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We report transmission-electron-spin-resonance {TESR) measurements on dilute alloys of Er, Tm, and Lu in

aluminum. We have derived theoretical expressions for the effects of the exchange and crystal-field

interactions on the resonance properties of the Er and Tm alloys. A computer fit of these expressions to the

data yields values for the crystal-field parameters and the sign, magnitude, and a measure of the k dependence
of the exchange interaction for each alloy. Combining the TESR results with direct EPR measurements on
Al:Er, we obtain the free-ion g value of Er'+ and a measure of the electron-electron enhancenient in the host.
The TESR measurements also yield the outer-shell spin-flip scattering cross sections o.„for Er, Tm, and Lu.
Corresponding resistivity measurements indicate that the outer-shell scattering properties of these impurities
are quite similar, in that they are all characterized by roughly the same value for the ratio cr„/p„.

I. INTRODUCTION

Transmission-electron-spin resonance (TESR) is
a relatively new experimental technique for ob-
serving conduction-electron spin resonance in pure
metals. " Since the presence of very small a-
mounts of impurities in the metal can significantly
affect the properties of the resonance, the TESR
technique has proved to be a useful probe for
studying the behavior of both magnetic and non-
magnetic impurities in a metallic environment. ' '
In particular, it provides detailed information
about some of the dynamics of the spin-dependent
scattering of conduction electrons by impurities in
the dilute limit, where impurity-impurity inter-
actions can be neglected for all temperatures of
interest. In this paper, we report TESR and EPR
measurements on aluminum containing dilute
amounts (5-65 ppm) of rare-earth (RE) impur-
ities. ' We will show that these experiments pro-
vide useful information about the magnitude, sign,
and k dependence of the exchange coupling between
the conduction-electron and impurity-spin systems,
the crystal-field splittings of the RE f shelldue to
its cubic metallic environment, and the spin-flip
scattering cross sections for the outer electron
shells of the RE ions. In addition, by combining
the TESR results with direct measurement of the
rare-earth EPR in Al:Er, we obtain the free-ion
g value of Er and a measure of the electron-elec-
tron enhancement of the aluminum host.

Aluminum was chosen as the host material for
several reasons. It behaves as a nearly-free-
electron metal, so that host band-structure effects
should be small. It has a strong TESR signal up to
liquid-nitrogen temperature, so signal strength is
reasonable over a large temperature range even
in the presence of impurities. Finally, aluminum

is trivalent, like the RE ions to be studied, which
should minimize the electron scattering that re-
sults from charge contrast between host and im-
purity.

There are two primary "theoretical" problems
when considering TESH in the presence of impur-
ities. The first is understanding the observed
line shape and position in order to extract the con-
duction-electron spin relaxation rate 1jT., and the

g value. The second is interpreting these results
in terms of some more or less detailed micro-
scopic model. For the case of nonmagnetic im-
purities this procedure is reasonably straightfor-
ward. Assuming classical skin-depth conditions,
the relationship between the observed TESR signal
and 1/T, has been calculated by assigning spin and

momentum relaxation times to the conduction elec-
trons, and applying Maxwell's equations to the
problem of a metal slab in a radio-frequency
field. " Resonance measurements of 1/T, have
been made for a variety of different nonmagnetic
impurities in several different hosts, and have
been successfully interpreted in terms of the spin-
orbit interaction, which couples the spin and or-
bital motion of the conduction electrons when they
are in the impurity cell. '

When the impurities are magnetic, the problems
of extracting and then interpreting the resonance
parameters are no longer independent, since the
conduc tion-electron magnetization is dynam ically
coupled to the local-moment magnetization. For
example, when transition-metal impurities with

g =2.0 are dissolved in a simple metal host, the
exchange coupling between the local moment of the
ion and the conduction-electron spin is typically so
strong that only a single combined resonance is
observed. " This "bottleneck" effect considerably
complicates the analysis of such systems and pre-
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vents a direct determination of the coupling and
spin-flip parameters. '0 Furthermore, the x eso-
nance behavior of these strongly coupled alloys has
traditional]. y been interpreted by assuming that the
exchange coupling takes the simple form -J(r)S s„
where S and s represent a local-moment and con-
duction-electron spin, respectively, and J(r)
characterizes the strength and range of the ex-
change coupling. Basic to this model is the as-
suxnption that many-body effects are small so that
the jnIpurity retains a well-defined moment local-
iized on the impurity site, although there is con-
siderable experimental evidence indicating that this
Is not R good assumptIon for transItlon-IIletal lm-
purit;ies in metal hosts. "

In our experiments, we have avoided these com-
plic Rt ions by working with the non-8- state rare-
eartIl I.mpurltles Er and Tm. BecRuse the mag-
netic 4f shell is tightly bound and well shielded
within the atom, most RE inlpurities in a metallic
environment tend to retain well-defined magnetic
moments of they type they might possess as im-
purity ions in a simple ionic crystal. Under these
circumstances, the exchange model suggested
above i" expected to be a reasonably good approx-
imation. Since the rare earth is usually charac-
terized by the total angular momentum J of its
Hund's-rule ground state, the exchange interaction
is conveniently written" as -(gz —l)J(r)J ~ s,
where gg ls the Lande factor.

The (24+ i)-fold degeneracy of the ground state
is partially lifted by the cubic crystal field of the
aluminum host. Ne find that Al:Er has a 1, doub-
let ground state" that is resonant at g== 6.8, while
the ground state of Al: Tm is determined by our
experiments to be a nonmagnetic singlet. These
alloys axe therefore unbottlenecked, in the sense
that the effects of coupling are expected to be
x'ather small, and can be treated in a molecular-
field approximation. The first, -order effect of the
exchange coupling between the RE ions and the
conduction-electron splns of the host Is R temper-
ature- and cxystal-field-dependent shift and broad-
ening of the TESR signal. This occurs because the
magnetic moment, and therefore the exchange scat-
tering, depend on the thermal occupation of the
ionic energy levels of the RE f shell, as deter-
mined by the crystal fields. Consequently, our
TESR results provide information about crystal-
fieid splittings, as well as information about the
exchange coupling.

In this weak-coupling regime, temperature-in-
dependent contributions to the conduction-electron
spin relaxation rate due to nonmagnetic spin-orbit
scattering in the outer shells of the HE ions are
simply additive, and can be easily separated from
the f-shell contributions. To facilitate this sepa-

ration, we have made corresponding TESR mea-
surements on Al:Lu. This is the idea}. nonmagnetic
reference alloy„since Lu has a full g shell, and is
expected to have an outer-shell electron configura-
tion similar to that of Er and Tm.

For these unbottlenecked systems, the procedure
for determining the conduction-electron spin re-
laxation rate from the TESR line shape is the same
as for alloys containing nonmagnetic impurit;es. '"
For this purpose, Dunifer's" calculations Rnd

charts are very helpM, and have been used to ex-
tract the parameters presented here. In interpret-
ing our results, we have used the exchange model
described above and first-order perturbation the-
ory to derive expressions for the exchange con-
tributions to the TESRg value and linewidth as a
function of temperature, impurity concentration,
crystal-field pax"ameters, and electron-electron
enhancement of the hosi. . Comparisons between
computer calculations of these expressions and our
data provide reasonable agreement between theory
and experiment.

The paper is organized as follows. Section II
contains a brief description of the TESR experi-
mental apparatus and the methods used to prepare
and analyze the samples. Section III is a presen-
tation of the perturbation theory for the impurity-
induced spin-lattice relaxation and resonance g
shift due to the exchange coupling assumed above,
but modified to include the effects of crystal-field
splitting and electron-electron enhancement. Sec-
tion IV is a presentation and comparison with the-
ory of the experimental results. Section V sum-
marizes and gives our conclusions.

II. EXPERIMENTAL TECHNIQUE

A. Apparatus

The TESR technique has been fully described
elsewhere"" as has the particular spectrometer
used for these experiments. " Briefly, the mea-
surements were carried out at X band with a sin-
gle-klystron 30-MHz supe rheterodyne spectro-
meter using a tunnel-diode microwave preampli-
fier to give a system noise figure of 9 dB, or a
sensitivity of 3& 10 "% at a one-cycle bandwidth.
Because of this high sensitivity, it is necessary to
maintain more than 180-dB isolation between the
transmitter and receiver cavities in order to ob-
tain useful data at the maximum available incident
power of about 100 I;lW.

The cavity assembly consists of two cylindrical
microwave cavities, operating in TE,» modes,
and arranged symmetrically with the sample form-
ing a common end wall. Single-crystal sapphire
disks greased onto the sample surfaces act to sup-
port the sample (typically 0.05 mm thick), concen-
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trate the microwave magnetic field at the sample,
shorten the cavities, and improve the thermal con-
tact between cavity and sample. Sapphire tuning
rods are used to equalize the cavity frequencies
during operation. A central "sandwich" of copper-
plated brass flanges containing the sample and

sapphire disks is removable as a unit, and is
sealed to the otherwise rigid cavity assembly using
indium gaskets. A spiral ridge was machined onto
the flange surfaces in contact with the sample to
produce a cold-weld seal consistent with the re-
quirement of more than 180-dB isolation between
the cavities.

In operation, the cavities are sealed in an ex-
change-gas-isolation can, and using conventional
procedures the TESR can be run at temperatures
from 1.7 'K to above liquid-nitrogen temperature.
A calibrated GaAs diode attached to the cavity is
used to measure the absolute temperature. Inde-
pendent measurements have established that the
temperature difference between this sensor and

the sample center is less than 0.5 "K at high tem-
perature and maximum microwave power, and is
much smaller at the low microwave powers used
below 5 'K.
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8. Sample preparation TO PUMP AND H. P. ARGON SOURCE

Since the solid solubility of the rare earths in
aluminum is very low, and because they oxidize
readily during the conventional successive dilu-
tion, rolling, and annealing procedures used to
make dilute alloy foils, it was necessary to develop
a one-step method for preparing samples directl. y
in the form of foils at the desired impurity con-
centrations. The technique used is a variant of
"getter sputtering, " which is known to produce thin
films of high purity. "'" The essential feature of
this method is that it utilizes the high reactivity of
the sputtering material as a pump or "getter" to
reduce the reactive gas partial pressu. e in the
vicinity of the sample to a negligible level during
the sample preparation. This can be achieved in
a conventional oil-diffusion-pumped vacuum sys-
tem provided an inner "getter-sputtering" enclo-
sure is employed to control the loca/ reactive gas
partial pressure.

The apparatus used here consists of a conven-
tional 10 '-Torr bell-jar vacuum system where
the main chamber contains the sample prepara-
tion assembly shown schematically in Fig. 1. The
toy can contains two rare-earth cathodes, one for
each side of the sample foil, and appropriate
shields. Stainless-steel tubes soldered to the out-
side walls provide for liquid-nitrogen cooling dur-
ing operation, insuring good gettering action. The
argon sputtering gas inlets between outer and inner
chambers are strategically located relative to the

FIG. 1. Schematic diagram of the getter sputtering
sample preparation apparatus. The portion shown is
approximately 80 cm tall.

continuously sputtering rare-earth cathodes so
that reactive gases entering with the argon react
with the rare-earth vapor and are deposited on the
chilled walls before reaching the sample prepara-
tion zone. The annealing furnace is two pieces of
tantalum foil, supported by molybdenum strips and
polycrystalline sapphire insulators. It is heated
by passing a large current through the foils. The
bottom can is liquid-nitrogen filled, and contains
a coil for cooling the argon. gas used to quench the
sample after annealing. Not shown is an air lock
which is used to introduce the sample foil through
the top of the continuously evacuated main cham-
ber.

In operation, liquid nitrogen is forced through
the cooling lines and a flow maintained through all
subsequent operations. Before preparing a sam-
ple, the furnace is outgassed by heating well above
the annealing temperature, and rare earth is
sputtered onto the sample chamber walls to getter
the residual reactive gases. The sputtering poten-
tial is then reversed, and the natural oxide layer
is sputtered off the aluminum. This step is es-
sential since the oxide layer acts as a reactive
barrier to the diffusion of the rare earth into the
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foil. " A shield prevents contamination of the rare
rare-earth cathodes during the oxide removal pro-
cess. After oxide removal, an appropriate amount
of rare earth is sputtered onto the bare foil, and

the sample is then lowered into the tantalum furn-
ace where it is annealed at just below the melting
temperature of. aluminum for a time long enough
to allow the rare-earth impurities to diffuse uni-

formly throughout the sample. An annealing time
of 90 min at 620 "C was found to give satisfactory
results. During the operation the cathodes are
continuously getter sputtered to prevent reactive
gas contamination of the sample surface before the

diffusion process is complete. Finally, the foil is
quenched with a blast of cold argon gas in the bot-
t.om part of the apparatus. With the present design
we are able to produce three different samples
simultaneously, either with the same or differing
concentrations. A major feature of the sputtering
technique is that deposition rates are very stable
and reproducible as long as the sputtering voltages
and pressure are kept constant. We are therefore
able to predict nominal concentrations in the parts
per million range simply by knowing the long-term
sputtering rate and the deposition times.

wrapped in aluminum foil. The accuracy is esti-
mated to be +5%.

III. THEORY

The TESR linewidth (n.ff =1/yT2) and g shift of
dilute alloys are determined by contributions from
both the host and the impurities. To effect a sep-
aration we will assume that the linewidth and g
shift of pure aluminum present fixed and additive
backgrounds in the alloys, independent of impurity
type or concentration, that can be subtracted out. '
In this way, we focus attention on AH, and Ag;, the
impurity contributions to the linewidth and g shift,
respectively. Furthermore, rare-earth ions are
characterized by a xenonlike core of closed elec-
tron shells and a partially filled "magnetic" 4f
shell. Since the 4f electrons are well shielded by
5s, 5P, 6s, and possibly 5d electrons, . the effect
of the magnetic shell on the transport properties
of metals containing rare-earth impurities is usu-
ally small relative to the outer-shell contributions.
However, these outer-shell contributions are
typically temperature independent so that we ean
use the temperature dependence of the magnetic
contributions to make the additional separations

C. Starting materials and sample characterization

The high-purity aluminum was obtained from
Brookhaven National Laboratory. After rolling to
the desired thickness and annealing, it has a resi-
dual resistivity ratio at 4.2 K of 2000-3000, cor-
rected for size effect. All specimens were poly-
crystalline. Bare-earth metals were obtained from
Research Chemicals Corp. , Phoenix, Ariz. Purity
is better than 99.9~jo in all cases, with the domin-
ant impurities being other rare earths and calcium.

Residual resistivity measurements at 4.2 K were
used to check sample homogeneity and concentra-
tion ratios, after size-effect correction. In all
cases, homogeneity was better than l(F/q over the
area of the sample exposed to microwaves in the
TESR spectrometer. Maximum concentration oc-
curred at the center, falling smoothly toward the
edges. Concentration ratios determined by re-
sistivity agree within a few percent with ratios
calculated from TESR linewidth, TESR line shift,
and activation analysis.

Absolute concentrations were determined by
neutron activation analysis, carried out in the Cor-
nell University Materials Science Center Analytical
Facility. Sensitivity for the rare earths is at the
0.01-1-pym level, and the high-purity host gener-
ally eliminates interferences, so the measurement
is quite straightforward. Instrumental determina-
tions were made for all samples, by comparison
with standards made from rare-earth oxides

where the subscripts have been chosen to empha-
size that the magnetic and outer-shell contribu-
tions can be attributed to the exchange and spin-
orbit interactions, respectively.

Since the outer-shell configuration is approxi-
mately constant across the rare-earth series, we
would expect the spin-orbit contributions to be
roughly the same for all of the impurities con-
sidered here. Furthermore, it has been shown
that ~g~, the shift due to spin-orbit coupling, is
only about 0.1'/q of the linewidth due to the same
interaction. " For our alloys, the expected shift
would be less than 1 G, and totally unmeasurable.
Therefore, it is the magnetic contributions ~H,„
and 4g,„, and their dependence on temperature,
impurity concentration, crystal-field parameters,
and electron-electron enhancement of the host,
that are of most interest. In this section, we pre-
sent the results of a first-order perturbation-theo-
ry calculation of these contributions, assuming
that the exchange coupling can be characterized by
the simple isotropic model -(g~ —1)g(r)J ~ s dis-
cussed in See. I. We also assume for the purpose
of this calculation that all dynamic and bottleneck
effects can be neglected. Furthermore, by re-
stricting ourselves to lowest-order perturbation
theory, we specifically exclude higher-order
Kondo terms from our results. The validity and
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limitations of these assumptions for the alloys
studied here are discussed in Sec. IV, where a
comparison between theory and the experimental
da.ta is made. Finally, because of even more re-
strictive approximations that must be made in
order to include the effects of electron-electron
enhancement, we have carried out the derivations
both with and without enhancement considerations.
In each case, we have also quoted the results of
corresponding calculations for the effect of the ex-
change coupling on the linewidth and g value of the
direct EPR of the rare-earth impurities.

Case A: Without enhancement

Using the above assumptions and approximations,
it is shown in the Appendix that the expressions
for the exchange-induced fractional change in the

TESRg value and linewidth take the form

g. -(: ((."' -()(&(&,&(&*

)
(z,

go go gsj a&

(2)

where g~ is the Lande g factor. g~ is the pure-
host g value, c is the fractional impurity concen-
tration, and p is the density of states per atom of
conduction electrons of one spin direction at the
Fermi energy. We have defined

J(k, k') = N, (ki J(r) ik'),

where N, is the host atomic density and the states
~k) are the exact one-electron states of electrons
moving in the electric field of the lattice and the
impurity, but neglecting the exchange and spin-
orbit interactions. In each expression above the
value of the k-dependent exchange energy is aver-
aged over the Fermi surface. The dependence of
the g shift and linewidth on temperature and crys-
tal-field splittings is contained in the thermal aver-
ages

(4)

where ~a) and E, are the %+1 exact eigenstates
and eigenenergies of the rare-earth f shell in the
presence of both the host crystal field and the ex-
ternal magnetic field applied in the z direction, J,
is the angular momentum raising operator, and Z
is the appropriate partition function. (J,) is just
the mean z component of the total ionic angular
momentum, and, therefore, the fractional g shift
can be expressed in the more familiar form"
&g,„/go, =&X~, where yz is the dc susceptibility of

&@=(@-~.) =~ ' &&&(k, k)&, ,

b= f= ~ g~ p2 (6)

the rare-earth impurities and A. is the appropriate
molecular-field constant containing (J(k, k))s
This simple result is a consequence of our original
assumption that the system is completely unbottle-
necked.

Our calculation of the exchange linewidth is also
similar to previous calculations of paramagnetic
relaxation in metals, "but has been modified to in-
clude explicitly the effects of crystal-field splitting
and the finite range of the exchange coupling.
Therefore, (G) is just the thermally weighted sum
of the exchange-induced spin-flip transition prob-
abilities between the crystal-field eigenstates of
the rare-earth impurities. In the high-tempera-
ture limit, (G) saturates at -', J(J+1), and Eq. (2)
reduces to the usual form for exchange scattering
from a degenerate multiplet. "

Note that the temperature dependences of Eqs.
(1) and (2) are determined entirely by the proper-
ties of the crystal field, since the exchange pa-
rameters enter these expressions only as temper-
ature-independent scale factors. Therefore, the
crystal-field and exchange parameters can be
separately determined from the shape and from
the scale of these temperatures dependences, re-
spectively. It should also be noted that the only re-
quirement for observable temperature dependences
of ~H,„and ~g,„ is that the impurity ions have mag-
netically coupled low-lying c rystal-field levels that
can be thermally populated at the temperatures of
interest. Consequently, the TESR technique can
be used to determine exchange and crystal-field
parameters for ions with either magnetic or non-
magnetic ground states, as long as this condition
is satisfied.

Finally, when it is possible to observe directly
the rare-earth resonance, as in the case of Al:Er,
this second resonance is also characterized by ex-
change-induced contributions to the g value and
linewidth, which in general depend upon the details
of the crystal-field splittings as well as on the ex-
change coupling. " However, by restricting our
EPR measurements to the temperature regime
gf p' gH «k~ T « ~, whe re 6, is the is ol ation ene rgy
between the ground and first excited states of the
impurity, the effects of higher crystal-field multi-
plets on the resonance are experimentally unob-
servable. In this regime, the theoretical expres-
sions for the exchange-induced g shift and thermal
broadening of the linewidth are those appropriate
to an isolated ground state and take the simple
forms"
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where g is the free-ion g value of the rare-earth
impurities.

Note that a careful experimental determination
of the properties of both resonances as well as a
determination of the rare-earth impurity concen-
tration leave us with four equations in the three un-
knowns (J(k, k))», (~J(k, k')~')», and go&, and,
hence, with the opportunity to check the self-con-
sistency of our theoretical analysis. Indeed, we
will show that our data on Al:Er do suggest an in-
consistency, and therefore the need for a more
sophisticated theoretical treatment.

».., )~«;. —&)'&&&@'~&%)'&,
)&G&H g, (1,Hq(0)

where J(q) =N, (k(J{r)~k+q). q{q), equal to one for
qw 0 in the infinite-range limit, is the host sus-
ceptibility enhancement factor [))(0) is the usual
Stoner factor] and we have assumed that the en-
hancement [q(q)]'/q(0) calculated by Zitkova-Wil-
cox" is appropriate for terms off-diagonal in the
crystal-field levels as well as for the diagonal
terms. Corresponding expressions for the EPRg
shift and thermal broadening are

(8)

PJ(0)q(0),

IL"a gz

Note that both the TESR and EPR linewidths in-
clude identical averages over the wave vector q

Case B: Kith enhancement

Of the several possible explanations for the in-
consistency suggested above, our neglect of elec-
tron-electron enhancement of the host magnetic
susceptibility seems the most reasonable. It is
well known that the Coulomb interaction between
conduction electrons produces collective effects
that act to enhance the Pauli susceptibility, and
therefore can affect the behavior of any system
that involves either directly or indirectly the elec-
tron gas."-" Calculations of these effects on EPR
and TESR measurements have been made, "but
only with the rather restrictive assumptions of a
spherical moment and Fermi surface, and an
electron-electron interaction range that is either
zero or infinite. In this approximation, both the
electron-electron and electron-moment exchange-
coupling matrix elements are at most functions of
the wave-vector difference q = k'-k between in-
cident and scattered electrons, and the resulting
modified expressions for Eqs. (1) and (2) are

c(g~ —1)J(o)

spanning the Fermi surface. However, the TESR
linewidth is deenhanced by the Stoner factor as a
result of conduction-electron spin relaxation to the
self -cons istently-enhanced instantaneous local
field. "

Therefore, in this model TESR and EPR mea-
surements on alloys containing impurities with a
ground-state resonance can be used to make self-
consistent determination of the four enhancement
modified parameters J(0), (J(q)'&)(q)')», g~, and

t)(0) contained in E~s. (7)-(10). To obtain a direct
estimate of (J(q)')s~ it will be necessary to make
further approximations and also to refer to NMR
measurements on pure aluminum that provide ad-
ditional information about the q dependence of the
host enhancement factor.

loo

= 35x lo ot. %

= l9 X lo (lt.%

lg]l
CI

—/u

l ) I I I I ) I

{O
r( K)

11

"~II

I ) hl ) l I )

Ioo

FIG. 2. Temperature dependence of the impurity-in-
duced TESR fractional g shift ;/go~ per Er impurity
concentration c (expressed in at.%). Within experimen-
tal error, measurements at c = 5&&10 at.% yieldidenti-
cal behavior. The solid lines in Figs. 2-5 are the theoreti-
cal fits to the data used to determine the parameter values
listed in TaMe I, as described in the text. The dashed lines
show the effect on the fits and on the values of the ex-
change parameters for different values of the ground-
state isolation energy A. All measurements were made
at 9.2 GHz and referenced to the pure-Al g value g„
=1.997 (Ref. 96$. (e) 6=45 K, {J(k,k))s ——0.19 eV; (b)
4=30 K, Q(k, k)~ ——0.18 eV.

IV. EXPERIMENTAL RESULTS AND ANALYSIS

A. Exchange and crystal-field parameters

Data points giving the temperature dependence
of the impurity-induced g shift and linewidth for
various Er and Tm concentrations are shown in

Figs. 2-5, together with some theoretically fitted
curves. ' These curves represent Eqs. (1) and {2),
and are the result of a computer program designed
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FIG. 3~ . Temperature dependence of the impurity con-
tribution to the TESR fractional linewidth ~;/H (where
~;=1/~2) per Er impurity concentration c (expressed
in at.%), where H is the measured resonance field. The
background linewidth of pure Al over this temperature
range (Ref. 26) was assumed to be additive and sub-
tracted out. The solid and dashed curves are explained
in Fig. 2. The dotted curve (c) shows the effect on the
value of (IJ(k, k')

I ) s/ when the low-temperature data
is emphasized in making the theoretical fit, as dis-
cussed in the text. (a) 2=45 K, (IJ(k, k')I) g =0.13 eV;
(b) A=so K. (Iz(k, k')It&g'=o. 155 ev; (c) A=45 K,
(IZ(k, k') Iti stt t = 0.115 eV.
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to evaluate (8,) and (G) as a function of tempera-
ture, using the exact crystal-field eigenstates and
eigenvalues of the rare-earth f shell in the pres-
ence of an external magnetic field. For the cubic
crystal-field Hamiltonian we have used the operator
equivalent form of Lea, Leask, and Wolf"

a = )4/[(O, /F, ) x + (1 —(x ~) (0,/E, )] + g, P.s(H. J),

FIG 5 Temperature dependence of the impurity con-
tribution to the TESR fractional linewidth 4H; /H
(where 4H; =1/yT&) per Tm impurity concentration g
(expressed in at. VO), where H is the measured reson-
ance field. (a) A=35 K, (I J(k, k')I ) g =0 195 eV; (t!)
A=40 K, (IZ(k, k')It) al t=0.205 eV; ( ) A=30 K,
(IZ(k, k') P}st/t=O. 135 eV.

where 0, and 0, are fourth- and sixth-order angu-
lar momentum operators whose exact forms depend
on the direction of the field H with respect to the
crystal-field axes, "and F4 and F, are numbers
listed by them characteristic of the rare-earth f-
shell ground state. W is an energy scale factor,
here expressed in degrees Kelvin, and x is a pa-
rameter that ranges from -1 to 1.

For both alloys, the solidlines in the figures give
the best simultaneous theoretical fits to the g-shift
and linewidth data. As noted earlier, the shapes
and horizontal scale factors are determined prin-
cipally by the crystal-field parameters x and R',

while the vertical scales are determined principally
by the two exchange averages. This allows us to
determine both exchange and crystal-field param-
eters. Our results are listed in Table I, along with
values for other experimental parameters whose
determination will be discussed later. At the mo-
ment we wish to make the following comments
about the computer fits shown and the resulting
values for the exchange and crystal-field param-
eters.

0,8-

O4-

0 I I ! I I I I ! [ ! I I ! I ! ! I ! ! ! I I

8 12 I6 20 24 28 32 36 40 44 48
TEMPERATURE { K)

FIG. 4 Temperature dependence of the impurity-
induced TKSR fractional g shif't Eg;/g08 per Tm impurity
concentration c (expressed in at. /). (a) 4=35 K,
(J(,k)) &+=0.30 eV; (b) 4= 40 K, (J(k, k)) ~+——0.34 eV;
(c) &=30 K, (J(k, k)) &~

——0.26 eV.

CoInpu«r its +nd dynaInic coupIing contributions

The solid-line computer fits to the experimental
data are acceptable over the entire measured tem-
perature range for Al: Tm. For Al:Er it was pos-
sible to make measurements at somewhat higher
temperatures, and deviations from the fitted curves
are seen. We suggest that these high-temperature
deviations can be attributed to our neglect of dy-
namic or bottlenecking effects" in applying Eqs.
(1) and (2) to systems like Al:Er, where the im-
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TABLE I. Comparison of parameters characterizing the crystal-field, exchange, and transport properties of var-
ious rare-earth impurities in aluminum.

Rare-
earth

ion
Ground

state
C rystal-field parameters

IV( K) x A ( K)
Exchange averages (eV)

(J{k,k))s (]J(k, k) l~)g'
T ransport properties

Lo„(p,Q cm/at. %) Osf (10 ' cm )

Er"
Tm
Lu3

+0.6
—0.75

-0.3 45+ 20
+0.5 35+10

0.19 + 0.02
0.30+ 0.05

0.13 + 0.03
0.195 + 0.03

3.6+0.25
3.6+0.25
4.6 +0.4

4.7+ 0.7
4.9 ~ 0.25
5.9+ 0.4

(
—')

AMER,

(12)

dMq — — 1 1&
=y~M~X(H+AM~) + 5Mf

Tf 1 Tfs

+ ~ 5M, .

M, and M& are the conduction-electron and rare-
earth magnetizations, respectively, y, and y& are
the corresponding gyromagnetic ratios, T„and Tzy
are the corresponding relaxation times to the la, t-
tice, T,f and Tf, are the cross-relaxation times,
and 6M, and 6M& are the deviations of each mag-
netization from equilibrium in their instantaneous
fields. Focusing attention on the resonance fre-
quency of the conduction-electron-spin-resonance
signal, the solution of these equations predicts the
temperature- and concentration-dependent g shift

ag/g =—[(u, (~~ —~,)] '
tT,~T~, ] (14)

in addition to the molecular-field contribution AX&

of Eq. (1), where wz and &u, are the rare-earth and
conduction-electron spin resonance frequencies in

purities have a ground-state resonance. In this
situation, our assumption of an unbottlenecked
system is reasonable only as long as the frequency
separation between the rare-earth and conduction-
electron spin resonances is much larger than the
cross-relaxation rate 1/T&, between them. Since
1/Tz, increases in direct proportion to the temper-
ature, -" our neglect of dynamic coupling at higher
temperatures may not be justified.

To obtain a rough estimate of the effects of an
incipient bottleneck on our results, we approxi-
mate the resonance properties of the Er and con-
duction-electron spin systems by the two exchange-
coupled Bloch-like equations first proposed by
Hasegawa, "which have been extended to include
the case of different g values and relaxation to
equilibrium in the instantaneous field, "

dMs 1 1
d&

' =y M &&(H+A. M ) ——+ 5M
T TS1 SX

the absence of the exchange coupling. Extrapolat-
ing our experimental values for the Korringa and
the Overhauser relaxation rates for the isolated
doublet to 50 'K, we obtain (1/c)(hg/g~) -=0.4.

Our calculations also predict small but signifi-
cant dynamic modifications to the conduction-elec-
tron- spin- resonance linewidth and line s hape at
higher temperatures. However, quantitative esti-
mates of these effects are of questionable value,
since in this rough analysis we have treated the
ra.re-earth spin system as an isolated doublet at
all temperatures, and have also ignored the effects
of electron diffusion. More exact calculations, "
taking into account the higher crystal-field levels,
confirm the qualitative predictions of our simple
model, although the magnitudes of the effects are
reduced somewhat. In view of these difficulties at
high temperature, we have chosen to emphasize
the lower-temperature part (below 40 K) of the data
in fitting Eqs. (1) and (2), and the solid lines ex-
press this choice. An even stronger emphasis on
the low-temperature Al:Er data is shown by the
dotted curve in Fig. 3, and corresponds to
(]J(k, k')]')~~~ = 0.115 eV. Note that this value falls
within the error bars of the value for (]Z(k, k')]')Pz
given in Table I.

2. Crystal-field parameters

Crystal-field effects on the g shift and linewidth-
versus-temperature curves are not dramatic
enough to permit an unambiguous determination of
the crystal-field parameters W and x. Instead, it
is the ground-state isolation energy ~ that proves
to be the most sensitive parameter in determining
the fit. The effects of different values of ~ on
curve shape are illustrated by the dashed lines in
Figs. 2-5. For example, the values 6 =30 and
60 K were found to give the best fits to the Er g-
shift and linewidth data, respectively. However,
the solid-line curves corresponding to the single
value ~ =45'K give the best simultaneous fits to
the data. Our determination that ~~, =45+ 20 'K,
is the result of these considerations. The Al:Er
fitting problems, which we have suggested are as-
sociated with an incipient bottleneck, are apparent-
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ly not present in Al:Tm. This may be due to the
fact that, according to our experiments, the Tm
impurities have a singlet and therefore nonreso-
nant ground state. We obtain the more accurately
defined value for the ground-state isolation energy
hT = 35+ 10 'K.

As is usually the case for systems with cubic
symmetry, " the problem of determining unambig-
uous values for the parameters%'and x is con-
siderably more difficult. For example, the ob-
served rare-earth resonance in Al:Er requires a
I'7 ground state, and therefore that ixi &0.6. How-

ever, any value of x in this range mill provide an
equally good fit as long as 8' is chosen to keep the
ground-state isolation energy constant. Similarly,
our data on Al:Tm do not completely rule out all
values of x corresponding to a I', (singlet) or I',
(nonmagnetic doublet) ground state, although the
computer fit is most satisfactory for the I', ground
state. Some of this ambiguity can be resolved by
requiring reasonable consistency in the properties
of the crystal-field pa. rameters of different rare-
earth impurities within the same host Ina, terial.
The ground states and "best" values for 8"and x
listed in Table I are the result of this type of rea-
soning. Fortunately, this last assumption is not
crucial to the rest of our analysis, since an ac-
curate knomledge of values for W'and x is not nec-
essary for determining the values of the other pa-
rameters listed in the table. However, it is still
interesting to note that a point-charge model of the
crystal field" predicts signs for the values of x
opposite to the ones that me have chosen. In this
respect our results are identical to those de-
termined from susceptibility measurements on
rare-earth impurities in noble-metal hosts, where
it has been suggested that the presence of a, non-
magnetic 5d virtual bound screening state and its
effect on the crystal-field potential could account
fol this apparent Sj.gn eontradj. ctlon.

The scales of the computer fits to the experi-
mental data were used to determine the values
listed for the two measures of the strength of the
exchange interaction contained in Eqs. {1)and (2).
There are small but significant differences be-
tween these two exchange averages for each alloy.
The differences are best illust:rated by the ratio
(J(k, k))s~/(I J(k, k') ~')s~r', since in this form some
of the experimental and fitting uncertainties cancel
out. Within experimental error, both alloys are
characterized by the same exchange ratio 1.5+ 0.3.
This value is comfortably consistent with the sug-
gestion" that only the first few terms in the par-
tial-wave expansion,

should be important.
This is in contrast with similar measurements

of BE impurities in a silver host'" which yield
much higher exchange ratios, ranging from 2 to 3.
On the basis of these larger values, it has been
suggested that theoretical models beyond the
ej(k, k ) S ' s Hamlltonlan should be cons1dered.
Homever since host susceptibility enhancement may
be a bigger effect in Ag than Al, "a self-consistent
analysis of the ESB and TESR data, as done below
for Al, may significantly influence these conclu-
sions. Another possibility is that the first-order
perturbation-theory treatment of the g(k, k')S s
Hamiltonian is inadequate, and that higher-order
terms might be important. For example, it has
been shown that calculations to the next higher
order in Jp predict a suppression of the Korringa
rate [Eq. (6)] in positive exchange systems. "
Since the values of (~ J(k, k'))')j~ for the silver host
alloys were determined from EPB measurements
of the Korringa rate, such a suppression mould act
to increase the apparent exchange ratio observed
in these experiments. In any case, arguments
posed for the explanation of silver results must
also be consistent with the smaller exchange ratio
measured in the case of the aluminum host.

B. Free-ion g value and enhancement in Al:Er

We have made direct EPB measurements of the

g value and thermal broadening of the BE reso-
nance in Al:Er at temperatures between 1 and 4 "'K,

and find gz = 6.805+ 0.01 and b = 10.5+ 1.5 G/ K."
Combining these results with the exchange averages
obtained from the TESB measurements into Eqs.
(5) and (6) leaves us with two equations in the one
unknown g«, the rare-earth g value in the absence
of exchange. Because of this, the value of g& ean
be determined in several different ways, and mill
be unique only if our theoretical treatment is self-
consistent. For reasons to be given below, we
choose to combine Eqs. (5) and (6) to form the
ratio

A gQf i B gZ {~(k~k))Ep.
5 ~k,p g, —1 ((Z(k, k')(')

and obtain g& =6.735+ 0.03. This result is to be
compared with the theoretical g value for the Er
I', ground state of 6.VV, which has been corrected
for the breakdown of Russell-Saunders coupling in
the free atom, but does not take into account per-
turbations of the ground-state angular momentum
caused by the host, such as those due to covalent
bonding or the crystal-field admixture of excited
states. Since both of these effects act to reduce
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the g value, the slightly smaller experimental val-
ue for g& is not surprising.

It should now be noted that g«, as determined by
Eq. (15), is significantly different from that pre-
dicted by the Knight-shift expression, Eq. (5).
Similarly, the TESR result for (~J(k, k')~')sz is
not the same as that obtained by plugging the EPR
results into Eq. (6). To explain our choice of Eq.
(15) and to resolve these inconsistencies, we have
reanalyzed our data in terms of the alternate set
of Eqs. (7)-(10), which include electron-electron
enhancement of the host. We find that the computer
fits of Eqs. (7) and (8) to the data leave the value
for (J(k, k)) z~ =J(0) unchanged, but (J(q)') x'z' is now
determined by the equation

(J(q)'t)(q)')s '/[q(0)] ' ' =0.13+0.03 eV,

where the q notation has been used to emphasize
that this analysis is based on the spherical-model
approximation. Combining this result and the EPR
results into Eq. (10) then yields the experimental
value for the Stoner factor q(0) = 1.5+ 0.5.

Note that modification of Eq. (15) to include en-
hancement does not alter the numerical value ob-
tained for g&. This is because the exchange aver-
ages obtained from the TESR data, J(0) and Eq.
(16), contain the enhancement factors in just the
appropriate manner to leave unaltered the numer-
ical relationships in a modified Eq. (15). It is for
this reason that we consider Eq. (15) a better
choice than Eq. (5) for determining gz when en-
hancement is not included. Consequently, the in-
clusion of electron-electron enhancement can be
used to resolve the inconsistency of our previous
analysis and to determine the host susceptibility
enhancement factor, but produces no changes in
the values of the parameters listed in Table I, ex-
cept for (iJ(k, k')i')k~.

The separation of Eq. (16) to obtain a specific
value for ( J(q)')sz requires further approximations
and experimental data. In particular, NMR mea-
surements on pure aluminum show that (g(q))sz/
[q(0)]'=—0.83,"a number that is consistent with the
value 1.5 for the Stoner factor if we assume a 5-
function Coulomb-interaction range between the
electrons in the spherical-model appxoximation. "
Furthermore, this result and a partial-wave ex-
pansion of the product (J(q)'q (q)')zz can be used to
show that the approximation (J(q)'ri (q)')s„
—= (J(q)')s„(q(q)')sz results in a. less than I(Pgq

overestimate of the value of (J(q)')k~ in an alumin-
um host. " Using this result, the NMR result, and
our experimental results, we obtain (J(q)')'~'
=0.115 eP. Therefore, the reduction in the second
exchange average is less than 15%, a small effect
relative to the experimental and theoretical un-

certainties involved in this analysis. We conclude
that our determination of the effects of enhance-
ment are qualitatively useful in that they resolve
some ambiguities and establish the sensitivity of
the various parameters to enhancement, but they
do not have a significant quantitative effect on our
results.

C. Outer-she11 transport properties

In addition to the exchange scattering by the f
shell, there is spin-orbit scattering by the outer
electronic shells of the rare-earth impurities.
This additional scattering produces the tempera-
ture-independent contribution to the linewidth AH

which, for purposes of comparison, is usually ex-
pressed a,s the spin-flip scattering cross section
o„=(2mf/cNoVz)(aH /H), where Vz is the Fermi
velocity for aluminum and "f" is the microwave
frequency. " our values for g, f for Er. Tm and Lu
impurities in aluminum are listed in the table,
where the associated uncertainties are determined
in part by the difficulty in separating the outer
shell from the f-shell contributions to the TESR
linewidth. This separatioii is stra. ightforward in
Al: Tm, since the f shell of Tm has a, nonmagnetic
singlet ground state that does not contribute to the
linewidth at the lowest temperatures. Consequent. -
ly, the uncertainty incr„ for Tm impurities is de-
termined only by the uncertainties in our measure-
ments of the low-temperature linewidths and im-
purity concentrations. This should also be the ease
in determining c,i for I.u impurities, since a full f
shell will not contribute to the spin scattering at
any temperature. As expected, TESR measure-
ments on" Al:Lu show that the impurity contribu-
tion to the linewidth is temperature independent,
and we have therefore treated it as a direct mea-
sure of AH in calculating the corresponding cross
section. Conversely, the determination of o,,

- in
Al:Er is more complicated, since the Er f shell has a
magnetic ground state that contributes to the spin
scattering at all temperatures. Therefore, the separ-
ation of the f-shell from the outer-shell contribu-
tions to the linewidth requires knowledge of
(~J(k, k') ~')z~, and the larger uncertainty in the
value of O.„ for Er reflects this additional difficulty
in determining AII .

Also listed in the table a.re our measurements of
the impurity contributions to the resistivities p„of
these alloys. These resistivity results are also a
direct measure of the outer-shell electron scatter-
ing, since f-shell spin-disorder scattering con-
tributions to the resistivity" are negligible in these
alloys. Therefore, a convenient parameter for
characterizing the outer-shell scattering proper-
ties of these impurities is the ratio 0„/p„, which
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is insensitive to impurity concentration. Within
experimental error, all of these alloys can be
characterized by the same number 1.3~0.2, where
the units of this ratio are determined by those of
a„and p„ listed in Table I. Since it is reasonable
to expect that the outer-shell scattering properties
of the heavy rare earths would be similar, espe-
cially when expressed in terms of this ratio, this
consistency is reassuring.

the TESR apparatus. We also wish to acknowledge
valuable discussions with Professor J. Wilkins,
Professor A. Portis, Dr. S. Wang, and, in partic-
ular, with Professor R. Orbach, who pointed out
some omissions in our original theoretical treat-
ment of this work. One of us (JFS) would like to
thank the National Science Foundation for support
during a summer when part of this work was per-
formed.

V. SUMMARY

We have found that the resonance and relaxation
properties of aluminum containing dilute amounts
of Er or Tm can be understood by assuming the
RE ions to be in well-defined (trivalent) charge
states, with the magnetic 4f cores influenced by
the host cubic crystalline field and coupled to the
conduction-electron spins via the isotropic ex-
change interaction -(g~ —1)J(r)S s. Applying a
first-order perturbation theory of this model to
our TESR results yields reasonable values for the
crystal-field and exchange parameters character-
izing each alloy. These experiments are applicable
to impurity ions with either magnetic (Er") or
nonmagnetic ground states (Tm"), as long as they
have low-lying crystal-field levels that can be
thermally populated over the experimentally avail-
able temperature range. However, a magnetic
ground state permits the direct observation of the
RE resonance, and we have combined the results
of EPR and TESR measurements on Al: Er to de-
termine the free-ion g value of Er" and the elec-
tron-electron enhancement of the host. To reduce
the uncertainties in the values of these last two pa-
rameters, it is felt that a more careful experi-
mental study of this system along with a theoretical
analysis extended to include the effects of dynamic
coupling between the two resonances is necessary.
Finally, the TESR and resistivity measurements
on Er", Tm", and Lu" impurities in aluminum
indicate that their outer-shell scattering proper-
ties are quite similar.
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APPENDIX: CALCULATION OF THE TESR g VALUE

AND LINEWIDTH

dD
dt

D Dp

Tl
(A1)

where T, is the spin-lattice relaxation time. Al-
ternatively, the return to equilibrium can be ex-
pressed as an appropriately weighted sum over
initial and final states of the microscopic transi-
tion rate

The text expression for the exchange-induced
TESRg shift is the result of trivial modifications
to the conventional Knight-shift calculation, "and
does not require further substantiation. On the
other hand, our calculation of the exchange con-
tribution to the TESR linewidth, although a gener-
alization of Overhauser's treatment~ of paramag-
netic relaxation in metals due to scattering by
nuclear spins, requires further clarification since
it involves scattering by spatially extended mo-
ments experiencing a crystal field.

Therefore, consider a metal containing n con-
duction electrons and N rare-earth impurities per
unit volume placed in a constant magnetic field H
whose direction shall be called "+." We charac-
terize the state of the conduction electrons by the
spin population difference D =n —n„which in
thermal equilibrium has the value D, proportional
to the applied magnetic field. We further assume
that initially there is a nonequilibrium spin popu-
lation difference D -Dp whose return to equili-
brium can be described by the equation"

tt'„(k+, k'-) =(2lT/k)~(bk' —~V~ak+)~'5(Eg+E-„, E, Ek )y-- (A2)

which gives the probability that the impurity interaction "V" scatters an electron from ~k+) to ~k'-), si-
multaneously changing the impurity state from ~a) to ~b). Specifically,

=2 Z 2 (W„(k+, k'-)N, f, (k) [1 —f (k')J —1Vna(k' —,k+)N, f (k')Ll —f+(k)D,
k u~

(A3)

where N, is the number of scattering centers in state ~a), and f, (k) is the Fermi function describing the
nonequilibrium distribution of spin-up electrons. Here we have assumed that the nonequilibrium up- and
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(A4)

Then Eq (A.2) becomes

down-spin distributions can be characterized by the Fermi energies E, and E, respectively. Equations
(Al) and (A3) can then be combined to provide a microscopic definition of T„and therefore of the TESR
linewidth r»H =1/yT„since T, = T, in these systems when the Zeeman energies are small compared to
uz. 4'

The exchange contribution to the linewidth is determined by setting

V(r) =-(g~ —1)J(r)J ~ s.

W'»(k+, k'-) =(v/2k)(gz —1)'i(biJ+ ia&i'[iJ(k, k')i'/N']b(E, +E», E»--E& ),
where J„, J(k, k'), and N, are defined in the text. Putting this result into Eq. (A3) we obtain

dD v» (iJ(k, k')i')E= —(gz —1) g i(biJ+ia)i '
» (N p (E)f (E)p (E —6» )[1 f(E -—6», )]

a, b 0

(A5)

-»p ( &..)f (-E-~..)p, (E) [l-i, (E)])dE, (A6)

where (iJ(k, k')i'&s is defined as the average of iJ(k, k')i' over a surface of constant energy E, and the sum

over k, k' has been converted to an integral in the usual way. " E is the total electron energy (kinetic+ spin),
p+(E) is the energy density of spin-up electron states per unit volume, and L», =E» -E,. Note that the total
energy conservation condition, E =E -~~„has been incorporated directly into this expression. To evalu-
ate this integral we assume that the energy disturbance away from equilibrium is small (E —E, «kT
«Er), so that a first-order expansion of the Fermi functions in terms of this disturbance is a good approx-
imation. We also assume that the impurity ions remain in thermal equilibrium (we neglect saturation and

bottleneck effects), and that p(E) and (iJ(k, k')i'&s are slowly varying functions of E. The result is

= —(g. -1)'(E, -E ) 2 i(blJ, ia&i' ', ' p, (E)p (E -~».)(N. N,)"
a, b 0

~e 8(E-Ep)
X e-».~2 cK

(e ~ s sF~+1)(e sts +»a s» +1)

=-'( -1) (E -E )'(E )'i"""'i'"N(G&
0

(A7)

where p =1/kT, and (G& is defined in the text.
Noting that D —D, = p(Ez)(E E,—), a.nd defi-ning c
=N/N, and p = p(E~)/N„Eqs. (Al) and (A7) com-

bine to yield the expression for the exchange con-
tribution to the TESR linewidth given by Eq. (2) in
the text.
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