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We show that the kinetic-energy increase associated with magnetic ordering is responsible for the anomalously

large lattice constants and small bulk moduli of the magnetic members of the 3d transition series. The effect

follows from the itinerant model of magnetism and does not involve spin-orbit coupling. For Fe and Ni, this

effect is demonstrated directly using self-consistent spin-polarized energy-band calculations. A simple,

approximate expression for the magnetic pressure is obtained from the Stoner model. This expression gives

results for Fe and Ni which are in good agreement with the detailed calculations and is used to obtain

estimates of the size of the effect in Cr, Mn, and Co.

I. INTRODUCTION

Changes in the mechanical properties of mag-
netic metals due to their magnetization are well
known. ' In contrast to those magnetoelastic ef-
fects usually attributed to spin-orbit coupling, '
we consider here the mechanical implication of
the kinetic-energy increase due to magnetization
and show that it is responsible for the anomalies
in the atomic density and bulk modulus of Cr, Mn,
Fe, Co, and Ni. ' These properties are anomalous
in the sense that they differ markedly from their
4d and 5d counterparts and from the trend in the
remainder of the 3d series. This trend and the
very similar 4d behavior are accurately described
by the results of our earlier nonmagnetic self-
consistent energy-band calculations. ' An interest-
ing aspect of the effect is its magnitude: enormous
magnetically derived internal pressures are re-
quired to account for the observed atomic volumes
of these materials. The mechanism depends on the
size of the moment, but probably not crucially on
its spatial dependence, and could well be respon-
sible for the polymorphism of Mn. '

We were led to this investigation by the results
of our systematic application of the nonmagnetic
local-density treatment of exchange and correla-
tion to the binding properties of 26 metals in the
third and fourth rows of the Periodic Table. ' The
Wigner-Seitz radii and bulk moduli were in ex-
cellent agreement with experiment except for the
magnetic metals Cr, Mn, Fe, Co, and Ni (see
Fig. 1).

Figure 1 shows that, except for these five
metals, the measured and calculated Wigner-
Seitz radii and bulk moduli exhibit nearly identi-
cal parabolic trends with atomic number in both
the 3d and 4d series. The deviation of the Wigner-
Seitz radius from this trend for Cr, Mn, Fe, Co,
and Ni suggests that some repulsive interaction,
present in the real metals, has been left out of

the calculations for Cr, Mn, Fe, Co, and Ni.
Furthermore, such a repulsive interaction will
not only cause the lattice to expand; it will also
cause a significant decrease in the bulk modulus
B, because dB/da is negative and large in the
transition metals (the theoretical bulk modulus
is evaluated at the calculated equilibrium volume).
The fact that these five metals are the only mag-
netic elements of the 26 considered in Fig. 1 im-
mediately suggests that this repulsive force is a
consequence of magnetic ordering.

The forces required to account for the discrep-
ancies in volume are, however, very large (the
required internal pressure is estimated to be- 460 kbar in Mn, for example) —much too large
to be ascribed to spin-orbit effects, which typical-
ly involve pressures less than 1 kbar. We have
found by direct calculation (self-consistent spin-
polarized energy-band calculations) that forces of
the required magnitude are, in fact, a consequence
of magnetic ordering for Fe and Ni. Because of
the more complicated magnetic ordering of Cr and

Mn, it would be difficult for us to perform similar
calculations for these metals. Nevertheless, a
qualitative argument suggests that large magnetic
forces are a general consequence of the itinerant
model of magnetism, and thus also occur in Cr
and Mn. The remainder of this paper is organized
as follows: (i) We first show that large magnetic
pressures are a general implication of the itiner-
ant model. (ii) We estimate the contribution of
this effect to the lattice constant and bulk modulus
using the Stoner model. Because of the approxima-
tions in the latter, the actual values obtained for
the magnetic pressure possess only qualitative sig-
nificance. Quantitative justification of this parti-
cular use of the Stoner model is provided by the
fact that the pressures obtained for Fe and Ni are
rather close to those obtained from self-consis-
tent energy-band calculations. (iii) Finally, we
present some detailed results of our self-consis-
tent calculations for Fe and Ni.
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FIG. l. Equilibrium prop-
erties vs atomic number.
Top rom —equilibrium nu-
clear separation in terms
of signer-Seitz radius.
Bottom row —bulk modulus
in kbar. The atomic num-
ber increases in steps of
one from 19 to 31 in the
left-ha. nd column and from
37 to 49 in the right-hand
column. Measured values
(low temperature where
available) are indicated by
crosses (Ref8 . 4 and 8- 15).
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In the itinerant model of magnetism„" spin po-
larization causes a splitting of the bands and an
increase in kinetic energy (for small magnetic
moments, this kinetic energy increase can be
related to the density of states at the Fermi level
by the Stoner model" ). The system orders mag-
netically when the kinetic energy cost is more
than offset by the gain in exchange energy. The
repulsive force arises simply because the system
can reduce the kinetic energy cost of magnetic
ordering by undergoing a lattice expansion. "

The detailed mechanism is as follows: the char-
acter of the d states changes continuously from
low kille'tic ellergy (bonding) Rt tile bottom of ihe
d band 'to lllgh kills'tlc 61161'gy (Rntlbondlng) Rt tile

top of the band. When the energy of the majority-
epin band is lowered and electr'ons are transferred
into it from the minority-spin band, the result ie
always a transfer of electrons to higher-kinetic-
energy {iess bonding) orbitais and thus a net re-
pulsion.

Although this argument is based on ferromagnetic
ordering, it also applies to cases where the order-
ing varies spatially, as for simple antiferromag-
nets or spin-density waves. As long as it ie legiti-
mate to think in terms of a local density of states, "
the magnetic ordering will still lead to a, repulsion,
because the effect is independent of which band hae

its energy lowered. %'e conclude that, in the itin-
erant model, magnetic ordering is accompanied by
a repulsive force for all values of the magnetic
moment, even if the ordering varies spatially.

It remains to establish the magnitude of the re-
pulsion. We have accomplished this for ferro-
magnetic Fe and Ni by using self-consistent en-
ergy-band calculations to find the equation of state.
However, these are elaborate computer calcula-
tions. In order to obtain estimates of the repul-
sion for Cr and Mn, where the complicated mag-
netic ordering makes our self-consistent approach
prohibitively expensive at present, we need a
simple model which gives results similar to those
obtained by direct calculation fol' Fe aI1d Nly and
which can be easily extrapolated to antiferromag-
netic materials. For this purpose, we uee the
Stoner model, " and estimate the repulsion in
terms of the pressure obtained from the volume
derivative of the lowest term in the expansion of
the kinetic-energy increase in powers of the mag-
netic moment. For simplicity, we neglect the
volume dependence of the exchange term, "as well
as that of all higher terms, even though neither is
necessarily small. It should be pointed out that
this particular implementation of the above ideas
is necessarily much more approximate than the
results of self -consistent energy-band calculations.
However, the good agreement between magnetic
pressures for Fe and Ni obtained from the self-



TABLE I. Parameters for, and results of, the Stoner extrapolation. First column: calcu-
lated equilibrium nonmagnetic atomic volume (Hef. 5). Second column: calculated nonmagne-
tic densify of states at the Fermi level (Ref. 5). Third column: measured Bohr magneton.
~umber (Ref. 6). Fourth column: Stoner kinetic energy & from Eq. (1). Fifth column: pres-
sure P~ from Eq. (2). Self-consistent spin-polarized calculations give 185 and 8 kbar for P~
in Fe and Ni, respecf, ively.

Q (a.u. )

Cr
Mn
Fe
Co
Ni

74.46
69.78
68.11
67.13
70.35

0.45
2.4
2.2
1.7
0.6

0.010
0.131
0.059
0.050
0.003

33
460
212
182
10

consistent calculations and those obtained in this

approximate way suggests that these approxima-
tions should be adequate for other materials as
well.

The parameters necessary for the Stoner model
and the results for Cr, Mn, Fe, Co, and Ni are
given in Table I. The paramagnetic densities of
states N(e~) are those obtained from our nonmag-
netic calculations, ' the magnetic moments M {in
Bohr magnetons per atom) are measured values, '
and the kinetic energy increase K is

K=M /2N.

%'e also give in Table I the values of the magnetic
pressure

various magnetic and nonmagnetic alloys to the
pure materials'"" imply atomic volume changes
upon magnetization which are very similar to those
shown in Fig. 2 (it follows that these alloys should
also show large changes in their elastic moduli as
functions of composition). Another indication that
repulsive forces exist in antiferromagnets is the
negative thermal expansion found in Cr and e-Mn
at low temperatures. "

Although the changes in bulk modulus or lattice
constant shown in Fig. 2 cannot be measured at

2.75—
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obtained assuming 1 =- s in'/s lnQ = -,', "and the
values of the calculated nonmagnetic equilibrium
atomic volumes" Q needed in Eq. (2). The values
of P„ for Fe and Ni obtained from Eg. (2) (212 and
10 kbar) are rema, rkably close to those which are
found from our full self-consistent spin-polarized
energy-band calculations (185 and 8 kbar, "re-
spectively); this correspondence lends credence
to the Stoner-theory estimates of P„ for the re-
maining elements in Table I. In Fig. 2, we corn-
pare the estimated %'igner-Seitz radius and bulk
modulus for the magnetic phases of the five met-
als'3 with our nonmagnetic calculationss and with
experiment. The magnetic ordering substantially
improves the agreement with experiment. " Be-
cause of the approximations discussed above, the
results of Fig. 2 should not be taken as quantita-
tive. Nevertheless, they certainly indicate the
importance of the mechanical effects produced by
spin ordering in magnetic materials.

These large changes in atomic volume and bulk
modulus cannot be measured directly, because
the nonmagnetic phase cannot be prepared at 0 K.
However, extrapolations of lattice constants for

2.50
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FEG. 2. %igner-Seitz radius and bulk modulus calcu-
lated for nonmagnetic phase (Pef. 5) (circles) „and esti-
mated for magnetic phases (triangles) compared to ex-
periment (crosses) (Refs. 4 and 8—15). The scale for
the signer-Seitz radius is magnified in comparison to
Fig. l.
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TABLE II. Calculated cohesive energy, lattice constant, bulk modulus, magnetic moment,
and pressure derivative of magnetic moment of nonmagnetic and ferromagnetic bcc Fe com-
pared to experiment.

+coh (») a (a.u. ) B (Mbar) lnM/BP (kbar ~)

Nonmagnetic
Ferromagnetic
Experiment

0.442
0.461
0.316

5 ~ 15
5.27
5.40

3.15
2.17
1 ~ 73

2.15
2.22'

—4.9 x 10
—3.2x10 4

' Reference 4.
Reference 9.' Reference 12.
Reference 6.
Reference 38.

absolute zero, they are still quite large compared
to the anomalies usually observed at the transi-
tion temperature. """One explanation of the
difference lies in the possibility of spin fluctua-
tions with long time constants above the ordering
temperature, or in persistent local moments. "
According to the argument given above, either
would lead to repulsive forces above the ordering
temperature, and the calculated nonmagnetic lat-
tice constant or bulk modulus would still be irrele-
vant to the actual material.

III. DETAILED CALCULATIONS

Our self -consistent spin-polarized energy -band
calculations are similar to our nonmagnetic cal-
culations; we use the muffin-tin approximation,
but replace the nonmagnetic exchange-correla-
tion functional of Hedin and Lundqvist" by the
spin-polarized exchange -correlation functional
constructed by von Barth and Hedin. "" There
are no adjustable parameters; two energy-band cal-
culations, one for each spin, are performed for each
self-consistency iteration, and the magnetic moment
per atom is obtained from the difference in the
integrated densities of states at the Fermi energy.
While there have been several" "self-consistent
spin-polarized energy-band calculations for the

magnetic 3d elements, none were concerned with

the mechanical effects we consider here. "
Our results for the cohesive energy, lattice

constant, bulk modulus, magnetic moment, and

pressure derivative of the magnetic moment for
ferromagnetic Fe (bcc) and ¹ (fcc) a,re compared
to our nonmagnetic results and to experiment in
Tables II and III, respectively. Other results of
the calculation, such as the spin-polarized density
of states, are similar to those found by Callaway
and co-workers, "'"and will not be discussed here.

The experimental moments given in Tables II
and III contain a small orbital part (the g factor is
not quite 2), while the calculated results include
only the spin moments. If the orbital moment is
removed from the experimental values, using the
measured g factors, ' the calculated spin moments
are then only l%%d too large for Fe, and 5% too
large for Ni. The calculated moments are simi-
lar to those found by Callaway and co-workers, ""
who used the spin-polarized Xo, method with 0.

3 This is an interesting correspondence, given
the differences in the approximations used for ex-
change and correlation. " The relatively poor
agreement of the calculated pressure derivative
of the moment with experiment might be due to
the pressure dependence of the orbital part of the

TABLE III. Calculated cohesive energy, lattice constant, bulk modulus, magnetic moment,
and pressure derivative of magnetic moment of nonmagnetic and ferromagnetic fcc Ni com-
pared to experiment.

E„h (Ry) a (a.u. ) B (Mbar) 8 lnM/'dP (kbar )

Nonmagnetic
Ferromagnetic
Exper iment

0.411
0.419
0.326

6.55
6 ~ 56
6.65

2.20
2.27
1 ~ 87

0.59
0.61

—2.1x10 4

—3.0 x 10

Reference 4 ~

Reference 9.' Reference 14.
d Reference 6.

Reference 38.
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moment (which is not included in the calculations).
As mentioned earlier, the changes in the calcu-

lated nuclear separations correspond to magnetic
pressures of 185 for Fe and 8 kbar for Ni. In ad-
dition to the decrease in the nonmagnetic part of
the bulk modulus caused by the resulting lattice
expansion, there are small positive contributions40

(58 = 60 a 30 kbar for Fe, and 60 + 50 kbar for Ni)
caused by changes in the equation of state due to
the magnetism (i.e., the magnetic pressure is
intrinsically volume dependent). This small in-
crease is consistent vrith the effect of spin polar-
ization on the bulk modulus of the homogeneous
electron gas.

~H. M. Bozorth, I en omagnetism (Van Nostrand, Prince-
ton, N. J., 1951).
J. H. Van Vleck, Phys. Rev. 52, 1178 (1937).
This is similar in spirit to, although different in detail
from, the mechanical force arising from the volume
derivative of the effective exchange parametex {Bethe-
Slater curve) in the localized {Heisenberg) theory of
magnetl 8xn.

4K. A. Gschneider, Jr., Solid State Phys. 16, 276 (1964).
V. L. Moruzzi, A. R. %'illiams, and J. F. Janak (un-
published).

8H. S. Tebble and D. J. Craik, Magnetic Materials
(Wiley, New York, 1969), Rnd references therein,

The Wigner-Seitz radius R&s is defined in terms of the
atomic volume 9 by &4~83&&=0.

O. L. Anderson, in Pgysfga/ Acggstics, edited by W. P.
Mason (Academic, New Yerk, 1965), Vol. IIIb, pp.
77-95.

American Institute of'Physics Handbook, 3rd ed. (Mc-
Graw-Hill, New York, 1970), Tables 9R-2 and 9d-3.

10S. B. Palmex' and E. W. Lee, Philos. Mag. 24, 311
(1971).

'~M. Bosen, Phys. Bev. 165, 351 (1968).
~2J. A. Hayne and B. S. Chandrasekhar, Phys. Hev. 122,

1714 (1961).
'3E. S. Fisher and D. Dever, Trans. Metall. Soe. AIME

239, 48 (1967).
'G. A. Alers, J. B. Neighbours, and H. Sato, J. Phys.
Chem. Solids 13, 40 (1960).

I~G. B. Love, C. C. Koch, H. L. Whaley, and Z. H. Mc-
Nutt, J. Less-Common Met. 20, 73 (1970).

6J. C. S]ater, Phys. Hev. 49, 537, 931 (1936); 52, 198
{1937).

17E. C. Stoner, Proc. B. Soc. A 169, 339 (1939).
~8This argument ignores the volume dependence of the

Stoner exchange parameter. Because it is basically
Rn intra-atomic quantity, 1ts volume depelldence should
be relatively small over the volume ranges considered
here. This is borne out by values of this quantity ob-
tained from our self-consistent calculations fox Fe and
Ni. The same result was found for Fe by J. Madsen,
O. K. Anderson, U. K. Poulsen, and O. Jepsen, AIP
Conf. Proc. 29, 327 (1976).

~9J. Friedel, G. Leman, and S. 01szewski, J. Appl. Phys.
32, 3258 (1961).

~ This is the result obtained from Heine's expression for
the d bandwidth, 8'~1/a5, if we assume %~1/O'. See
V. Heine, Phys. Bev. 153, 673 (1967). According to
our band calculations, the exponent is closer to 4 than
5, and values of A, are -1 for Cr, and -2 for Mn, Fe,
Co, and Ni.

2~The density-of-states values given in Table I are appro-
priate to this atomic volume.

2~The results of oux self-consistent calculation thus def-
initely put Ni to the left of the maximum of the Bethe-
Slater curve (exchange parameter vs distance) at 0 K.
It is given its traditional position to the right of the
maximum on the basis of measurements near T~ (see,
e.g. , Bef. 14). This may mean that the effective ex-
change interaction of the localized model is tempera-
ture dependent, if only through the thermal expansion.

2 %e used the Pz values of Table I in the nonmagnetic
equation of state following from our self-consistent
calculations in order to obtain the new lattice constant
and bulk modulus. This equation of state was con-
structed in Bridgman's form 4V/Vo- —aP+bP2 by fit-
ting to self-consistent energy-band calculations at
three lattice constants. The resulting values of g and
5 were of the same order of magnitude as those ob-
tained experimentally by Bridgman (see Bef. 4). Use
of Bridgman's values would have given results very
similar to those in Table I.

24Our nonmagnetic equation of state fox" (fec) Mn is clear-
ly inexact, because the bulk modulus remains some-
what too large even 1f the latt1ce 18 expanded beyond
its experimental atomic volume. While this might be
due to extrapolating over too large a pressure range,
the results for Cr and Mn might instead indicate rela-
tively lax'ge Inagnetic changes in the equation of state
of Rnt1ferx'oIQRgnets.

25M. Shiga, AIP Conf. Proc. 18, 463 (1974).
~6B. J. Weiss, Philos. Mag. 26, 261 (1972).
27G. K. White, Proc. Phys. Soe. Lond. 86, 159 (1965).
28%. E. Evenson, J. B. Schrieffer, and S. Q. Wang, J.

Appl. Phys. 41, 1199 {1970).
29L. Hedin and B. I. Lundqvist, J. Phys. C 4, 2064 (1971).
30U. von Barth and L. Hedin, J. Phys. C 5, 1629 (1972).
~10. Gunnarsson, B. I. Lundqvist, and J. W, %ilkins,

Phys. Bev. B 10, 1319 (1974).
2The detailed form of the exchange-correlation function-
al is that given in Eqs. (2) and (3) of Bef. 31, but with

C& —-0.045, x&-—21, C+ —-C&/2, x&=24~3y&. In the absence
of spin polarization, this choice of constants makes the
exchange-correlation functional reduce to the one given
in Hef. 29, which we used for the nonmagnetic calcula-
tions.
J. Callaway and C. S. Wang, Phys. Bev. B 7, 1096
(1973).

34B. A. Tamil and J. Callaway, Phys. Bev. B 7, 4242
(1973).

35J. W. D. Connolly, Phys. Bev. 159, 415 {1967).
36T. M. Hattox, J. B. Conklin, Jr. , J. C. Slater, and

S. B. Tx'1ckey J. Phys. Cllenl. Solids 34 1627 (1973).
37The investigation of V by Hattox et nE. (Bef. 36) comes
closest in spirit to the present calculations.

38E. I. Kondorskii and V. L. Sedov, Zh. Kksp. Teor. Fiz.



4204 J. F. JANAK AND A. R. WILLIAMS

773 (196~) ISov Phys -JKTP 11, 561 (1960)j.
3~See O. Gunnarsson, J. Phys. F 6, 587 (1976), fox a

more-detailed analysis of the effects of this approxi-
mation on magnetic pxoperties.
The relatively large uncertainty in these results arises

because they are differences of pressure differences,
divided by small lattice-constant differences.

~W. Gunnarsson and B. I. Lundqvist, Phys. Bev. 8 13,
4274 (1976).


