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Effect of finite e7 on cyclotron-wave propagation in metals in the long-wavelength limit
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Exact calculations of cyclotron-wave dispersion curves have been carried out for a degenerate free-electron

metal including finite relaxation time effects. The calculated dispersion curves are shown to differ substantially

from the experimental dispersion curves in the long-wavelength limit. The nature of this disagreement is

discussed in some detail and it is pointed out that finite relaxation time effects could lead to significant

changes in the experimentally determined Fermi-liquid parameters I A, I for i ) 2.

It is well known that so-called cyclotron waves
can propagate on the high-field side of the Azbel-
Kaner cyclotron resonance fundamental and its
higher harmonics. " Such waves are a direct
manifestation of the long -wavelength collective
response of a metal to an external electromag-
netic field. Up until now, however, the interpre-
tation of experimental curves has generally been
based on a comparison with theoretical calcula-
tions which are rigorously valid only in the infinite
(d T limit. "Here, is the angular frequency and
~ is an "effective" relaxation time between elec-
tron collisions. It has been shown, however, that
finite values of T significantly alter the theoreti-
cal dispersion curves in the long-wavelength limit
for both the extraordinary4 as well as the ordi-
nary' cyclotron-wave polarizations.

It is the purpose of this communication to show

quantitatively that the effect of a finite value of
fgv must be taken into account in the interpretation
of experimental measurements in the long-wave-
length limit. To this end we present the results
of numerical ealeulations for a degenerate Fermi
gas of noninteracting electrons with a spherical
Fermi surface where the effects of finite (d7 can
be taken into account exactly without any compli-
cations from band structure or other Fermi-sur-
face parameters. We then briefly consider what
modifications the addition of Fermi-liquid effects
might have on the results and indicate that addi-
tional theoretical work will be required to provide
an unambiguous interpretation of the cyclotron-
wave measurements in the long-wavelength limit.

The infinite-medium dispersion relation for cy-
clotron waves in a. noninteracting electron Fermi
gas follows immediately from Maxwell's equations

q' —i(d p,,o„„=0, (la)

q" i ~ v,,(o„+v', ,/&r„) = 0, — (1b)

where Eq. (la) corresponds to the so-called ordi-
nary polarization (B ~~ E) and Eq. (1b) corresponds
to the so-called extraordinary polarization (B&E).
Here, E is the high-frequency electric field, B is

the dc magnetic field taken to lie a,long the x axis,
q is the wave vector taken to lie along the z axis,
and p,, is the magnetic permeability. It should be
noted that the wave vector q is a complex quantity
and that the angular frequency ~ is taken as real.
The components of the conductivity tensor a„have
been given by Chambers. ' The numerical compu-
tations necessary to calculate 0,, exactly were
greatly simplified by rewriting Chamber's expres-
sion as a. single integral. Thus, v„„ for the ordi-
nary polarization was calculated using

v„„= . ' ~ dv cosy(m —v)
326O (d E(x)

sinn/ ~, K

where

q—:(&d /(dz)(1 + 1,/ tdT)

(2)

F(K):—F(qD sin —,v) = cosK/K —sinK/K '.
Here, D is the cyclotron-orbit diameter and (d~

and , are the plasma and cyclotron frequencies,
respectively. A similar expression for the extra-
ordinary polarization has been given before. '

Typical dispersion and attenuation curves cal-
culated in such a. manner are shown in Figs. 1 and
2 using the known values of the effective mass»~*
and Fermi radius Q~ for potassium. ' Here, R, is
defined as vz/~ where vv is the Fermi velocity.
The exact experimental value of ~w is, of course,
not precisely known but experimental values of
v - 20 —50 are typical. ' The experimental points
can be seen to be in reasonably good agreement
with the theoretical curves for the "linear" por-
tion of the dispersion curve but deviate significant-
ly in the long-wavelength limit. This long-wave-
length deviation is shown more clearly in Fig. 3
for the so-called ordinary cyclotron waves above
the cyclotron resonance fundamental. It is im-
portant to note the change in the shape of the dis-
persion curve and its shift towards smaller field
values, i.e. , au)ay from the experimental points.
These features are repeated for the extraordinary
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polarization and are equally well pronounced for
the higher harmonics of both the ordinary and
extraordinary polarizations.

We would like to emphasize that these deviations
can not result from uncertainties in the param-
eters used to calculate the theoretical dispersion
curves. For example, it has been shown that the
anisotropy in the Fermi surface of potassium is
too small to lead to any significant change in the
calculated dispersion curves. "'" Similarly, we

FIG. 1. Theoretical-dispersion Re (qR 0) and attenuation
Im(q) curves for ordinary cyclotron waves at 17.35 GHz
in potassium in the free-electron limit. The circles
denote experimentally determined points at 17.3 GHz
(see Ref. 16).

have verified that the uncertainties or anisotropies
in the Fermi radius or in the "long-wavelength"
effective mass produce completely negligible
changes in the dispersion curves in the long-wave-
length limit. " Likewise, the neglect of the slight
momentum dependence of the relaxation time will
not significantly affect the calculated dispersion
curves —especially at low temperatures where
such effects are negligible in comparison with the
experimental uncertainty in 7."'" Thus it must
be concluded that rigorous exact ealeulations in-
cluding finite relaxation time effects for a Fermi
gas can not account for the experimental cyclo-
tron-wave dispersion curves for potassium in the
long -wavelength limit.

We now briefly discuss what effect the introduc-
tion of Fermi-liquid effects might have on the cal-
culations. The calculation of cyclotron-wave dis-
persion curves for a Fermi liquid is, of course,
much more complicated than for a Fermi gas and
exact detailed calculations taking into account both
Fermi liquid and finite relaxation time effects have
not been made. In the absence of such calculations
we merely note the well-established result that the
dominant effect of the Fermi-liquid interaction in
the long -wavelength limit —for infinite ~ v —will
be to shift the infinite &7' dispersion curve for a
Fermi gas in magnetic field. "'" If, however,
such a displacement is carried out for a disper-
sion curve calculated for a Fermi gas with a real-
istic value of & v', it is found that a substantial
disagreement with the experimental dispersion
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FIG. 2, Theoretical-dispersion Re(qRO) and attenuation
Im(q) curves for extraordinary cyclotron waves at 17.35
GHz in potassium in the free-electron limit. The circles
denote experimentally determined points at 17.4 GHz
(see Ref. 3).
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FIG. 3. Theoretical-dispersion Re(qRO) curves for
ordinary cyclotron waves near the cyclotron resonance
fundamental at 17.35 GHz in potassium in the free-elec-
tron limit. The circles denote experimentally deter-
mined points at 17.3 GHz (see Ref. 16). The dotted line
represents a displaced free-electron dispersion curve
for ~& = 50 obtained by substituting (~,A') +A& for ~, /~
in the theoretical calculations. The value of A

& (A&
= —0.022) is taken to be equal to the relevant quoted ex-
perimental Fermi-Liquid coefficient (see Ref. 12).
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curves still remains in the long-wavelength limit.
This is illustrated in Fig. 3 where the ~a = 50
curve for a, Fermi gas is displaced by an amount
consistent with the experimentally determined
Fermi-liquid coefficient, A, ."

Such an analysis of Fermi-liquid effects should,
of course, not be regarded as rigorous. What is
relevant to our discussion here, however, is that
the rigorous inclusion of Fermi-liquid effects, in

the long-wavelength limit, would not be expected
to completely suppress the relatively la.rge (even
for ~~) 50) long-wavelength "tail" of the disper-
sion curve or its shift to lower-field values result-
ing from finite relaxation time effects in a Fermi
gas. " Accordingly, one must conclude that further
theoretical work will be necessary to obtain an un-
ambiguous interpretation of cyclotron-wave mea-
surements in the long-wavelength limit. In partic-

ular, the boundary-value problem for the power
absorbed in finite slabs, due to the double-sided
excitation of cyclotron waves for finite ~&, will
have to be definitively solved since the published
experimental dispersion curves discussed here
have been based on measurements of the absorbed
power. Such calculations would be especially im-
portant since even slight changes in the experi-
mentally-determined Fermi-liquid dispersion
curve due to finite relaxation time effects could
readily lead to significant changes in the quoted
experimental values of the spin-independent
Fermi-liquid coefficients (A,j for i )2.

The authors would like to thank J. J. Quinn and
S. C. Ying for a number of discussions of Fermi
liquid effects and W. M. Walsh, Jr. for several
discussions of the experimental dispersion curves.
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