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Anisotropic exchange for dilute rare-earth alloys
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The exchange coupling between the 4f magnetic electrons and the Sd-like screening electrons is calculated for

Dy, Er, and Yb dilute magnetic alloys. The coupling is shown to be anisotropic, with significant orbital

contributions for Dy and Yb. The g-shift expression is derived for arbitrary crystal-field splitting of the 5d
virtual bound states. The linewidths are computed in the limit of no crystal-field splittings. Comparison with

experiments on Dy and Er in Ag and Al hosts reveals good agreement.

I. INTRODUCTION
borh

The magnetic resonance spectrum of dilute mag-
netic alloys has most often been interpreted using
an isotropic exchange Hamiltonian JS cr between
the magnetic ion and the conduction electrons.
Strictly speaking, such an expression is only valid
if the magnetic ion and the conduction electrons
have no orbital angular momentum. The general
form of the exchange coupling in the presence of
orbital moment has been given by Liu, ' Watson
and Freeman, ' Kaplan and Lyons, ' and Levy. ' Re-
cently, Yang et al. ' introduced orbital anisotropy
in the exchange to fit the observed angular depen-
dence of the ESR resonance field of Pd:Dy. '

We determine in this paper the strength of all
the terms in the orbitally anisotropic exchange
Hamiltonian from first principles. We then cal-
culate the g shift and linewidth expected for rare-
earth impurities in nonmagnetic hosts. This pro-
cedure is possible because the principal contri-
bution to exchange for dilute rare-earth alloys
arises from the interaction between the 4f and the
5d-like screening conduction electrons. ' The lat-
ter can be described by a virtual bound state (vbs)
which, by virtue of its large width, is nonmagnetic
in the metal. The interaction between the 4f and
5d-like vbs is closely analogous to that of nuclei
of nonmagnetic vbs's treated by Dworin and Nar-
ath. ' Assigning 5d character to the vbs, all the
exchange parameters can be related to the known
Slater-Condon parameters. This is described in
Sec. IIA. We calculate the thermal average of the
exchange in the presence of an applied magnetic
field for a cubic crystal, using linear response
theory, in Sec. IIB.

We find that the orbital polar zation of the vbs
by the magnetic field contributes two terms to the
exchange,

[Y (L)H, —(W/4)H, , (L)H+

—(/5/4)Y, ,(L)H' + c.c.],

whereas the spin polarization gives rise to

[v~~ Y, 0(L)+ —,'Y4, (L)+-', Y, ,(L)]R H.

Here, y„b is the orbital susceptibility of the vbs.
If we ignore the crystal-field splitting of the vbs,
only the L H and 5 H terms survive (as expected).
Because both L and 5 project into 3, the observed
exchange coupling has contributions from both or-
bital and spin components. This will cause a dif-
ference in the effective exchange coupling as seen
by ESR reflection measurements, and transmis-
sion-electron-spin-resonance (TESR) conduction-
electron g-shift and linewidth measurements.

We use these expressions in Sec. III to calculate
the g shift and linewidth for the I; doublet of Dy,
Er, and Yb in cubic hosts. Numerical estimates
for both quantities are given for two extreme
cases: crystal-field splittings small and large
compared to the screening 5d vbs level width. We
find that the orbitally anisotropic term Y, ,{L)S H

is important for Dy and Yb for large 5d vbs crys-
tal-field splitting, but not for Er, for which a nu-
merical cancellation occurs. The values of the
linewidth are consistent with experiment, and in
agreement with respect to absolute magnitude for
reasonable values of the vbs level width.
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II. THEORY a, =(3G, +-', G, + '—33G, )/v35,

A. Orbitally anisotropic locali ed-conduction-electron exchange
a, =(4G, + —', G, —',—,'G, )/v&&,

The principal part of the exchange contribution
to the ESR spectrum of the rare earth in dilute
rare-earth alloys originates at the rare-earth site.
The conduction electrons possess a 5d-like char-
acter because of the orthogonality requirement to
the occupied d orbitals, ' and the necessity of
screening the 3+ rare-earth core. The exchange
interaction between a single 4f electron and a 5d
electron can be written as"

H= —P a„,„...Y„*„(1,.)Y„...(1)(2s,. s+-.', ), (1)
PVP V

where 1, , s, and (1, s) refer, respectively, to the

f electron and the 5d vbs electron. The spherical-
harmonics are orthonormalized:

P (m ~Y„*,„,(1)Y„,„,(1)~m) = 5„„5„„
m =-l

Van Vleck and Huang" showed that the coefficient
a„,„... is related to the exchange integral
J(m,.mm, .'m ') as follows:

a4 = (11G,+ —,G, + '—,', G, )/7~55 .

All the other a„with )(j. & 4 must vanish for the
4 f-5d interaction by virtue of the triangle rule.
Using the values for G,- calculated by Freeman and

Mallow, ' we list a for Dy, Er, and Yb in Table I.
Upon summing over the 4f electrons in (1), we ob-
tain the following expression for the rare-
earth- conduction- electron exchange:

4

Ef= —Q Q a„l'„* (L)Y„„(1)(2b„Ss+ —,'c„), (6)

where 6 and c„are projection factors defined by

g Y„„(1,.)s, =b„Y„„(L)S

J (m, mm, 'm ') = (m,.m
~ P a,„,„

pVg V

x Y„*„(1,)Y„,„,(1)~m,'. m'),

(2)

where

x P, (r„)d r,d r„
with g and P referring, respectively, to the 4f
and 5d orbitals. To express the a„„„... in terms
of 4, we multiply (2) by (m,'~Y„„(l,)~m;)
x(m'~Y„, , (1)~m) and sum over m, , m,.', m, and
m'. We find

a~ v~/v/ m Y» 1,™;
/mimimm

x(m '~ Y„*„(1)~m)J (m,.mm, '. m ').

P Y„(1,) =c,Y„„(I.). (7b)

The values for b„and c„are listed in Table II.
It should be pointed out that the exchange con-

tribution to the cubic crystal field potential for the
rare-earth ion can be obtained from (6) in a.

straightforward manner. To illustrate the pro-
cedure, we follow the assumption of Chow" that
the conduction electrons occupy equally the three
(nonmagnetic) 5d t, states-. In the absence of a
magnetic field, the expectation value of Y„„(1)s
is obviously zero, so that only the purely orbital
part of (6) contributes. We find

&H& = (cs,c,/6) PPo'Y«&(L) +!Y«(L) + —,
' Y, ,(L)].

This is simply the exchange correction of Chow"
to the fourth-degree crystal-field potential for the

TABLE I. Exchange parameters (in cm ) as calcula-
ted from Eq. (5).

The spherical symmetry exhibited in (3) further
re stricts a„,„...= 0 if p. c p,

' and v w v'. In addition,
for a given p, , a„,„,is independent of v. The ex-
change integrals J can be expressed in terms of
the Slater-Condon integrals G,- following Condon
and Shortley. " Calling a„„,„,—= a„, we find

ao

a&

a&

a3
a4

Er

8862.3
4430.8
4185.6
2401.1
3029.6

Dy

8758.2
4363.0
4126.9
2361.3
2991.5

Yb

8577.1
4295.6
4055.5
2328 ~ 6
2934.2
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TABLE II. Projection factors defined in Eqs. (7a) and (7b).

C( Co C3 C4

Er 14.9905 2 .5495 —0.4438 —0.8876 0.6371 1.3628 —0.8498 0.1479 0.2959 —0.2124
By 11~ 2821 1.9821 1.0653 0 —2.7255 1.2536 —0 ~ 3964 —0.2131 0 0.5451
Yb 13 1 —1 1 —1 1 —1 1 -1 1

rare-earth 4f electrons. Our numerical values
for (H) agree well with those of Chow, "serving
as a, useful numerical check on our method. %e
emphasize that this term originates from the fac-
tor in (1), rather than the spin-dependent part.
In the presence of an applied magnetic field, we
shall see in Sec. II 8 that the purely orbital part
of H wQl give rise to important contributions to
the magnetic resonance g shift and linewidth as
well.

8. Thermal average of the exchange interaction

For rare-earth ions in most metallic hosts, the
screening electrons can be characterized as 5d-
like in the vicinity of the ion. This orbital is non-
magnetic because of its rather large "occupation"
width, and can accurately be described as a virtual
bound state. " The 5d orbitals will split in the
presence of the crystalline-field environment (in
the present case, cubic), and one of the critical
parameters of our theory will be the ratio of this
splitting to the vbs width A. Because this ratio
can be large, we shall formulate the g-shift and
linewidth expressions in terms of the properties
of the vbs t& and e orbitals, allowing for different
energies (i.e. , for a, vbs crystal-field splitting) and
different widths (not unrelated to the vbs crystal-
field splitting).

To calculate the thermal average of the exchange
in an applied magnetic field, we follow the method
used by Dworin and Narath. ' To compute the g
shift, we need only evaluate the static thermal
average of the conduction-electron operators in
(6). The Zeeman interaction between the conduc-
tion electrons and the applied magnetic field is
given by —IJ, Bl.H —2Ij. Bs.H. It is easy to see that
the orbital part of the Zeeman interaction contri-
butes to (Y„,(1)) in (6), whereas the spin part con-
tributes to ~Y„„(l)s. We label the 5d states by

t„: y, =l2, 1), y, =(I/~(I2, 2) —I2, -2)),

(Y„„(1))= ~ &0;IY„,(I)I4,)

~(P, I21 HIP;)s(gl, t; 0)t

where S((f), (t&, , 0) is the effective static orbital
density matrix defined by'

(6)

s(y, , y, , o) =x'(4, , 4, , 0)[I- (U-z)s(y, , y, , o)],

with y"((f&, , $, , 0), the generalized unenhanced sus-
ceptibility, given by

X'(»;, (;, (&)=2, j & i( &(G'(4, . &t"'(0, , )

—G'(0, , ~)G'(4;., ~)],
where f((d) is the Fermi function, and G (P, , w)
the Green's functions given by G~(g„(u)
= [h(d —E(@,}+in((t&, )] ' In the. limit kT«n„we
find (using the notation t~ = t, e = e)

X'(t, t, O) = t, (t,'+E,')/r,
y"(e, e, o) = e,(t,'+E,')/v,

x'(t, e, 0) =y'(e, t, 0)

(E, -E,)(e, —0.) —(~, —n..)(1 r, —I r )
v[(n, —~,)'+ (E, —E,)']

where 8l =tall (tlat/Eg)& tl = (6(+E(), wltll sillll-
lar expressions for the e states. %e note that
y'(t, e, o) reduces to y'(t, t, 0) i1n the limit n, = 6,
and F, =F.„. Evaluating the Inatrix elements in
(6), we find the following expression for the ther-
mal average of the orbital part of the exchange:

eg. P, = I2, 0), (t&5=(l/v7)(I2, 2)+ I2, —2)).

%e find, in a manner similar to the calculation of
(1) by Dworin and Narath, '

0 C~Y* (L~)(Y (I)):2~~
I

g (0))Y (L)H +~ I (L)H . Y
~

(L)H
/AU

B

+
I I

[y„,(t, e, o) —y„,„(t, t, 0)]
Q LV P. B

&&(Y3 0(L)H 4+3 Y~ ~(Ljl+)(VY, ,(L)]H++~[qXY, ,(L)+)t5 Y3 3(L)]H ] (10)
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where the static orbital susceptibility is defined by

Xo b(0} Xob(t, t, 0)+ 4Xo b(t) e) 0))

with

X„b(t, t, 0) =4geS(t, t, 0),

X.,~(t, e, o) =4p', S(t, e, o).

The products of the spherical harmonics and the
magnetic field in each pair of curly brackets in
(10) transform as the identity representation of the
cubic group. No even degree spherical harmonics
appears in (10) because of time-reversal symme-
try.

The spin contribution to the g shift will also in-
volve orbital terms. We must calculate the aver-
age of Y „(I)Y»„'„(L)S s. Because of time-reversal
symmetry, the average will vanish for p an odd
integer. Initially, we simplify the computation by
considering v=O only. We shall add the vc0 terms

by constructing the cubic invariant later. We find

xS(P, , »t), , 0)p, sH„ I», =0, 2, 4.

Only the diagonal matrix elements of Y„,exist for
p. equal to an even integer. The effective-spin-
density matrix S(»t), , $„0)obeys the Bethe-Salpeter
equation'

s(y, , (t„o)=x(y, , 4„0) 5,, +vs(y, , y, , Q)

From (11) and (12), we obtain the following aver-
age for the spin part of the exchange:

&ohoX. (0) „JX.(0} X'(e, e 0) X'(t t 0)
—2 Q s„5„I

»

„(L)S.(sY„,(I)& -[5(2I,~I)],&,l„ l

S'H+2s45, lt'el I+ 2'. I tJ,'(e'e 0)
—I tJX'(t' t 0)

)I,P

xs H[FjY, „(I.)+-.";Y, ,(I.)+-,'Y, ,(I,)], (13)

where the static spin susceptibility x~(0) is given by'

X~(0) =2Ve Q S(4» 4», 0),

with

S(~ 0)
3X (t, t, 0) 2X (e, e, 0) 3JX (t, t, 0) 2JX (e, e, Q)

1 —UX'(t, t, o) 1 —flax'(e, e, o) 1 —UX'(t, t, 0) 1 —UX'(e, e, 0)
f, J

In the absence of crystal-field splitting of the 5d
electron orbitals (E» =E,), only S s and Y,*„(L)
xl', „(1)terms survive. This follows from the
fact that only the p = 1 term in (8}.and the»» = 0
term in (ll) contribute as a consequence of the
orthogonality relation. Indeed, (10) and (13) re-
duce to, respectively, the terms X„b(0}L.H and

x (0)S H in the absence of a crystalline field.
The energies E, and E, of the 5d vbs electrons

are related to one another through the condition
that the number of 5d screening electrons is de-
termined by the Friedel sum rule. Usually, one
expects only a single screening electron of 5d
character as a consequence of charge neutrality
(with two others in 6s-like orbits). From the ex-
pression for the 5d vbs density of states, this
leads to

(2/»») [2 cot '(E,/n, ) + 3 cot '(Z»/a»)] = 1. (14)

To calculate the exchange contribution to the g
shift of the rare-earth ions, we need to project

Y„„(L)and Y „(L)Sonto the effective-spin opera-
tor 5. This is done for the I', ground doublet of
Dy, Er, and Yb by defining

Y „,(L) = d„Y„,( J) = d„e„P„ (15a)

Yo 0(L)Sg = N,Y, 0( J) = N»e» ORg,

Y, „(I.)S.= —-';tt,Y, ,(Z)+ (W/3)1)t, Y, ,( J)

', X,e, ,S, +-(W/3)v, e, ,S„

(15b)

(15c)

Y, „(L)S,=( / I)»5)et', , S,. (15d)

The appropriate values for d„, X„, and e„,are
listed in Table III, A quantitative result for the

g shift ») g and thermal linewidth 1/T, requires the
knowledge of h,„A„E„E„U,and J. Such de-
tailed information is not yet available for the 5d
vbs for rare earths, though optical experiments
can yield rough estimates. We shall evaluate both
t»g and 1/T., in Sec. III in the limit of small crystal-
field splitting; and the g shift in the limit of large
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TABLE III. Projection factors defined by Eqs. (15a) and (15b).

d3 Ni N3 N) ex. o e3, O es. o e5 ~4

Er 1.0934 1.0147 1.0228 -0.8372 1.3319 0.3072 0.0860 —0.3214 0.1211
Dy 1.1721 1.0101 1.8532 7.1754 2.0755 0.3072 0.0860 —0.3214 0.1211
Yb 1.0498 0.9476 0.3499 -0.1870 0.6015 0.4629 —0.2462 -0.9201 —0.2685

crystal-field splitting. The results will be in-
structive, indicating the trend of the orbital ex-
change strength as a function of (E, —E,)/n. .

III. g SHIFT AND LINEWIDTH

We first consider the g shift ~g for the two ex-
treme limits.

A. Small-crystal-field splitting [I(Et-E, )/b, (( 1]

For this case, y„~(t, e, 0) =X„„(t,t, 0) and
y'(e, e, 0) = y (t, t, 0). Only the L H term in (10) and
the S.H term in (13} survive. The solution to (14)
is given by E, =E =E=-3.0786. Substituting this
value for E, and (15), into (10) and (13), we ob-
tain

Ag= 0.13 laoboN, e, 0/n+ 0.096a,c,d,e, o/A. (16)

The first term originates with L 1 and the second
with S.s in (6}. Numerical estimates for ng are
listed in Table IV. We see that the orbital contri-
bution can be a,s large as the spin contribution to
ng. For rare earths in Al, it is expected that
4 —2.5 eV. This value, and those of Table IV,
yield

Ag(AI: Dy) = 0.06, n,g(AI: Er) = 0.04.

These values are in good agreement with experi-
ment. "

B. Large-crystal-field splitting {Et&Ee i Ee Et +~)

From the condition (14), we find E~ =vYh, . In
such a limit, all of the terms in (10) and (13) con-
tribute to ng. Expressing (10) and (13) in terms
of fictitious spin, we obtain

ag =(0.050a, c,d, e, , -0.100a,c,d, e, ,
+ 0 2 13QpbpNy eI p 0,089Q464N3e, p

—a,b, N, [0.100e, , + 0.036(e, , + e, ~)])/& ~

Here, the first term originates with L ~ 1, the
second with Y, ,( L)Y, ,(1), the third with B.s,
and the last four with Y~,(L)Y, ,(T)f s in (6).
Numerical estimates for Ag are given in Table V.
For Dy and Er, the major contributions arise from
3 s, though the contribution from L. 1 [and Y,',
(L)Y4,(I)S ~ s for Dy] is also numerically im-
portant. For Yb, all three terms yield roughly
the same contribution. In this case the exchange
cannot be represented within the ground J multi-
plet by an effective S ~ s interaction because of the
presence of the terms Y, ,(L) and Y, „(L)X,
(though, of course, it can be projected onto an
effective-spin f space within, say, a ground doub-
let).

The linewidth is easily calculable in the small-
crystal-field limit (it is far more complicated in
the large-crystal-field limit, which does not war-
rant our attention at this time). Using the same
approach as that of Dworin and Narath, ' we find

1/T, = (v/5h)e2, o(4ao2boN2+a, 'c,d, }

xN~~(Ez)ks T.
The first term arises from the spin-dependent
part of (6), and the second from the orbital part.
There is no cross term. Using the values ex-
hibited in Tables I-III, (17) can be evaluated easily
for, say, the l, ground state of Er. One finds an

TABLE V. Contributions to the g shift assuming the
5d eg states to have energies much larger than the 5d

f2~ +& energy. The width A~ of the t2~ states is ex-
pressed in eV.

TABLE IV. Orbital and spin contributions to the g
shift for a small-crystal-field splitting of the 5d vbs.
The width & of the vbs is expressed in units of eV.

Er Dy Yb

&g(from L 1)

&g(from S.o)

&g(total)

Er Dy Yb

0.045/6 0.037/& 0.025/6

0.064/6 0.106/& 0.024/6

0.109/6 0.143/& 0.049/6

4g(from L '1} 0.024/b, ,
kg[from Y3 ~(L) Y3 „(1)] 0.002/6&

&g(from S'0) 0.100/6&

&g [from Y4 ~ ( L) Y4 ~ (1)S - o'] —0.002/4&

~g(total) 0.124/6

0.019/6

O.165/S,

0.021/4,

0.205/S,

0.013/~,

O.O07/a,

0.037/a,

0.026/b, ~

0.083/b, ~
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equivalent linewidth:

n H/hT = 34.9/n G/K, (18)

where 6 is expressed in eV. For A1, where
a- 2.5 eV, this leads to n. H/n. T= 4.8 G/K, some-
what smaller than reported in Ref. 15. It is in-
teresting to compute the ratio of n. H/n. T for Dy
and Er. This ratio should be independent of the
value of s. Using Tables I-III, we find

(nH/n. T) /(n, H/n. T)„=2.30. (19)

If one considers only isotropic exchange in (6),
i.e. , -2aoboYoo( I, ) Yoo(l)S ~ s, this ratio will be
given by [ao(gz —1)]n2„/[ao(gz —1)]~2 = 2.71. Here,
g~ is the Lande g factor, equal to —, for Dy, and
—, for Er. Experimentally, this ratio varies be-
tween 2.6 for an + host, to 2.3 for an Ag host. "

This trend is interesting, for it is in accordance
with our ideas about vbs widths a in Al and Ag.
They are expected to be much larger for d elec-
trons in Al as compared to Ag. This will cause
the linewidth contribution arising from screening
electrons [n.H/r T varies as I/d according to
(17)] to diminish substantially for Al as compared
to Ag hosts. One therefore expects the major con-
tribution to r H/AT in Al to arise from the run-
ning-wave conduction electrons at the rare-earth
site. These will be predominantly of. s- and P-like
character, and will therefore couple to the 4f elec-
trons with primarily isotropic exchange. " The
ratio of Dy-to-Er linewidths in Al would then equal
2.71. Experimentally, "it is found to equal 2.6 for
the Al host. For the Ag host, the vbs width is
significantly smaller than for Al, and one expects
the screening d-like electron contribution to be
relatively larger. For vbs width» crystal-field
splitting, the Dy-to-Er linewidth ratio would
equal 2.30 [See Eq. (19)]. Experimentally" one
finds 2.3.

Apparently the vbs dominates in the Ag host.
Putting these results together, the s- and P-like
contributions to n. H/n. T are expected to be smaller
than the vbs contributions for rare earths in Ag
than in Al.

If one had complete confidence in (1't), one could

use the experimental linewidth ratio for Dy and Er
to determine the contribution of the d-like vbs
to the linewidth, separate from that of the s- and
p-like conduction electrons. Our lack of precise
knowledge of the radial part of the screening-
electron wave function, and the approximate char-
acter of the Cohen-Heine cancellation theorem,
combine to reduce the accuracy of such a com-
putation. When more accurate vbs wave func-
tions become available, it would be interesting
to carry out such a separation. For the present,
the trend is in accordance with our microscopic
picture of rare earths dissolved in simple metal
hosts.

IV. CONCLUSIONS

By treating the conduction electron, in the vicin-
ity of the rare-earth ion, as an atomic 5d-like
screening electron, we are able to express the
anisotropy in the exchange in terms of the spheri-
cal harmonics Yg„( L)Y»(1). Coqblin and Schrief-
fer derived an anisotropic exchange by making
the Schrieffer-Wolff transformation for the local-
ized-conduction-electron interaction in the Ander-
son Hamiltonian, taking into account combined
spin and orbit exchange scattering. Within the
approximation of taking the conduction electron as
atomiclike, one can show that our exchange Ham-
iltonian (1) is identical to theirs. "

We have demonstrated here the importance of
anisotropic exchange to the ESR spectrum in dilute
rare-earth alloys. Orbital anisotropy will also
affect the nuclear magnetic relaxation properties
in magnetic alloys, and we will discuss this effect
in a forthcoming paper.

Note added sn prooJ. We would like to thank
Professor Peter M. Levy for pointing out a nu-
merical error in Eq. (5) of our original manu-

script.
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