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A Green’s-function theory of Brillouin scattering in anisotropic, nonconducting crystals has been published by
Nelson, Lazay, and Lax. Using the stationary-phase method they have obtained the dependence of the
scattered far field on the principal curvatures of the w(®) surface. The dipole approximation used by the
present author to calculate scattering cross sections in nonconducting, hexagonal crystals involves properties
that depend only on the first derivatives of o®). In this work we compare the two methods and give an
explicit expression for the correction factor valid for an arbitrary optical anisotropy. The correction for
scattering from T, phonons in a plane containing the optic axis of CdS is discussed.

In a recent comment' on my original work on
Brillouin-scattering cross sections in CdS,? Lax
and Nelson have pointed out, correctly, that the
cross section in anisotropic crystals in general
depends on the Gaussian curvature of the w(k)
surface. Thus the present addenda to my original
work? has been made as a consequence of the Lax-
Nelson paper.!

Let us consider the inelastic scattering of the
incident electric field E, = E°(%k°) exp[i(k® - ¥ - w;1)]
in the eigenstate 6, k® by the fluctuation in the
dielectric tensor 6¢ = 6¢*(K) expli(K- % - Qt)] pro-
duced by the acoustic-phonon mode p, K

In the linear dipole approximation the scattered
electric field at a point R in the far field is given
by (mks units)

Egu®, 0= < ) Rx (Bx[sP)), 6V

41reoR
where the square bracket around the nonlinear
driving polarization 5P denotes retarded value.
The Poynting vector of the scattered field is
parallel to the unit vector R =R/R in the direction
of observation. The angular frequency (w,) of the
diffracted light is given by w= w;=w;+ Q= w;.

In nonconducting crystals the unit field eigen-
vectors é¥ (¢ =1, 2) associated with a given Poyn-
ting vector are real (linear polarization of eigen-
modes) and form together with R an orthonormal
set. Using the expansion R x (R x &)
=3 g1 .27+ K)&?, the time-independent part of
the electric field can be written

B (B, 0)= e = (“’)2 2o [0 oBwlerert
2)

where the amplitude of the driving polarization is
given by 6P = eoé‘éf(f) -E®. The diffracted wave
vector is determined by the selection rule k¥

=%o + R¥ (phase-matched scattering).

The scattering cross section between the light
polarization states 6, ¢ defined as o7 = [§7|R?/[5?|
can now be obtained from the magnitude of the
Poynting vectors

[§¢1=4| Rel(Eg,)* x (Vx EE,)/iwp,]|
and
89| = Le,cn®| E® |2 coss®

of the diffracted and incident beams. Using the
relations

k?=(w/cn?
and
[k9e? - &%) —&2(2% - &%) = (w/cn’ cosd? ,

one finds

1 \/w)?® -
0,9 — = 39 . I . 56(2
o <4n€0> (c) | &%« 5e*(K)-e®

n? cosd?
n® cosd®

@)

The cross section in Eq. (3) can be expressed in
terms of the unit electric displacement vectors
d®,d® which satisfy the relation €, -&=n?coséd,
and in terms of the effective photoelastlc tensor
P | which accounts for the rotational effect and
the indirect photoelastic effect. By means of the
well-known relation K>[u*(K) |?= mQNE/20(V})?
between the Fourier amplitude of the atomic dis-
placement u“(K) and the occupation number n,%
=Ng or NK -1, one obtains in usual notation

odlp )\g |d¢ P R -d \

HONE
2p(Vy)* ~

In Ref. 2 the scattering cross section was, some-
what inconveniently, defined as the scattering

4)

X n®)3}(n?)° cost® cos®6?
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efficiency per unit solid angle around the scat-
tered-wave vector k¢ and per unit length along the
incident-wave vector k°. Furthermore, separate
powers in the two components of the scattered
polarization were not calculated, and R X (R xE")
were wrongly replaced by ¢ x (89 x E*), 2?=F%¢/R?¢
[Eqs. (3) and (21) of Ref. 2].

Using the dyadic Green’s function appropriate
to anisotropic media Nelson et al.®'* have obtained
a general expression for the scattering cross
section which involves the Gaussian curvature y?
of the w(k) surface at the propagation vector k.
The Green’s-function analysis shows that the fac-
tor

7,=0°)}n?)® cosd® coss?, (5)
obtained in the dipole approximation, should be
replaced by

7= (n%)*(1n?)° cos6® cosd?/(k?)% ¢ .
1t follows from Eqs. (5) and (6) that the correction
factor g¥ is given by

0 98°_ 1
g 0%’ (w/cPx?m?)?cos®?

Note that the optical anisotropy contained in

-

(6)

M

|d? P - & +d°|? is the same for the two models.

If one neglects the angular deviation of the group
velocity from the phase velocity, but retain an
index of refraction appropriate to the direction of
propagation,® Eq. (5) is reduced to r,= (n®)%®?)°.

As an example of relevance to Ref. 2 we con-
sider the scattering from T, phonons in the xz
plane of a uniaxial crystal. Since the T, mode is
piezoelectrically inactive, the scattering is due
to the direct photoelastic effect only. The selec-
tion rule shows that an ordinarily polarized inci-
dent beam is changed into an extraordinarily
polarized scattered beam and vice versa. For an
extraordinary ray in a uniaxial crystal one has®

(k) = (dete,) (k- €, « k)/(k-E2 « k)?
and
cosd=(k+E, - k)/(k+E - R)V2,

where 2=k/k. If the incident and scattered lights
have their propagation vectors in the directions
° = (cosa, 0, sina) and &’ = (cosB, 0, sinf), the
appropriate refractive indices for scattering from
ordinary into extraordinary polarization [case (i)]
are n;=n, and n; =n,n,(ns cos®p+n2sin®p)"**; and
from extraordinary into ordinary polarization
[case (ii)] n, =n,ny(n cos?a +nZ sina)~"? and
Ng =Ny

In case (i), Eqs. (5) and (6) yield

=B (cos®B + u sin®p)'/®
1o (cos?B + 1.2 sin3g)3/2

(8)

and

y=nSu (cos?B + u? sin?B)%/?
2= (cos?B + p sin?B)*2 ’

9)

where p =(n,/n,)% Neglecting the deviation 5% one
gets 7,=n5u%?(cos®B+ u sin®B)*/2.
In case (ii), one finds

7, =7,=n3u3?[(cos?a + 1 sin®a)
x (cos®q + u? sin®a)] ™12 (10)

as expected since a spherical w(k) surface for
the scattered beam implies that y¢(k¢)2=1 and
6¢=0.

In the theory of Nelson et al.*** only the Gaussian
curvature of the w(k) surface for the scattered
light occurs. This is due to the fact that the inci-
dent light normally forms a parallel beam (laser
radiation). Neglecting 6° one obtains »,=n5u%?
X(cos?a + sin®a)~¥2,

In Fig. 1 is shown the angular variation of 7, and
7, in CdS for A,= 6328 A (n,=2.460,n,=2.477) for
the cases (i) and (ii). It is seen that the angular
dependence predicted by the dipole approximation
is far from the correct variation obtained by the
Green’s-function formalism [case (i)]. Further-
more, the simple model retaining only the direc-
tional dependence of the index of refraction (5°
=5¢=0) gives results close to 7,. (With the ver-
tical scale used in the figure 7, and 7, coincide.)
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FIG. 1. Angular variation of the anisotropy factors for
T;-phonon scattering in the ¥z plane of CdS(A,= 6328 A)
as obtained: from a “zero-order” (04, 0g) and a “first-
order” (1o, 1g) dipole approximation, and from a Green’s
-function calculation (2, ,2g). The incident and scattered
photons are denoted by o and 8 .
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This holds in general for weak anisotropic media
since u=1+A,A<1 implies that r, =7,
=n8(1+35A cos?p) [and »,=n3(3 A)(3 + sin?p)] for
case (i), and 7, =7,=n3(1+ 3A cos?a) for case (ii)

if one calculates to first order in A. It is obvious
that the correction introduced by the anisotropy
factors (r,, r,,7,) is small in weak anisotropic
crystals like CdS.
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