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Strong-coupling correction to the jump in the quasiparticle current
of a superconducting tunnel junction
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Calculated values of the strong-coupling correction to the jump in the quasiparticle current of superconductor-
insulator-superconductor tunnel junctions are given for a number of elements, amorphous materials, and
alloys. It is shown that there is a simple empirical relation between the size of jump in the quasiparticle
current and the effective electron-electron coupling parameter (A, —p,~).

In the preceding paper, Ginsberg, Harris, and
Dynes' have evaluated the strong-coupling cor-
rection to the critical current of Josephson junc-
tions made of a variety of materials. They have
also shown that there exists a simple, empirical
relation between this correction and the effective
electron-electron coupling parameter (X —p*).
Here X is McMillan's' electron-phonon coupling
parameter and p, * is the Coulomb pseudopotential. '
We now show that there also exists a simple re-
lation between the jump at the energy gap voltage
in the quasiparticle current 4Iqp of a supercon-
ducting tunnel junction and (A —y, *). In addition
it is shown how the ratio of the critical current
I, to 4Iqp provides a convenient way of deter-
mining whether the measured critical Josephson
current in a junction has its maximum possible
value.

We consider a tunnel junction formed from two

superconductors separated by a thin insulating
barrier. The superconductors are assumed to be
made of the same material and to be at absolute
zero. We consider that measurements are made
by biasing the junction with a source having neg-
ligible impedance. Although this kind of source
is effectively impossible to achieve, except at low
frequencies, the intrinsic capacitance of thin-
film tmmel junctions is usually sufficiently large
that its capacitive impedance is much lower than
that due to the tunneling process. Thus the junc-
tion sees a low ac impedance regardless of the ac-
tual impedance of the source itself.

When one measures the dc current-voltage
characteristic of a junction biased as described,
one finds the following: at zero voltage one ob-
serves the critical Josephson current (the current
of ground-state electron pairs); as the voltage
is increased one observes the quasiparticle cur-

TABLE I. Values of AIqp/DI~, „and I,/DIqp for different materials.

Material

Sn
Tl
In
Pb
Hg'
P Ga

Amorphous Ga
Amorphous Bi

AI /Al~ ~

1.009
1.011
1.014
1.056
1.075
1.027
1.078
1.102

I,/~Iqp '

O.S07
0.895
0.888
0.755
0.735
0.844
0.743
0.691

Material '

In() gTI() (
Inp ~3Tlp 2

Inp @Tip 33

Inp sTlp s

Tlp gBip g

Pb p.sTlp. 2

Pbp 8Blp 2

Pbp 7Bip 3
Amorphous Pbp. 4sBip. ss

AIqp/AIqp ~

1.016
1.021
1.019
1.014
1.012
1.064
1.093
1.103
1.135

Ic/AIqp

0,880
0.861
0.86S
0.887
0.880
0.744
0.694
0.678
0.649

' Except as noted these data are from J. M. Rowell, %. L. MeMillan, and R. C. Dynes, J. Phys. Chem. Ref. Data
(to be published).

The accuracy of these quantities is not known well. However, the uncertainty introduced by the present calcula-
tions is small. Larger uncertainties arise from limitations in the accuracy of the original tunneling data and from
the spacing of the points for which the complex gap parameter was obtained when the tunneling data were inverted.

'%'. N. Hubin and D. M. Ginsberg, Phys. Rev. 188, 716 (1969).
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FIG. 1. Jump AIqp in the quasiparticle current as a
function of A, —p*. AI qp is normalized to its meak-
coupling value AI ~. The line is dravvn approximately
through the points and is not based on any theory.

FIG. 2. Ratio Z~ fLh'Iq& of the critical Josey5sen cur-
rent to the jump it[ the quasipa&Me cu~esk as a func-
tion of A, —p*. The lime is dr~ appw~~teky through
the points and is est based an any theery.

rent (due to excitations), which remains nearly
zero up to the energy-gap voltage 2 n, /e where it
jumps abruptly by 4I~ to a value somewhat less
than the normal state current; with further in-
creases in voltage the current gradually approach-
es the normal-state current.

In a real junction the jump in the quasiparticle
current is spread over a range of voltages. A
graphical construction for deriving both the energy-
gap voltage and the current jump from experi-
mental data has been described by McMillan and
Rowell. 4 However, most of the superconductors
described in this paper are sufficiently dirty
(l «(,) that the jump will be quite sharp. The
mean free path is I and the coherence length is

In order to compare an experimentally deter-
mined critical Josephson current with the theoret-
ical maximum, using only the results of Ref. 1,
one must also measure the normal-state resis-
tance of the junction. This resistance measure-
ment requires either a bias voltage substantially
higher than the energy-gap voltage, or a magnetic
field strong enough to quench the superconductivity
(not just the critical current) in the junction. The
former can introduce changes in the normal state
resistance due to heating and the latter is difficult
because of the high magnetic fields required.

One can avoid both of these difficulties by using
another method to compare measured critical
currents with the theoretical maximum. This
approach requires measurement of the jump in
the quasiparticle current, and a comparison of

that jump with the critical; current. Shoes both
I, and Lh, Iqp are inversely yroportional to 8„,
comparison of their measured ratio with a theoret-
ical value does not reqeire measxrremellt of 8„.
In the present paper we therefore give values of
4Iqp &

and they are fhr the same materials for
whichI, is given in Ref. 1.

For weakly coupled mterials the jurnp hIqp
~ „

in the quasiparticle current is ideetical to the
critical Josephson current I, :

6 Iqp gy Igag w6/288»

For strongly coupled materials the jump is given
by McMillan and Rowell':

(2)

Here 4(&u) is the complex-valued energy-dependent
gap parameter and ~~ is the energy gap. Our
values of n. I~ are calculated from Eq. (2).

Table I gives values of n.I„/n.I„ for the same
materials considered in Ref. 1. These values are
plotted in Fig. 1 as a function of A. —p. *. The fig-
ure illustrates the simple relation between the
two variables.

Because the ratio I, /n. I~ is useful for experi-
mental determinations of the critical current, we
list values of it in Table I and have plotted it in
Fig. 2, also as a function of A. —p. *. The simple
dependence of this ratio on ~ —y, * is apparent.

%e thank D. G. Mcdonald for suggesting this
work.
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