative to the electron- and neutron-
diffraction techniques. ~antitative data can be
obtained even when the equilibrium gas pressure
is large or when the surface coverage is low. A
powdered solid can be used, thus greatly enlarging
the future choice of possible adsorbents (relative
to the small number that occurs with macroscop-
ically parallel substrate planes). In addition, use
of a powdered sample means that the scattered in-
tensity is due to the adatom-substrate spatial dis-
tribution as well as the adatom-adatom distribu-
tion. Indeed, we will see that the diffraction fea-
tures are predominantly due to the adatom-sub-
strate distributions. This is of particular interest
in connection with determination of the degree of
registry between the adatoms and the surface
lattice, since registry clearly means that a par-
ticular set of adatom-solid atom distances are
favored. Although determinations of the adatom-
ad3tom lattice size and symmetry are indicative
of the formation of a registered layer, a final
answer to this question can only be given if one
knows whether the two two-dimensional lattices
(adatom and solid surface) are ordered relative
to one another.

As a first system for study we chose xenon on
graphitized spheron (a carbon black), primarily
because of the favorable ratio of scattering fac-
tors of the two components; these are very rough-
ly proportional to their atomic numbers, that is,
54 to 6. Since at one monolayer there are -10 '
atoms adsorbed per atom of this substrate, scattering
at less than monolayer coverage should be de-
tectable. In a two-component system of this kind
the scattering is given by"

XeXe+ XeC + CC ~
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where the subscripts are self-explanatory. The
substrate scattering Icc can be directly subtracted
from the raw data after suitable absorption cor-
rections" have been applied. The scattering of
the surface system is then given by the remaining
two terms, which can be written

6I(s) = fez, g e's'~xe-xe+2fz, fc g e' '"xe-
Xe

atoms atoms

(1.2)

where &I(s) is the excess scattering per xenon
atom and s is the usual scattering vector with
length equal to (4X/X) sin8, where X is the x-ray
wavelength and 6) is & the scattering angle. The
angular brackets in Eq. (1.2) indicate an average
over all crystallite orientations in the powdered
sample, and the sums are to be taken over all Xe
atoms in the film and C atoms in the solid adsor-
bent, respectively. We define a coordinate sys-
tern with z perpendicular to and 7. a vector paral-
lel to the surface. If the orientation of s in these
coordinates is denoted by Q~ and the orientation
of rx, x, by Ox„we have

( il tze-ze — xe-xesinsx
S'Yxe-xe

(1 4)

A similar result is obtained for the Xe-C vectors.
Thus,

xe at oms xe-Xe

fc g sinsrx -c
fx. S+xe-c

C atoms

where the asterisk on the summation means that
the "self" term (rz, „,= 0) has been split off.
This expression shows quite clearly that the
Fourier transform of n. I(s)/f'z, yields a linear
combination of the distribution of Xe-C and
Xe-Xe distances. A distribution function p(r) is
defined by

1 "sinsr 4 I(s) (1.6)

Even though p(r) could be calculated with reason-
able precision from the data, its relationship to
the Xe-Xe distribution or the Xe-C distribution
is far from trivial; for this reason, a careful

&*""'-"'=«Q &'A(srxe-xe) Yi.(fls) Yei.(&z.)
I

(1 3)

An average of the spherical harmonic Y, (Qs)
over a random distribution of crystallite orienta-
tions immediately gives

theoretical analysis is presented in Sec. III which
will serve as a guide in interpreting the experi-
mental p(r) as well as relating the diffracted in-
tensities to the atomic distributions.

II. EXPERIMENTAL

I /I =e ~cmc, (2.1)

where I, and Ic are the peak intensities of the (10T)
Be peaks with the cell empty and filled with graph-
on, respectively; and p, c, mc are the mass ab-
sorption coefficient and the mass of the graphon,
respectively. Denoting these quantities for Xe by
p.x, and mx, , and setting Ix, equal to the intensity
of the sample with absorbed Xe, we have

I e & c~c+ & xe~xe& e f xe "age
Xe

Ic I,e ~c~c (2.2)

The absorption coefficients are p, c = 5.50 g ' and

p, =330 g '. From Eqs. (2.1) and (2.2), the values
of mc and mx, in grams can be calculated. Divid-
ing m„, by mc then gives the number of grams of
Xe absorbed per gram of graphon. Coverages cal-

The adsorbent used in this work was a sample
of spheron 6 which had been heated for 2 h at
2700'C in a reducing atmosphere. The resulting
graphitized carbon black is commonly known as
graphon, and was kindly provided to one of us
(W.A.S.) by Dr. Walter Smith of the Godfrey
Cabot Corporation. The surface area of this
solid is 80 m'/g Iby the BET (Brunauer-Emmett-
Teller) method, using N, gas]; more importantly,
the quantity of xenon required to form a complete
monolayer (at 90'K) is precisely known to be
7.8 x 10 ' moles/g solid. The fractional coverage
8 shown in Fig. 2 is calculated by combining
the measured equilibrium pressures with the
published isotherms of Cochrane et al."for the
same system. The coverages were also calcu-
lated from the sample x-ray absorption. To do
this the transmission was determined by mea-
suring the area of the (101) reflection of the Be
cell windows, before and after the Xe was ad-
sorbed. The x-ray absorption of the gas above
the sample was corrected for when necessary by
measuring the transmission for various pres-
sures of Xe at room temperature, where the
surface adsorption was negligible. A simple
temperature proportionality was then used to con-
vert the densities at room temperature to those
corresponding to the sample temperature. Re-
peating the same measurements at the experi-
rnental temperature then gave the x-ray attenua-
tion due to the absorbed film plus the graphon sub-
strate. From this the fraction 8 of surface covered
could be calculated. Thus,
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FIG. 1. Schematic diagram of the apparatus. Scatter-
ing chamber is shown in the inset; the chamber is shown

together with the system for its temperature control in
the main part of the figure.

culated by the two methods agreed within 2%.
The x-ray scattering apparatus consisted of a

metal vacuum system evacuated by a Vac-ion
pump. With the exception of the thermostat all
the components were obtained from Varian Vacuum
Products. A diagram is shown in Fig. 1. The
thermostat, the inner jacket of which was a copper
container for liquid N„was mounted at the top of
a vertical column constructed from 24 in. stain-
less-steel tubing. At the lower end of the column
a stainless-steel cross fitting with flanges allowed
attachment to the pumps and an ion gauge. Further
up the column, a horizontal take-off arm 75 cm in

length was attached through a cross fitting and the
x-ray chamber was mounted at the end of it.
Soldered to the bottom of the copper container was
a —,'-in. copper rod that ran down the axis of the
vacuum column, then at right angles out to the
scattering chamber. It served as the heat sink and
conductor between the liquid N, reservoir and the
samp1. e cell. This latter was made by cutting a
section 1.3-cm long by 0.5-cm wide out of the rod.
A ridge 0.12-cm thick was left in the center of the
rod, to which Be windows could be cemented. The
ridge and thus the cell windows, were tilted at an

angle of 45' to the vertical to allow measurements
of the scattering between Bragg angles of 0' and
90 . Gas inlet holes were drilled through the rod
and ridge at right angles to the plane of the cell
windows. The cell was filled with graphon by
first cementing the lower Be window to the ridge
with Torrseal, packing in the graphon firmly, and
then attaching the other Be window, also with
Torrseal.

The gas adsorption chamber surrounding the end
of the rod holding the graphon-Be window arrange-

ment was made of & -in. tubing. It was sealed off
from the main vacuum system by a glass-to-
metal seal between the metal rod and the inner
wall of the tubing, but was connected to the gas
handling system through a vacuum valve. X-ray
ports were machined out of the tubing: the entrance
port was 3-mm wide and 1.3-cm long. The exit
port, of the same length, was wide enough to al-
low passage of the radiation scattered between
angles of —1' and 90'. Myl. ar windows 0.004-in.
thick were placed over the ports, and sealed to
the metal jacket with Torrseal. Sample tempera-
tures were measured with a copper-constantan
thermocouple placed in a well in the inner copper
rod adjacent to the sample.

The system was outgassed by pumping at a tem-
perature of 125'C for two weeks. After this
period, the pressure as read on the ion gauge was
below 10 ' Torr.

Research grade (99.99%) Xe gas was admitted
into the adsorption chamber through a variable
leak valve. Pressures were read on a Baratron
gauge.

The temperature was controlled by first filling
the thermostat with liquid N, . After equilibration,
the temperature at the sample was 148'K. This
temperature was adjusted upward by admitting
air to that portion of the vacuum system enclosed
by the vertical column and the side arm out to the
scattering chamber. The thermal conductivity in-
creases between the inner copper rod and the ex-
ternal walls then caused the temperature to rise.
The extent of the rise could be easily controlled
by adjusting the air pressure. Since each coverage
of absorbed xenon corresponded to a different
pressure in the sample container and thus to a
different thermal conductivity at that point, dif-
ferent air pressures were needed to maintain a
constant temperature at the sample. Icing of the
cell windows was prevented by a stream of nitro-
gen flowing over the cell windows. The final sam-
ple temperature used was 178'K, and was stabl. e
to within 0.1 C over the period of the experiment.

The radiation used was Cu Ka, monochromated
by reflection from a singly bent LiF crystal. Ab-
sorption corrections were measured, and applied
to all the curves by methods previously described. "
When done in this way, the corrected scattering
curves for graphon could be subtracted directly
from the curves for the different surface coverages
to give the scattering due to the adsorbed Xe films.
Polarization corrections were applied, and the
incoherent part of the scattering removed by the
method of Warren. " The curves shown in Fig. 2

thus represent the corrected coherent scattering
of the adsorbed films.

Figure 2 shows that even at fractional coverages
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FIG. 2. Total excess scattering curves for different
coverages of xenon on graphon. Fraction of surface
covered, 8, for each curve is shown. Dashed portions
between s= 1.5 and 2.0 A ' show the position and width
of the (002) carbon peak.

as low as I9=0.13, significant scattering is ob-
served although at this low coverage the scat-
tering is detectable only out to s =3, and the only
detail visible is a broad maximum centered at
s =1.5; the peak position is uncertain because of
the low scattering relative to the tail of the (002)
graphite line (the region of overlap is shown as
a dashed portion of each of the curves). At the
higher coverages complete patterns were obtained,
although the data could be recorded only out to
s = 6.0 A ' because of the experimental arrrange-
ments for this work. The features of the patterns
are not those of a system whose structure is
changing in any marked way with coverage. In
fact, outside of a fairly continuous sharpening and
shift towards lower angle of the broad peak
centered at s- 4.0 A ' in curve 2, and the gradual
disappearance of a slight shoulder on the left of
the first peak at s -1.4 A ' the curves are striking-
ly similar considering that the mole fraction of
one of the components, the adsorbed xenon, has

changed by a factor of 10. The structure factors
H(s) = M/f'„, 1—are shown in Fig. 3. Consider-
able care was required in evaluating H(s) be-
cause of the difficulty in deciding the magnitude
offx, (in arbitrary units). Since the experimental
range of s was so limited, it seemed quite pos-
sible that scattering from Xe-C and Xe-Xe cor-
relations would be non-negligible even at the
largest s values. The criterion adopted was to
set 4I =f x, at a value of s such that the negative
values of the structure factor in the region of s
= 4.5 to 6.0 A passed through a minimum and be-
gan to increase towards zero. The region where
the curve fitting has to be done is also the region
where the absorption correction is greatest, and
where M is minimal, but the net effect of an error
in this procedure would be to displace the curves
of H(s) up or down, and to change the ratios of the
peak intensities. The main thrust of our analysis
will be a comparison of calculated and measured
structure factors, and we will take account of these
uncertainties in H(s) in the discussion.

Fourier transforms of the data are shown in
Fig. 4. Because of the small range of s mea-
sured, direct transformation gave curves whose
features were badly masked by termination error.
To overcome these difficulties the curve of M/
f 2x, —1 was extended by drawing a straight line
from the observed value at s= 6.0 A ' to zero at
s = 16 A '." The upper limit of s = 16 A ' is a
physically realizable limit and was chosen to
minimize termination error. " The straight-
line extrapolation was selected over other func-
tional forms (such as a Gaussian) because it could
be conveniently inserted into our computer pro-
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FIG. 3. Experimental structure factors for three of
coverages of Fig. 2. (002) carbon peak lies between the
dashed lines.

FIG. 4. Fourier transforms of the xenon structure
factors of Fig. 3. Because of the small range of s
covered there is still some ripple in the curves; the
relative values of the ordinate from curve to curve are
not too significant because of uncertainty in the curve
fitting.
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gram. The Fourier transform of the extrapolated
part of the curve is a ripple curve of constant,
periodicity and low amplitude which does not in-
terfere with the interpretation of the data. The
Fourier transform was then reiterated by setting
a, ll values of r p(r) to the left of the peak at r
=3 A to 0, transforming back to s space and then
transforming again to obtain a corrected r p(r)
In this way the error resulting from the approxi-
mate first fit of I to f~, in the curve-fitting pro-
cedure is minimized. What results from these
operations is a set of distribution functions which
are markedly similar at all three coverages, al-
though there are slight shifts from curve to curve.
There is evidence of residual ripple in all. the
curves, but since no quantitative significance can
be attached to the curves (because of the limited
range of s), we will only use the curves of Fig. 4
in a qualitative way to indicate that there are
peaks in the region between 3 and 4 A in all the
curves and another broad peak at - 5.5 A. At
the lowest coverage the peak at 3.7 A is well de-
fined, and if we assume that the feature at -3.2
is a ripple effect, the 3.7 A distance would appear
to be quite definite at this coverage. At the two

higher coverages the maximum is shifted slightly
to the right. These peaks are to be attributed to
nearest-neighbor correlations. The peak at 5.5 A

suggests that there is scattering matter at a dis-
tance intermediate between that expected for first
and second neighbors. It is not fruitful to draw
further conclusions from the distribution functions
until a more complete set of data is measured.
We point out, however, that these curves, ob-
tained for the first time for monolayers, show
the inherent power of the diffraction method in
elucidating the structure of the adsorbed films.
We will return to a discussion of the experimental
curves in a later section.

III. THEORY

One of the advantages of choosing xenon on

graphon for study is that this happens to be a
relatively well- characterized absorbate- absorbent
system. Extensive thermodynamic measurements
have been reported for the rare gases adsorbed
on this solid and on similar graphitized carbon
blacks" which allow one to state with some confi-
dence that the surface is uniform, containing
-0.50jg heterogeneous area. An extrapolation of
the experimental heats of adsorption to zero
coverage allows one to estimate the average en-
ergy of an isolated adsorbed Xe atom on the uni-
form part of the surface (relative to an atom in
free space with zero kinetic energy). Further-
more, x-ray and electron diffraction studies of

this adsorbent have been reported which indicate
that it is made up of crystallites with mostly basal
planes exposed, with an average thickness of 40
A and an average area of -4200 A'. " Since the
interplanar separation is 3.45 A and the unit
lattice-cell. dimension in the basal plane is 2.46 A,
each crystallite can be thoughtof as a stack of 12
basal planes, with each plane containing -700
unit cells. Furthermore, the shapes of the x-ray
peaks indicate that neighboring basal planes are es-
sentially randomly distributed with respect to
rotations and translations in the planes. " For
convenience, we will take the planes to be circu-
lar, with radius 37A. LEED studies' on the Xe-
graphitized carbon black system indicate that ad-
sorbed xenon in a dense monolayer can be in
registry with the graphite lattice, with —, of the
adsorption sites occupied. This corresponds to
a Xe-Xe separation of v 3 d, , where d, , is the
site-site separation of 2.46 A. The distance of
4.26 A obtained in this way happens to be quite
close to the Xe-Xe separation in the bulk crystal
at 0'K (4.31 A) and to the distance corresponding
to the minimum interaction energy of a pair of Xe
atoms (4.46 A). Since the close-packed two-
dimensional lattice has the same triangular sym-
metry as a v 3 && v 3 lattice in registry with the
carbon basal plane and the expected dimensions
are quite similar in both cases, it is possible
that the role of the substrate in this case is to en-
courage and perhaps to slightly compress an
ordered two-dimensional array that forms due to
the Xe-Xe interactions. In any case, experiments
such as those reported in this paper shouM help
to determine the range of coverage and tempera-
ture where an ordered array exists. Even
when one works outside the ordered region of the
phase diagram, diff raction measurements can
yield information concerning a more subtle aspect
of the structure of adsorbed films: namely,
whether partial registry persists in monolayers
that lack long-range order. (This point bears
on the question of the reality of sitewise adsorp-
tion models for disordered films. ) However, in-
terpretation of our data requires a theoretical
description of the diffraction from partially
ordered films. A suitable theory is presented
here.

In addition to previous experimental. investiga-
tions of the Xe-graphitized carbon black system
theoretical studies of the interaction of an isolated
Xe atom with the surface have been presented
which seem to be reasonably realistic. " Since
these calculations provide helpful background in-
formation for interpreting the x-ray data, we
briefly summarize them. It is generally assumed
that the interaction energy u, (r) can be represented
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as a sum of pairwise Xe-C atom interactions:

(3.1)

The constant &x, c is estimated by taking the geo-
metric mean of the well depth~ &x -x a. d ec-c
for like-atom interactions and will here be taken
to be 80'K: the size parameter Ox, c is assumed to
be the arithmetic mean of o.x, x, =3.98 A and the

0
interplanar spacing in graphite of 3.40 A.

The summation over the lattice in Eq. (3.1) can
be carried out directly on a computer: however,
for many purposes, it is most convenient to use
the symmetry of u, (r) to express it as a, Fourier
series. If we assume that the basal planes are
perfect and infinite in size, u, (r) has a periodicity
in two dimensions which is identical to the
periodicity of the basal plane. Thus, if 7 is the
two-dimensional vector pa, rallel to the surface
and z is perpendicular to it, one can write

u, (r) = P ce;(z) e"',
ik

where g is a multiple of the reciprocal-lattice vec-
tors b„b,:

g = 2W(gibi+g2b2) . (3.3)

Explicit expressions for the coefficients zu;(z)
are given elsewhere. For present purposes, it is
important to note that the periodicity of u, (r) is
sufficiently weak to allow one to truncate the
series in Eq. (3.2) after the first set of g vectors
of length 4v/v'3a = 2.95 A '. Thus, one can write

translation of a xenon atom on the surface amount
to 40'K and thus are small compared to T at the
experimental temperature; in other words, the
periodic component of u, (r) which might cause
the adsorbed xenon to be in registry with the sub-
strate is quite small. (We emphasize that the
coverage and temperature ranges of this x-ray
study do not overlap those of the LEED investiga-
tion. ) It is interesting to note that the radial dis-
tribution functions shown in Fig. 4 exhibit a broad
maximum in the region between 3.6 and 3.7 A.
However, in order to associate this with the Xe-
graphite lattice separation distance, it is neces-
sary to carry out a more detailed analysis of the
experimental scattering and the distribution func-
tion which results when the sine transform is
evaluated.

In order to evaluate the sums in Eq. (1.5) or to
understand the distribution functions shown in
Pig. 4, we find it convenient to introduce the prob-
ability densities for Xe-C and Xe-Xe distances.
Thus, we define pcGx, c(r) to be the number of
carbon atoms in unit volume loca, ted at point r relative
to a. xenon atom (we continue to use the surface-
oriented coordinate axes defined in Sec. I). If pc
is the number of carbon atoms per unit volume,
Gx, c(r) is a pair correlation as usually defined,

1.00

0,75
u, (r) = w, (z) + ~, (z) [cos2vS, + cos2vS,

+ cos2v(S, + S,)], (3.4)

where the position vector has been written as a
multiple of the lattice vectors: thus v = S,a„
S,a,.

Explicit calculations of u, (r) suggest that the
average separation distance between an adsorbed
xenon atom and the graphite basal plane should
be between 3.6 and 3.7 A; furthermore, at 180'K,
a harmonic oscillator approximation indicates
that this atom will have a mean-square displace-
ment perpendicular to the surface ((5z)') amount-
ing to -0.08 A'. [We note that the calculated
average energy of an isolated adsorbed xenon
atom is —1830+—, T= —1560 K at 180, which
agrees well with the value of —1580'K obtained
from the experimental heats of adsorption. "
Coulomb et al. ' have measured the mean-square
displacement of xenon atoms on graphite;
their results give 0.05 A' (for an isolated
xenon atom) at 180'K.] The barriers to free

0.5

0.25

00 3
s(A )

5 6

FIG. 5. Behavior of the relevant atomic scattering
factors is shown here. Square of the normalized scatter-
ing factor for xenon and the ratio of the carbon to the
xenon factor are denoted by (P (s) and $(s), respectively.
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except that it is a vector function. As we will.
see later, G„, c(r) can be discontinuous and ap-
proaches a sum of 5 functions in the limit of com-
plete ordering. Equation (1.5) can now be written

H(s) = Sf(s)
Xe

2fcpc
fXe

sinsr
+ px -x (r)

V
St' (3.5)

where H(s) is the experimental structure factor.
The atomic scattering factor for xenon and carbon
can be obtained frorq. the International Tables";
we define:

(R(s) =f (s)If .(s) (3.6)

e(s)=2p, (2((s) 0„., ( ) dz

1 pz, z, (r) sinsr+—

Figure 5 shows a curve of (R(s) calculated from the
Tables; it is interesting to note that (R(s) is a
slowly-varying function of s. Indeed little error
would be introduced if one merely sets (R(s)
= 0.22 in the subsequent development. In any case,
we now have

(r)=Q Gz( )&"',

where the g vectors have been defined in Eq.
(3.3). When Eq. (3.10) is substituted into Eq.
(3.9) together with r= (z'+ r')' ', one can write

(3.11)

«„.,(s)=22(—
) Q f e(z) d,s

Z

"J,g, [ s(H +z')' ']
e [s(r2+z')"'1"'

x g, (gr)rdr. (3.12)

The integral is given by Watson" [Sec. (13.47)];
the result can be written

Hx. ,(s)=g f,(s). (3.13)

For finite g,

0, s&g

fi(s) = 2v
, „,fez(z)sos[z(s -d*)'*]dz,

8

s &g. (3.14)

H(s) =2pc[(R(s)H„, c(s)+ ,'H„, z,(s)],—
(3 7)

(3.8)

However, when g = 0, it is necessary to integrate
only up to R, the radius of the basal plane of the
crystallite, and one finds

where V~ is the volume of a solid crystallite.
We begin by focusing on the structure factor a-

rising from Xe-C diffraction and write the first
integral in Eq. (3.8) as

z a
(3.9)

where 8 is the basal plane area of an adsorbent
crystallite, Z is its thickness, and the Bessel func-
tion J«, (x) = (& vx) '~' sinx. Consider now G„, c(r),
the correlation between a xenon atom and the
graphite lattice; if we assume that the xenon atom
is adsorbed on a perfect basal plane of infinite
size, we see that Gz, c(r) has translation symmetry
of the basal plane; that is, a translation of the
xenon from a position aoove one unit lattice cell
to an identical position above a different lattice
cell leaves G„, c(r) unchanged. Formally, this
means that

f,(s) =—, G,(z)(cos(sz) —cos[s(R'+z')'~']]dz .
2

(3.15)

Of course, the integrations for f (s) when g 220

should also be truncated at A rather than infinity;
we return to this point after considering the z de-
pendence of the xenon-graphite correlation func-
tions.

The calculated potential energy curves serve to
reinforce the belief that xenon physisorbed on a
graphite basal plane is solidlike in at least one
respect: namely, that the distances of a xenon
atom from the surface are well defined, being
equal to z„(plus or minus a small vibrational
displacement). Furthermore, the variations in
z„with 7 are likely to be small enough to be neg-
ligible. Consequently, we can write a first ap-
proximation to the z dependence of p„c(r) which
1s

Gz c(z, T) =Gz, c(z, r m+, a, +am, ), (3.10) Px c(r) = g Px -c(z ) Px c(r )
n=0

(3.16)

where m, and m, are integers. An important
consequence of this symmetry property is that
G„, c(r) can be written in terms of a Fourier ex-
pansion

P„, c(z„)= 5(z (z„+nd)), (3.17)

where N, is the total number of basal planes in a
crystallite and d is the distance between adjacent
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pxe-c(r) il f-~~e aT.
6 I c

(3.18)

When Eqs. (3.16) and (3.17) are substituted into
Eq. (3.18), the result can be written

basal planes. The sum in Eq. (3.16) reflects the

fact that we need the probability of finding any
plane of carbon atoms, surface or not, at a dis-
tance ~ from the xenon atom. We recollect that

diffracted intensity due to adatom-adatom correla-
tions that the spacing in registered overlayers
begins t,o play an important role.

A more refined expression for the z dependence
of the Xe-C density than that given in Eq. (3.17)
would allow for thermal vibration of the xenon
atoms. Thus, one might write

(3.26)

Gz(z) = d Q az(n) 5(z (z„+nd)),
n=0

(3.19)
where D is the root-mean-square amplitude of
vibration in the z direction and

Gx, c(r) dr= Vc =dQ N, . (3.20)

Thus, we find that

a, (n) =1. (3.21)

In order to clarify the meaning of the a&(n), we
pause a moment to specify these coefficients for
two limiting cases of interest.

(a) A completely mobile film in which there is
no periodic variation in px, c(r); for this case,

where the a&(n) are dimensionless coefficients
that characterize the magnitude of the correlation
between the periodic variations in xenon density
in the plane parallel to the surface and the posi-
tions of the carbon atoms in the nth plane. The
normalization of G„, c(r) requires that

6z„=z (z„+nd) . (3.27)

The consequence of using Eq. (3.26) rather than
Eq. (3.17) is to introduce a Debye-Wailer factor
in the expressions for the f (s).

In either case, we see that evaluation of the

fm(s) requires a summation over carbon planes.
In order to perform this summation over n, one
can go more deeply into the characterization of
az(n) for gases adsorbed on this solid. We re-
collect that these coefficients are a measure of
the correlation between xenon and carbon atom
positions. If we make the trivial assumption that
T dependence of these correlations is due to inter-
actions with the surface basal plane, the experi-
mental observation of a random distribution of
nonsurface basal planes with respect to a T vector
defined relative to the surface lattice immediately
leads to the conclusion that

az(n) =0 for ge-'0. (3.22)
a;(n) -=0 for n&0, g&0, (3.28)

p„, c(r,) = +5(r—7c), (3.23)

where 7c denotes the location of a carbon atom in
the surface basal plane relative to an origin that
coincides with an adsorption gite. If these sites
are at the centers of the carbon hexagons,

7.c = (m, + —,')a.,+ (m, + —,')a, , (3.24)

where m, and m, are integers. When Eqs. (3.16),
(3.23), and (3.24) are substituted into Eq. (3.18),
the result can be compared with Eqs. (3.17) and
(3.19) to show

1

)
—e, gi+g2 43k

g +g =3k
(3.25)

where k is an integer. Note that this result is
obtained regardless of the spacing in the regis-
tered lattice (i.e. , there is no difference between
the 1 x 1 and W3 x v 3 overlayer, for example). It
is only when one considers the contribution to the

(b) A completely registered overlattice in which
the xenon atoms are located at the adsorption
sites. In this case

regardless of the degree of registry between the
xenon layer and surface lattice.

Consequently, the summation over n contains
only one term when g t0, and we find that

0, s&g

fg(s) = &,, exp[- (s'-g')D'] (3 29)
2vai(0) d

is S —g
x cos[z„(s' —g ')'~'], s &g .

Although this expression is valid only when R = ~,
a numerical integration of Eq. (3.12) for a single
plane of carbon atoms located at a distance ~eq
from the xenon atom is straightforward. The re-
sults of such a calculation are shown in Fig. 6 for
the smallest nonzero g of a graphite basal plane.
It is evident that the assumption of finite R has
two consequences: a small periodic component
appears in f (s) at s &g, and the infinite value at
s =g is eliminated. Of course, it should be re-
membered that these graphite crystallites have:a
distribution of radii (and thickness) which is of
unknown width, and the literature values of radius
R and thickness Z are only averages. A distribu-
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FIG. 6. Contribution to the Xe-C structure factor due
to periodicity in the surface density of xenon atoms.
Function f~(s) is defined by Eqs. (3.12) and (3.13). Cal-
culations were carried out assuming vibration perpen-
dicular to the surface with a rms amplitude of D= 0.25 A.
Points were calculated for a single plane of carbon atoms
of infinite size using Eq. (3.29) with a~(0) =1, and the
solid curve is the result of a numerical integration of
Eq. (3.12) with the upper limit of ~ set equal to 37 A. ,
but with all other parameters of the calculation taken
to be identical to those for the infinite plane.

tion of R would tend to give a distribution of per-
iodicity in Fig. 6 at s &g which should average out
to be quite small (except as s-0). Our conclusion
is thus that the f,(s) for R = ~ are a reasonable ap-
proximation to the true value except at the point
s =g, where a peak of finite height is anticipated
for real crystallites. Note also that the next set

Nz '
f,(s) = . exp(- -'s'D') g cos[s(z„+nd)]

S n=0

—cos(s[R'+ (z„+nd)'] '~ ') . (3.30)

After averaging over a distribution of R values,
the last term in the sum in Eq. (3.30) should be-
come quite small (except at very small s); we
therefore neglect it. The first summation in Eq.
(3.30) can be done in closed form to give

2nd . . . sin-, N, ds

x cos[[z„+—,
'

(N, —1)d]s). (3.31)

We use some elementary trigonometric identities
to rewrite Eq. (3.31) in a way that shows the
periodicity of f,(s) more clearly:

of g vectors with lengths longer than 2.95 A

occurs at 5.11 A ' for the graphite basal plane;
since the reliable part of our experimental data
comes mainly at s&5 A ', the only periodic terms
in px, c(r) which could affect the data are those
that give rise to the curve in Fig. 6.

We now consider the nonperiodic contribution to
the Xe-C scattering. Equation (3.15) can be
summed over planes with the aid of Eqs. (3.19)
[or the more refined Eq. (3.26)] and (3.21); we
find

f, (s) = —,exp( —,s'D') (cos(sz„)[sin(sN, d) cot(& sd) + 1- cos(sN, d)]
S

+ sin(sz„)[sin(sN, d)'- [1—cos(sN, d)] cot(-,'sd))) . (3.32)

Whenever s = 2'/d (where j is an integer), fo(s)
will have a sharp maximum or minimum given by

f, I )= ( &)'( ~'.,)to.s,( 'd'") . (3.33)

A determination of these peak heights for
several values of j would appear to give
an excellent method for determining +eq Un-
fortunately, these peaks overlap the (00l) peaks
from the bare surface which occur' at s = vl/do
where do is the interplanar spacing when no ad-
sorbate is present. Thus, precise measurements
of the Xe-C peak heights is greatly complicated by
the presence of large background scattering.

Qf course, this calculation is not yet complete
because we have not averaged over the distribution
of thicknesses that exists in a real powdered sam-
ple of graphon. If this distribution is reasonably
broad, the effect of such averaging upon Eq.
(3.32) will be to reduce the size of the periodic
terms with arguments sN, d except in the vicinity
of s= 2vj /d, where peaks will still appear with px. x.(r) = 5(z) px.'x. (7) (3.34)

heights given by Eq. (3.33). (Recollect that N,
is actually the average number of planes in a
crystallite. )

As an illustration of the anticipated behavior of

f,(s), several curves are shown in Fig. 7 for
z„=3.6 A and different distributions of crystallite
thickness, as characterized by the root-mean-
square spread (5N) about the mean (N, ). The first
two peaks in the function are shown, and the width
and position of the (002) substrate peak is also in-
dicated. It is evident that most of the intensity in

f (s) comes either at small s or in the peaks which
overlap the substrate scattering. Figure 8 shows

f,(s) for two values of z„with a reasonably broad
distribution of 5N, ; it can be seen that this func-
tion is not particularly sensitive to ~eq.

We now consider the Xe-Xe contribution to the
diffracted intensity. Assuming first that the
adatoms form a strictly two-dimensiona, l layer,
we have
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FIG. 7. Contribution to the Xe-C structure factor due

to the nonperiodic part of the xenon surface density.
All curves were calculated using a equilibrium gas-solid
distance z, = 3.60 A. ; the solid curve was obtained from
Eq. (3.31) using Nz 12, D=0.23 ——A, and d=3.44 A; the
dotted curve for Gaussian distribution of Nz having
breadths indicated by the mean square (6Nz2), and the
dashed curve is for a discrete distribution of 6Nz that
approximates a Gaussian and has the same mean-square
spread as the continuous distribution.
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FIG. 8. Nonperiodic contribution to the Xe-C scatter-
ing is shown here for two values of the surface separa-
tion. Both curves were calculated for the discrete dis-
tribution. of crystallite thicknesses used in Fig. 7; ex-
plicitly, this is: 40%, Nz =12; 12.5%, Nz=11, 13; 7.5%,
Nz=10, 14; 5%, Nz=9, 15; 3%, Nz ——8, 16; 1.5%, Nz
=7, 17; 0.5%, Nz ——6, 18.

(3.35)

(in units of A'). As a more accurate assumption
would allow for small vibrational amplitudes of the
xenon atoms which would give rise to a Debye-
Waller factor which is evaluated in the Appendix,
and gives

—,'Hz, „,(s) =4 55 e ' n ~'

(3.36)

Although general expressions for p
' (7), the den-

sity of xenon adatoms in a monolayer at a point ~
when an adatom is known to be at the origin, are
not known, this function can be calculated for the
two limiting cases treated previously.

(a) For a completely mobile classical film, one
writes

pz". z. (T) = 1G.n(T), (3.37)

After substituting pc = 0.110 molecules/A', we have
0

where F is the surface density in molecules/A'
and is related to the fractional surface coverage 8
in the xenon layer by

(3.38)

Computer simulations" as well as theoretical
calculations" of G»(7), the two-dimensional pair
correlation of a classical gas on a completely
flat surface, have been reported. These results
can be used to evaluate

I'=6.0 x 10 '8.

—,
' H„, „,(s) = 0.2Voz, eh(s)e (3.40)

where ox„ the size parameter in the Lennard-
Jones potential function for xenon atoms, is taken
to be 4.0 A. The pair correlation functions and
thus h(s) depend upon temperature as well as sur-

h(s) = sin(sr) [G»(7*)—1]d7 *, (3.39)
2m'

S a

where 7" is the reduced distance r/o The final . ex-
pression for Hz, z, (s) now becomes
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FIG. 9. Two-dimension-
al pair correlation func-
tions are shown for xenon
atoms on a perfectly flat
surface interacting via
Lennard- Jones (12-6', func-
tions at kT/r = 0.8. Method
of calculating these func-
tions is described in Ref.
23.
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face density. Assuming that the experimental
conditions correspond to a reduced temperature
T ~ = 0.8, the correlation functions and transforms
were evaluated at several surface densities. The
correlation functions used are shown in Fig. 9 and
the structure factors that result are plotted in
Fig. 10.

(b) If the adsorbed layer forms as a dense, com-
pletely registered island on the surface,

in this model tends to overlap first Xe-C peak as
well as the (002) substrate scattering, giving rise to
resolution problems for adsorbed layers occurring'
as registered lattices on this surface.

If we now contrast the structure factors Hx, „,(s)
for the completely mobile film and for the
registered film, we see that a peak occurs at s
=1.7 A ' in both eases; the peak is sharper and
is followed by additional peaks in the registered

p", x, (~) = Q 5(7 —7. ), (3.41)

where 7„denotes a xenon-xenon separation vec-
tor in the registered film. The structure factor
for this model is

r (m, n) = a[(m+ —,'n)'+ 4 n']'~' (3.43)

with n~ and n equal to integers which would range
from+~ to -~ for a registered film of infinite
area. Figure 11 shows the structure factors that
result when two finite values of the radius of the
crystallite are assumed. For radii as large as
25 A, the Bragg peaks, which occur at s = 1.70,
2.95, 3.41, . . . (A ') for the v 3 x M3 lattice, are
visible, together with ripple resulting from the
truncation. As the radius of the registered region
Rx, is increased, the heights of the Bragg peaks
increase as expected. A distribution of Rx, values
should smear out all the ripple, leaving only the
Bragg peaks. Unfortunately, the first Bragg peak

—;Hz,z, (s)=4.55e ' ~ P n, ', (3.42)
t

' sTt

where nt is the number of atoms at distance ~t. In
particular, the distances T, for a v 3 x v 3 reg-
istered phase on the graphite basal plane are given
by

fO

ocf.

tD
OC

I

X
—Ice -2

2
s (8-')

FIG. 10. Fourier transforms of the pair correlation
factions of Fig. 9 are shown here. The structure fac-
tor Hx &,(s) is defined by Eqs. (3.39) and (3.40); the
rms vibrational amplitude D was taken to be 0.25 A. and
values of the fractional surface coverage 0 are indicated
in the figure.
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film. If one assumes that the size of the registered
regions increases with increasing coverage, one
concludes that the peak heights for both models
will increase with increasing coverage. The near
coincidence of the locations of the first peaks in
the structure functions for the two models re-
flects the fact that the short-range order which
causes the peak in the mobile film case is as-
sociated with a most probable separation distance
of 4.4 A (as shown by the pair correlation functions
of Fig. 9), and it happens that this is quite close
to the nearest-neighbor separation of 4.26 A in
the registered lattice.

We close this section by noting that the radial
distribution function shown in Fig. 4 can now be
expressed in terms of the theory presented here.
If we write a=xcos8 and Tpj 8pj+H&jp we see
that an average of g(r, z) over all values of cos& is
needed to obtain the desired function of x. In
order to do this explicitly here, we make the
simple a,ssumption tha. t the amplitude of vibration
perpendicular to the surface is negligible. In this
CaSe~ T j='Y~ j anCl

&x -x (r) = px -x (3.44)

Furthermore,

FIG. 11.Structure factors for a v3 xv3 registered xenon
monolayer of finite radius R. Equation (3.42) was evalu-
ated by direct summation for ~z & R using D= 0.25 A. .

(3.46)

where H(x) is the Heaviside step function. Thus,
the experimental p(r) would be expected to ex-
hibit coverage dependent peaks due to the Xe-Xe
correlations plus a series of jumps oecuring at

„+d; etc. Presumably the effect of vi-
brational motion perpendicular to the surface
would be to smear out all of these features, thus
giving rise to theoretical curves that are similar
to those shown in Fig. 4. Rather than carrying
this approach further, we will attempt to compare
experimental and theoretical structure factors in

Sec. IV.

IV. DISCUSSION

Experimental structure factors for adsorbed
xenon at three surface coverages are shown in
Fig. 3, and the uncertainties introduced in the
construction of these curves from the raw data
have already been discussed in Sec. II. The plot
of &(s)=cfx,(s)/fx, (0)] which is shown in Fig. 5
shows quite clearly that a small error in the
estimation of the single-particle scattering at s
between 5 and 6 A ' can give rise to rather large
uncertainties in the scattering factors when s is
between 1 and 3 A '.

With this in mind, we can understand some of
the features of the experimental H(s) curves in

Fig. 3. In the first place, the peaks that might
lead one to deduce the presence of a registered
xenon layer are absent; at least three such peaks
shouM be observable in the experimental range
(at values of s indicated in Fig. 11). In fact, the
data support the belief that a registered ordered
monolayer for this system is quite unlikely at a,

temperature as.high as that used in this work.
It also indicates that there are no abrupt changes
in atomic ordering over the coverage range of the
experiments and thus rules out the occurrence of
phase changes in these adsorbed films.

It is anticipated that the Xe-C part of scattering
will be essentially independent of coverage. If
the Xe-Xe part is due to a mobile film possessing
only short-range order, the analysis given in
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Sec. III indicates that the Xe-C scattering should be
dominant when the coverage is as small as 0.24. If
this is indeed the case, one expects to observe a
sharp peak at s =1.8 A ' and a less-pronounced one

at s=3.6 A '. Both features are present for 9
= 0.24, although the first peak is displaced to s
= 1.65 A ' and the second peak appears to be con-
siderably broader than theory would predict. A

shift in the position of the first peak has also
been observed in neutron scattering from argon
adsorbed on this solid, '

and its displacement is
probably due to a change in the layer spacing of
the solid upon absorption (i.e. , swelling of the
adsorbent). The increased breath of the second
peak could be taken as an indication that the
true Debye-Wailer factors involve a D value larger
than that assumed here.

The curves for the two high coverages again
show two peaks; however, they are shifted in

toward smaller s (relative to those for the low

coverage structure factor) and have also increased
in intensity. If we assume that the Xe-Xe correla-
tions contribute to the scattering at high 0 but not
at low, both effects may be explained. For ex-
ample, the first peak shown in Fig. 10 for the Xe-
Xe structure factor at high coverage occurs at s
=1.5 A. With increasing coverage, we might anti-
cipate that the first peak becomes a composite of
Xe-C and Xe-Xe mobile film peaks, with a position
that gradually moves inward as 8 increases. Note
also that the theoretical mobile film structure fac-
tors shown in Fig. 10 exhibit broad maxima at s
between 2.9 and 3.5 A '. This feature also appears
in the experimental curves, but is displaced
slightly toward smaller s (as is also true for the
second peak in the low coverage curve).

To summarize, the positions of the peaks in the
experimental structure factors and the variation
in position with increasing coverage seem to be
consistent with a picture in which the excess
scattering at low coverage is due to Xe-C cor-
relations; that no contributions due to possible
periodic components in the xenon surface density
are observed at any coverage, and that the high
coverage results are due to a superposition of Xe-
C and Xe-Xe mobile film scattering.

As yet unexplained is the rather large background
scattering in H(s) at high coverage. This manifests
itself by the large height of the second peak relative
to the first and by the fact that this second peak is
also broader than expected. No reasonable assess-
ment of experimental and computational uncertain-
ties would remove the difference between these
results and the theoretical predictions. Thus we
should seek a real physical reason for the dis-
crepancy. A possible source arises from the fact
that the calculations are based on the assumption

that the adsorbed atoms are on a single, perfectly
flat surface, the total effect thus being the sum of
the scattering from individual crystallites. This
ignores scattering from the xenon at other lo-
cations. Atoms are adsorbed on the sides and

backs of each crystallite; at points of irregularity
in the exposed basal plane; on neighboring crystal-
lites, and in second and higher layers on the
surface. (Even when the nominal 8 is less than one,
computer simulations and theor etical arguments
indicate that not all atoms go into the monolayer. In-

stead, filling in the second layer begins before the
first layer is complete. Of course, when the
nominal 0 is greater than unity, the number of
atoms in higher layers increases quite rapidly. )
However, our knowledge of the number and exact
position of such atoms is still too limited to allow
a precise estimate of their effect upon the scat-
tering. In general, we hypothesize that such ef-
fects would give rise to a range of distances, each
characterized by a (sinsx)/sr term in the structure
factor, and that the summation of these peaks
might well give rise to an apparent increase in
the background scattering. We emphasize that a
10/g shift in the estimated value off' would bring
H(s) = n. I(s)/f2x, 1 to within 10% of the expected
behavior and would shift the peak positions by no
more than 0.2 A '. Thus, these difficulties in ex-
plaining the appearance of excess background
scattering should not be allowed to obscure the
fact that the agreement between experiment and
theory is quite satisfactory in most respects.

We can conclude that these experiments show
that quantitative measurements of x-ray scattering
by selected atoms adsorbed on well-characterized
surfaces are feasible, even at coverages less
than monolayer, and that the resulting data contain
considerable useful information about the cor-
relations between adatom positions relative to the
solid lattice and to each other. Clearly, studies
of this and other systems over a range of tem-
perature would be of interest; it is hoped that the
work reported here will help stimulate such in-
vestigations.

APPENDIX

Derivations of the Debye-Wailer expression for
the temperature dependence of peak heights in x-
ray or neutron scattering from a crystal are based
on the assumption that s'D' is small compared to
unity. When these ideas are applied to a calcula-
tion of the effect of vibration perpendicular to
the surface upon the scattering from a physisorbed
monolayer film, one finds that this assumption is
not necessarily an accurate one. Specifically, if
the estimated root-mean-square amplitude D is
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I(r, , ) = sin(sr, ./)
)i2St ~ . (A2)

We write

sr. . 2 C'$(r~ ye~ )&/~]~/~ (A3)

and use the addition theorem for Bessel functions
to show

sinsr, , v w ~ (4m+ 1)1'(m+ ~ )

m)m=o

Z.„../, (sr, /) J', „/z(sz,./)
(sr )I/2(se )I/2

(A4)

At this point, the integration over z, , can be
performed with the aid of

- 2m+1/2~ ~ e-z /4D dZJ
2 2

(se)1/2

Dr(m+ —,
'

)
M2 r(2m+ —')

0
0.25 A for xenon on graphitized carbon, the pro-
duct SD will be of the order of unity over much
of the experimental range of s. This necessitates a
careful calculation of the effects of this motion
upon the scattering.

We start from the premise that the motion upon
the scattering perpendicular to the surface is
harmonic, classical, and uncorrelated to the per-
pendicular motions of neighboring adatoms. In
this case, the distribution of gas-solid distances
is given by Eq. (3.26), with a mean-square ampli-
tude D' = k T/k, , with k, equal to the curvature of
the gas- solid energy curve at its minimum. The
problem arises in the ca,lculation of II„„,(s), the
Xe-Xe structure factor which involves z;, , 7,,
= ~;„ the relative distance between xenon atoms i
and j . The analog of Eq. (3.26) for the distribu-
tion of z;& is

W(e, ,) = (1/2DWw ) e '&/ (Al)

The aim here is to derive an expression that will
replace the structure factor given in Eq. (3.36) by
a more accurate result; this means that we wish to
evaluate

I,O

0.5

I = —s'D. ..(4m+1)[r(m+ -,')]'
2m p'r(2m+ —,')

x~F~(m+g, 2m+p, —s D). (A7)

Up to this point, no approximations concerning
the magnitude of sD have been introduced; we can
compare the results of Eqs. (A6) and (A7) with Eq.
(3.36) by writing out the first few terms in the
series expansions for the confluent hypergeo-
metric functions. We find that

sD {D=0.25K)
0.5

I

i.o

Cfl

8
X

I

Ol
Xx

2

sD

FIG. 12. Functions Im defined by Eq. (A7) are plotted
vs the dimensionless parameter sD. Points show ap-
proximations to these functions which should be most
accurate at small values of sD.

x(sD)',F,(m+ &, 2m+ —,, —s'D'), (A5)

where, F, (a, c,x) is the confluent hypergeometric
function. When Eqs. (A4) and (A5) are substituted
into Eq. (A2), the result can be written

I I

2
s{A ')

I(r, ~)= g I j (sT„).
m=o

with

(A6)
FIG. 13. Spherical Bessel transform of the pair cor-

relation functions for mobile xenon film is shown here
for the Bessel function j&(s~), giving the partial struc-
ture factor Hx,' x,(s) defined in Eq. (A18).
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I=(1——', s'D + —'s D + ~ ),
I = ——,'s'D'(1 —'- s'D + ~ ~ ~ )1 7

I, =,—Os D (1+ ~ ) .
(A8)

If one takes the limit of these functions as s'D'
-0, Eq. (A6) reduces to

I(r, ,) = (sins', ,)/sr, &. (A 9)

I =e ' n ~'(1+ —' s4D + ~ ~ ~ )0 45

—sDe 3~n ~"(]y ~ ~ ~ )

(A10)

(All. )

It is clear that this procedure will give rise to a
"Debye-Wailer" factor but will also introduce ex-
tra contributions to the structure factor.

A general expression for the structure factor
that does not involve power series in s'D' can be
written

Hz z, (s) = Q I Hz(™'z,(s)
m=0

with

(A12)

~Hz, 'z, (s) = 4.55 j, (s7) p„",~z', (7) d f. . (A18)

However, this procedure gives no "Debye-Wailer"
factor. Thus we retain terms of order s'D' in

Eq. (A8) to arrive at approximate I which a,re

Some plots of I as a function of sD are shown in

Fig. 12. The spherical Bessel-function transform
that gives H„', '„,(s) for m = 1 was calculated using
the G»(r) shown in Fig. 9. The results are plotted
in Fig. 13. The curves in Fig. 12 indicate that the
simple equations for I, and I, are reasonably
accurate up to sD =1;since this corresponds to

o
s =4 A ' for our estimate of D, we have used Eqs.
(A10) (without the term in s'D') and (All) to cal-
culate the Xe-Xe structure factor for a mobile
film with 0 = 0.7. When the component contributions
to &Hz, «,(s) are evaluated, it is found that the
term with I= 1 makes only a small contribution to
the total when D=0.25 A. When it is included, its
main effect is to slightly increase the height of the
peaks in the rn =0 function.

Of course, a calculation of the structure factor
for a registered xenon film should also include
contributions for m =1, etc. ; these terms have
not been evaluated because (a) Debye-Wailer fac-
tors for vibrations parallel to the surface in the
registered layer should also be included, and (b)
the scattering factor for this model is dominated
by sharp peaks which means that detailed intensity
variations are not as important as in the case of the
mobile film. We have attempted to take the three-
dimensional vibrations into account crudely in
Eq. (3.42) by using a Debye-Wailer factor of
e rather than e
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