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We discuss the effect of Nambu-Goldstone modes on the longitudinal wave-number- and frequency-dependent
order-parameter correlation functions in the ordered phase. We find that the static wave-number-dependent
correlation function diverges as q ~¢ (¢ = 4—d) for small g and the linear response function for a time-
dependent Ginzburg-Landau model, with g = 0, diverges as w ™/ for small frequencies. The consequences of

these effects are discussed.

The effect of Nambu-Goldstone modes on trans-
verse (to the direction of ordering) correlation
functions for systems with a broken continuous
symmetry is well known.! There has been far less
study®~® of the unusual behavior of the longitudinal
susceptibility caused by couplings between the
longitudinal and Nambu-Goldstone modes. In this
paper we discuss the consequences of this coupling
of the longitudinal and transverse modes on the
frequency- and wave-number-dependent correla-
tion functions.

Our discussion will be within the context of the
conventional time-dependent Ginzburg-Landau
model. This model has the same static (equal-
time correlation functions) as in the usual Landau-
Ginzburg-Wilson theory of static critical phenom-
ena. It is expected, however, that many of the
qualitative results we find will persist in more
sophisticated models. We will use renormalization-
group techniques valid near the transition tempera-
ture 7. in our calculations, but again we expect
that many of the qualitative features we find will
persist for all temperatures below T, where the
continuous symmetry is broken. Thus the strong
coupling between the longitudinal and transverse
modes is not really a critical-phenomena effect.®
We use critical-phenomena techniques because
the scaling behavior near the transition allows one
to perform calculations conveniently.

The work here will be, to some extent, a genera-
lization of the work of Brézin, Wallace, and
Wilson? and of Brézin and Wallace® on the static
susceptibility x; =dM /dH =x,(¢=0) (M is the mag-
netization and H is an external magnetic field) to
the case of wave-number- and frequency-dependent
correlation functions. We will assume that their
method for handling the new singularities that
develop in y, is correct and that we can extend
their ideas to the more general correlation func-
tions. Brézin et al.?® have conjectured that the
longitudinal susceptibility has the form

Xz =const+(H/M)~¢/%, (1)

This relation is supposed to hold for all N>1
(where N is the number of components of the order
parameter) and to all orders in e =4 -d. Clearly
as the field goes to zero the susceptibility will di-
verge. The assumed behavior in Eq. (1) is the
weakest one compatible with the exact results of
Lebowitz and Penrose.® The idea that the longi-
tudinal susceptibility diverges for all temperatures
below T, for a system with broken continuous sym-
metry (which excludes N =1 Ising-like models) is
not widely appreciated. Indeed, such behavior has
not been observed experimentally.* This is dis-
cussed further below. We have support for Eq. (1)
from e calculations to O(e?), 1/N calculations to
O(1/N), and some simple but general heuristic
arguments.? 378

Let us first discuss the extension of (1) to the
case of finite wave numbers. We will calculate
the longitudinal susceptibility for the usual Landau-
Ginzburg effective free energy

F=%fd"x{ro<,o2(x)+[vcﬂ(x)]2+%u[<p2(x)]2}, (2)

where ¢?(x) =X ., 3 (x), 7o=a(T = T,), and u,a>0.
All wave numbers are restricted to magnitudes
less than the cutoff A. We will work in the scaling
region where it has been shown, using renormali-
zation-group arguments,® that we can develop per-
turbation theory about four dimensions if we choose
the quartic coupling « to be given by

u=2¢/(N+8)K, +O(€?) 3)

and K, is the surface area of a unit sphere in d
dimensions. When we work below T, where the
longitudinal field has a nonzero average, (¢,(x))
=M, we must treat M ~O0(e~V2) in developing per-
turbation theory. A particularly elegant develop-
ment of perturbation theory below T, is given by
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Amit and Zannetti.!’® The longitudinal self-energy x;Mg) =7 +3ubM? + @ - Z$)(q) 4)
to O(e) is a sum of a Hartree term and a bubble
with two magnetization lines. We obtain the result where
(9 =_____€____< 2_ o ) (N =1)uMm?e ( A?
=5 () N+ (N+2)A% = 3uM?1n — e 5V +8) 1+1n i
uMPe A2 202+ L >
+2(N+8) (1+1n ot - In3{(x% +4)Y2 - x]), (5)

where x2 =¢?/uM? and uM? = £2 to lowest order in e. We can combine (5) with the equation of state

[correct to O(¢)],

uM? € . ) A2 )_
Yot +2(N+8) <(N+2)A-3uM ye =0,
to obtain
-1(,) = 2 (N—l)uM2€< g) JuM>e
xp(q) =g +uM® = =5 — (141 EIREOL

The interesting term in (7) is the one proportional to N~ 1.

(6)

2(x2 +4)Y2

X

A Ind((x +4)7% - 1]). Q@

This term comes from a bubble with two trans-

verse propagators [XT(q) g~%]. We see that as g— 0 we have a singularity for all temperatures below T.

If we follow Brézin et al. and anticipate that y;'(q) -
to O(e)]

0 as g— 0 we can rewrite y;! in the form [consistent

2 2 1/2 2 \1+€/2
xil(q)zqz_g;iﬂg <1 . (x ';4) In %[(x2+4)1/2 ]) A2<uM ) <I_V._+§_f_2(lo—m£) (8)

Note that to O(e) the inverse correlation length
squared is related to the magnetization by

g2 =A2(uM2/A2)"/B = A2(uM 2/ A2)} +e/2 ,

so Eq. (8) has the correct scaling form to O(e).
We have investigated the O(e?) contributions and
have verified that the In?q terms exponentiate to
give a ¢ behavior for x;(g) for small q. Ma!! has
shown that x;'(q) ~ ¢° for small ¢ in the large-N
limit and Fisher et al.* suggested on phenomenolog-
ical grounds that x, ~7~*"2€ in coordinate space,
which is consistent with our results. Note that for
=1 the susceptibility is perfectly regular as ¢-0:

X2 '(0) =ub®(ub®/A%)E/2(1 + Se).

We now turn to a discussion of dynamics. There
has been, to our knowledge, only one discussion of
the critical dynamics of longitudinal order-param-
eter correlation functions for systems with T< T,
using renormalization-group techniques. This was
the discussion by Ma and Mazenko'® for the isotro-
pic ferromagnet. This case was somewhat special
since the dynamics can be conveniently treated only
by working near six dimensions. Thus while the
dynamics below T, were very interesting, it was
not clear whether the results could be extrapolated
to three dimensions. Here we want to discuss the
simplest dynamical model, the time-dependent
Ginzburg-Landau model, with a nonconserved order

9+(N-1)x"¢

r
parameter. This model was studied in some de-
tail by Halperin, Hohenberg, and Ma® for T>T,
and is characterized by the equation of motion

9¢;(x, 1) -eT SF
ot 5(p‘(x,t

where 7, is a Gaussian noise satisfying
(my(x, Iy, (2, ')y =2T8;  ;6(x — x")6(¢ = t') (10)

and T is a bare kinetic coefficient. The diagramma-
tics for this equation of motion can be carried out

in several different but equivalent ways.'* We have
calculated the response function G(q, w) as defined
by Ma and Mazenko.”? While we have calculated G
as a function of ¢ and w, the interesting dynamical
effects are highlighted in the ¢ -0 limit of G. Again
using the equation of state, we obtain

)""ni(xat)s 9)

uM?e A2
1 = —— —_—
G0, w) == +uM’ 5y In ap
(N = 1)euM? In A2
T 2(N+8) uM?®
sorte( 1 1),
TN+8 \T2 7 T2
(N 1) ( zu)
2(N 8)uMeln 5 ) (11)
where 1° =w/TuM?. We can rewrite (11) in the
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form [correct to O(e)]

uM? e/2
A2

G0, w) =uM2<

X(y:(lﬁ:) i (N_Nl;f_:,?/ez/)z-m> , (12)
where
(13)
and
v =w/[TuM?(uMm?/A2)¥?] | (14)

For small frequencies we find, for N> 1,

uM? >€/2 N+8+9¢/2 <iv_>‘/2

610, @) :“M2<7\'2— N-1 2

(15)

Since x; (g =0) is given by'® the w— 0 limit of
G;'(0, w) we see there is consistency with x7*(g =0)
=0. It is expected that the ¢¢ behavior in y;*
would go over to a (=iw/T)¢/2 behavior in G;(0, w)
because the zero-order transverse propagator is
(~iw/T" +¢?)~%. Consequently the infrared singu-
larities can be cut off by nonzero external fre-
quencies or wave numbers. We have also carried
out a 1/N calculation and obtained to O(1/N)

G0, w)

:4Mzsin(17£/2) <i'w>€/2’ (16)

NK 7 2T

which agrees with our O(e) calculation in the large-
N limit. ¢

A major consequence of our analysis is that the
correlation function (using the fluctuation-dissipa-
tion theorem)

C. () =lim( ¢,(q, t)¢,(=q,0))

a0

+iwt

- 2
=1im dw e " ImG,(q, w)

a0

does not decay exponentially for long times but
goes as

CL(t) ~pme/2

for long times. We see then that C, (¢) decays as
£~Y2 in three dimensions. Clearly C,(t) is not in-
tegrable and the usual ideas about exponential de-
cay at long times and an associated Kinetic coeffi-
cient are no longer applicable.
We have also treated a time-dependent Ginzburg-

Landau model with a conserved order parameter.
In this case the Nambu-Goldstone modes have no

qualitative effect on the dynamics. This is ex-
pected since we know from the work of Halperin,
Hohenberg, and Ma that this model is to some ex-
tent artificial (there is no mechanism for changing
the transport coefficient). One must introduce
mode coupling terms if one is to have a realistic
model for a system with a conservedorder parameter.
The results of Ma and Mazenko for the ferromag-
net below T, indicate that the mode coupling terms
do lead to a qualitative change in the behavior. In
particular they found that the transport coefficient
T',, does not exist in the sense that it develops an
anamolous wave-number dependence for small
wave numbers T',~g~©¢"?/6. At present we are
investigating the case of the antiferromagnet
where the order parameter is not conserved but
is coupled to the noncritical magnetization which
is conserved.

There is at present no experimental evidence for
the divergences in the longitudinal susceptibility
discussed here. There are several reasons why
these effects have not been observed. In the case
of systems with a physically realizable conjugate
field (the external magnetic field for a ferromag-
net) uncontrollable residual fields cut off the ef-
fect. This has been discussed by Brézin and
Wallace.® One should, apparently, look at sys-
tems where there are no physically conjugate field,
like antiferromagnets and helium, where we can
probe the small-g and -w behavior of the order-
parameter correlation function. In helium, we
can not couple directly to the order parameter,
but in principle one could use neutron scattering
from isotropic antiferromagnets to see the pro-
posed behavior. The difficulty here is that one
measures the total susceptibility X(¢) = (N = 1) x(q)
+X.(g). For smallenough x=g& we expect the total
susceptibility will be proportional to x™% +ax™¢
where the x~2 is from y, and x™¢ from y;. Tofirst

order in €,
—_ 1 €
a—N+8 (1+m (2V—19)>.

In the physically interesting case N=3, € =1,
a=0.06. Because of the small value of a it may
be very difficult to separate the x™% and x™¢ be-
havior. We can estimate the range of x where y,
will be controlled by the x™¢ behavior by compar-
ing the small-g behavior of (8) with an Ornstein-
Zernike form. We find their ratio is relatively
constant down to x~0.35 where a rapid variation
in the ratio begins. Thus for x<0.35 we expect
the x™% +ax "¢ form to be reasonably accurate.

It seems to be important to understand whether
these proposed infrared divergences have gone un-
observed because of experimental limitations or
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because the usual isotropic models are unrealistic
in the ordered phase. We know that by introducing
a small asymmetry in the effective free energy we
eliminate these divergences.” Physically, in this
case, the spin-wave frequency will not go to zero

as q¢—0 and the ¢ =0 intercept will cut off the in-
frared divergences.
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