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Values of the strong-couphng correction to the low-frequency local-limit conductivity of a number of
superconductors are given. These values also describe the strong-coupling correction to the critical current of
a Josephson tunnel junction. The correction is given for indium, amorphous gallium, P-phase gallium,

amorphous bismuth, Pbo, Bi0 „Pbo,Bio,, amorphous Pbo 4,Bio», Tlo,Bio, , Pbo ST10„and previously published

values are listed for tin, lead, mercury, thallium, and indium-thallium alloys. It is shown that there is a simple

empirical relation between these values and the effective electron-electron coupling parameter (X —p,*).

The influence of strong electron-phonon coupling
on the electromagnetic properties of supercon-
ductors has been of interest for many years, and
our understanding of the essential features of this
problem is probably approaching completion. ' '
Strong-coupling affects the critical current of
Josephson tunnel junctions in essentially the same
way as it does the conductivity of bulk supercon-
ductors' ', carefully prepared junctions exhibit
critical currents approaching the theoretical val-
ues.

We report here some previously unpublished
theoretical values of the low-frequency electrical
conductivities of some strong-coupling supercon-
ductors. We show that these values and ones which
have been previously published can be related di-
rectly to McMillan's' effective electron-electron
coupbng parameter (X- p, '). The value of the con-
ductivity can be used to calculate the penetration of
electromagnetic waves through thin films'" and
the amplitude of the supercurrent in a Josephson
tunnel junction as well, so the conductivity has
considerable technological importance as well as
intrinsic interest.

Although the effects of strong coupling on super-
conductors and on Josephson junctions are similar,
the two seem conceptually rather different. We
discuss them separately. We assume that the
electron mean free path / is very much less than
the electromagnetic coherence length $0= Sv/wAo,
where v is the Fermi velocity and 4, is the
energy-gap parameter. This condition will be
satisfied if the samples are thin films.

For superconductors, a consequence of the small
mean free path is that the current density J is an

essentially local response to the electromagnetic
field, and can therefore be described in terms of
a superconducting- state- to- normal- state conduc-
tivity ratio o, /&r„which depends on tbe angular
frequency {d, but not on the electromagnetic wave

mber " We are concerned here with angular
frequencies which are greater than zero, but less
than 2 n, o/O'. In this frequency range there is no
energy dissipation (assuming zero temperature and
that there are no pair-breaklIlg 111teractlons ), so
the real part o', (v) of cr, vanishes, and v, is a pure-
ly imaginary function of co, which is called i(~o)-
In tile sanle frequency region, 0'„ is a 1'eal con-
stant if I «$, . Hence, o, /o„ is an imaginary func-
tion of (d for our purposes. We are going to focus
particularly on very low frequencies, &v «2 n, ,/5,
for which o,(~) is inversely proportional to ~:

o, /o„= 2A/w~,

where 2 is a constant. (For a typical value 6,= I
meV, 2 n, /h= 5 &&10" Hz. )

Mattis and Bardeen calculated the electromag-
netic response of a weak-coupling superconductor,
and obtained a value A@g fol A, given by

A„={-,'w')2 n, /S.
The calculation of o, /o„ for a strong-coupling

superconductor can be carried out according to the
theory of Nam, as modified by Swihart and Shaw, '
provided electron tunneling data are available. The
strong coupling alters A by an amount 5A, so that

The resulting change a2/o„according to Eq. (l) is
25A/we. In fact, it is known that this is, within
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about 1/0,"'"the entire change in o, /o„caused by

strong coupling for angular frequencies up to
2 40/5, even though the validity of Eg. (1) breaks
down as &u approaches 2 no/K.

A close connection between the change in the con-
ductivity due to strong coupling and the change in
the critical current I, of a Josephson tunnel junc-
tion arising from strong coupling was noted by
Fulton and McCumber. ' Recently Harris '8 has
shown that the connection arises through the co-
herence effects dominating the response in the two
cases. The connection is simple:

&uo, (&u) AI = llm2eR„~"o+ O„meR„
where R~ is the normal-state resistance of the
Josephson junction. Usually the theoretical value
of I, for a junction made of strong-coupling ma-
terials is expressed as a fraction of its value I
for a junction made of material in the weak-

coupling limit. Thus

I, /I, =(A„s+ 5A)/A„s.

It is therefore explicitly clear that the fractional
change in I, due to strong coupling is identical to
the fractional change in A due to strong coupling.

Calculated values of M for a variety of materials
have already been published. Unpublished values
of 5A, calculated from tunneling data for amor-
phous bismuth, "amorphous gallium, ""and P-
phase gallium" have been used to find the trans-
mission of far-infrared electromagnetic waves
through thin films, as has the published value for
lead. ' The agreement between experiment and
theory was very good for all four materials. "

We report in Table I the values of 5A normalized
to 2 +o for all these materials is We also give in
Table I a number of previously unpublished values
of M for other materials: 5A was calculated by
numerically evaluating v, jo„ in the limit of small

TABLE I. Values of parameters related to strong coupling for a variety of materials.

Material
References

Data Calc. hW/2Z '

Sn'
Tl
rn"
Pbb
Hg

P Gaj
Amorphous Ga
Amorphous Bi b'

InQ STlQ )
InQ 73T1Q 27

InQ 87

InQ 5TlQ 5

TlQ 9 iQ

PbQ 8T1Q 2

PbQ.8Bi0.2
Q.7Bi0.3

Amorphous PbQ 4581Q

e
g
d
1

g
g
g
e

e

g
g
g
g
g

-0.209
-0.234
-0.247
-0.502
-0.518
-0.328
-0.492
-0.589
-0.261
-0.299
-0.28 1
-0.249
-0.268
-0.513
-0.595
-0,622
-0,648

0.915
0.105
0.900
0.797
0.790
0.867
0.801
0.761
0.894
0.879
0.886
0.899
0.891
0.792
0.759
0.748
0.737

0.72
0.795
0.805
1.55
1.6
0.97
1.62
2.05
0.85
0.93
0.90
0.83
0.78
1.53
1.88
2.01
2.59

0.092
0,111
0.097
0,105
0.098
0.092
0.095
0.11
0.103
0.110
0.110
0,110
0.099
0.101
0.093
0.092
0.116

' The accuracy of these quantities is not known well. However, the uncertainty introduced
by the present calculations is small. Larger uncertainties arise from limitations in the ac-
curacy of the original tunneling data and from the spacing of the points for which the complex
gap parameter was obtained when the tunneling data were inverted.

"Values of I,/I~ are also given for Sn, In, Pb, Hg, amorphous Bi, and amorphous Ga by
J. P. Carbotte and P. Vashishta fCan. J. Phys. 49, 1493 (1971)]. Their values do not differ
significantly from those listed here, except as noted in Ref. 18.' J.M. RoweD, O'. L. McMillan, and R. C. Dynes, J. Phys. Chem. Ref. Data tto be pub-
lished).

4 Reference 14.
'D. W. Taylor and P. Vashishta, Phys. Rev. B 5, 4410 (1972).

Reference e also gives I,/I,„for In; it is nearly the same as ours.
~ This work.
"%'. N. Hubin and D. M. Ginsberg, Phys. Rev. 188, 716 (1969).
' Reference 15,
' Reference 18.
"Reference 21.
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frequency" as indicated by Eq. (I). For complete-
ness previously published values of 5A are listed
for other materials as well. For each material we
have also given in Table I the fractional reduction
in the critical current of a Josephson tunnel junc-
tion according to Eq. (5).

It is seen that 5A is not negligible compared with

A», and that 5A is negative in all cases. The sign
of M follows from the electromagnetic sum
rule, '9'" the Kramers-Kronig relations" between
0y and 02, and the fact that strong coup 1 ing adds
oscillator strength to o, in the frequency range ~
& 2 n, /a."'

It is useful to determine empirically whether
the dimensionless ratio 5 5A/2 b, o is related direc-
tly to McMillan's' electron-phonon coupling param-
eter X and the Coulomb pseudopotential p, *,"'"
since large values of (X- p, *) should correspond to
strong coupling. ' The parameters X and p, * are
found by electron tunneling"; we use the best
available values. References are indicated in
Table I. The relation between h5A/2 n, and (X—
p, *) is shown in Fig. l. Apparently there is an

-0,2

-0,3—
.85

hsA/26,
-0.5 =

I'
, /I

.SO

.75

-0.7
0.5 I.O l.5 2.0 2.5

FIG. 1. Strong-coupling correction to lA//M p, defined
in Eq. (1), as a function of McMillan's effective electron-
electron coupling parameter (A- p*). The solid line is
simply drawn to fit the points, and is not based on theory.

essentially monotonic relation between these two
variables. The curve in the figure, although it is
simply drawn by eye to fit the points, can hopefully
be used to find 5A and I,/I, „for materials for
which those parameters have not been directly cal-
culated or measured.
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