
PH YSICAL REVIE% B VOLUME 14, NUMBER 8 15 OCTOBER 1976

Comments and Addenda

The Comments and Addenda section is for short communications which are not of such urgency as to justify publication in Physical
Review Letters and are not appropriate for regular Articles. It includes only the following types of communications. (I) comments on
papers previously pubh'shed in The Physical Review or Physical Review Letters, (2) addenda to papers previously published in The Physical
Review or Physical Review Letters, in which the additional information can be presented without the need for writing a complete article.

will folio~ the same publrcation schedule as articles in this journal, and galleys will be sent to authors.

Dielectric continuum theory of the Van der W'aals interaction

R. G. Barrera~
Instituto de Fisica, Universidad Xaciona/ Autonoma de Mexico, Mexico 20, D.F.

C. B. Duke
8'ebster Research Center, Xerox Corporation, 800 Phillips Road, 8'ebster, ¹eYork 14580

(Received 16 June 1976)

We extend our local dielectric model of surface properties to encompass the calculation of the (nonretarded}
Van der Waals interaction between two dissimilar media separated by a third. As established earlier, the
cofnputation of this energy reduces to the evaluation of the classical electrostatic fields associated with a point
charge in the three-medium geometry. Explicit results are given for three media separated by parallel planar
boundaries, in which case the requisite electrostatic fields may be evaluated simply by the method of images.
These results reduce to those obtained earlier for two identical media separated by a vacuum.

The VRn dex'%Rais force between two ldentlcRl
half-spaces separated by R vacuuIn gap initially
was calculated by I ifshitz' using a phenomeno-
logical treatment of the electromagnetic field
fluctuations. Assuming sharp boundaries and a
local behavior of the dielectric function within the
half-spaces, I ifshitz obtained the Van der %Rais
force as a functional of the frequency-dependent
dielectric function of the (identical) media. Later,
under the same assumptions, Dzyaloshinskii,
I ifshiftz, and Pitaevski' elaborated a microscopic
quantum-field theory of the Van der %'Rais inter-
action between two planar interfaces with three
adjoining media. For the case of two identical
media separated by vacuum their results coincide
with those of I ifshitz. Since the microscopic ap-
proach is rather complicated, howevex, there has
been a continuing interest in simpler forInula-
tions' "which in turn have enaMed the extension
of results obtained for a planar geometry to other
fields of physics" 35 and biology, "" There also
have been efforts" "to include spatial dispersion
into the Van der %Rais problem of planar inter-
faces through the use of nonlocal dielectric functions.
Barash and Glnzburg have considered the case
of absorptive media as well.

l'n this paper we report an extension of our pre-
vious work4' on the electronic structure of solid

interfaces to the calculation of the nonretarded
Van der %Rais interaction between local dielectric
media. Specifically we show that the evaluation
of the Van der %Rais force can be reduced to an
electrostatic calculation of the surface charge
density induced at the boundaries by a point
charge. As an illustx'ation of the method we cal-
culate the Van der %Rais interaction energy of two
planar interfaces with three adjoining media
through the method of images. In addition to il-
lustrating the simplicity and power of our model,
these results extend earliex' ones' '4 by virtue of
describing three media with completely arbitrary
local dielectric functions.

The Van der %Rais interaction energy between
macxoscopic bodies is derived from a general ex-
pression for the correlation energy of an inhomo-
geneous electron gas. 4' 4' For bodies with sharp
boundax ies the bulk contribution to the interaction
enex"gy ls, to R good Rpproxlmatlon, ' ' ' lnd
pendent of the separation and therefore does not
contribute to the Van der %'Rais interaction. Thus,
the Van der %Rais interaction energy is defined
RS

the change in the surface energy y(f) of the sys-
tem when the bodies are a distance l apart with
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respect to the surface energy of the system at
infinite separation.

Now we write the surface energy of the system
as45-48

y =3 —d r Im a,(r, r; (d),
dg d(d

0 g 0 2%

where the integration over g=e' (8 is the electron-
ic charge) is the coupling constant integral, and

e, is the surface density-density response function
defined by

Here 5p, is the induced surface electron density
at x' due to the presence of external electron-den-
sity at r' oscillating with frequency co. Setting
6p,„,(r, (()) =6(r - r, ) in Eq. (3) one sees immediate-
ly that a,(r, r„(d) is simply the surface electron
density induced by an external point charge at ro
oscillating with frequency co. If we further assume
a local response of the system, the calculation of
a, becomes a well-defined electrostatic problem.
Taking then e, in the limit ro- r and integrating
Eq. (2) one obtains the Van der Waals interaction
energy. The calculation is valid even in the case
when dissipative media are present. " As an ex-
ample of this approach we calculate the Van der
Waals interaction energy for a system with planar
interfaces by computing a, through the method of

images.
We consider an inhomogeneous system with

planar interfaces perpendicular to the z axis char-
acterized by the sequence of local dielectric func-
tions:

e,((o); z & -a,
e, ((()); -a& z & a,

e,((o); z )a.

%'ith this geometry it is convenient to take a two-
dimensional Fourier transform parallel to the
various surfaces so that Eq. (2) becomes

dg d g d(d
dz Im a,(z, z; q, a&),

(6)

where q is a two-dimensional vector parallel to
the surface.

Using the method of images we calculate the
surface electron density a, (z, z'; g, &u) induced by
a unit point charge at z' oscillating with frequency

The resulting surface contribution to
a(z, z '; q, &u) is given by

a,(z, z'; q, (o) = a, (z, z', II, (u; 123, a)

+ a,(-z, -z'; q, ((); 321,a),
where

a, (z, z';f1, (d;123, a}=-6(z-a) ' ' + ae 'i" 'ie(-a+z')
ea('4+~2) es+ ~2

W

+ — ' ' (I+&)e 'i* 'i+&e"'e 'i*"'i [e(a-z')+e(a+z') —I]
6& +63

is the surface electron density induced at z =a and
the second term in Eq. (6a) is the surface electron-
density induced at z =-a. Here

'
~d d'q "d(u

I (e, —e,)'

g (2w) () 2v 2tnf3(62+ e~}

2 3 4qe (6c)

(e, —e,}'
262 @'i(z|+ e2)

(
2 2

+
6& + 63 62 + E

1; g&0,

e(z)= —,'; z=O,

0; x&0

(6d)

is the step function.
Inserting the limit z'-z of Eq. (6} into Eq. (6)

yields

The first two terms in the right-hand side of Eq.
(7) do not depend on the separation between the
two interfaces: they are siinply the surface ener-
gies of the two isolated interfaces. " Thus, the
Van der Waals interaction energy as defined in Eq.
(1) becomes
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.x Imd40 2 2
+

0 2& 62+ 63 E2+ Eg

where l =2a is the separation between the two half-
spaces.

The g(=e') dependence of any model local di-
electric function which obeys the f sum rule is
given by"

e(&d;g) —1 =@[e((d;g= 1) —1] .
Thus, the integration over g from 0 to 1 in Eq. (8)
can be performed easily to give

(10a)

where

(lob)

Here e, ((()) e, (());g=1) and the analytic properties
of f(to) in the complex (() plane were exploited in
order to convert the & integral along the real axis
into an integral along the imaginary axis. '

A change of variable & =2ql and integration by
parts in the z variable in Eq. (10) yields directly

32''f2

X X2Ch dM
62+~1 ~2+~3 e'-1

(11)
where e, =- e, (f(()). This expression coincides with
the corresponding expression of Ref. 2 in the non-
retarded limit.

Our approach follows the work of Craig'4 with
respect to the calculation of surface density-density
response function. Unfortunately, however, an
attempt to include spatial dispersion into the prob-
lem led him to certain inconsistencies. "~" Com-
parison of Eq. (11)with the results given in Refs.
1 and 2 reveals that contrary to Craig's assertion, "
the dielectric continuum approach does reproduce
the Lifshitz result for local dielectric media. The

reason that this fact is not transparent from
Craig's formulas [Eqs. (3.1}and (3.2) in Ref. 14]
is that they are analogs of Eq. (7} above. The
explicit performance of the coupling-constant
integration [Eqs. (10)] and a subsequent integration
by parts in the momentum transfer variable [Eq.
(11)]are required to recover the functional form
of the Lifshitz result. Heinrichs also has shown '
that in the local limit his general expression for
the Van der Waals interaction energy between two
half-spaces (in which spatial dispersion was con-
sidered through a hydrodynamic model dielectric
function) also reduces to Lifshitz's expression.

There are additional ways of calculating the Van
der Waals interaction energy between macroscopic
bodies. For example, a fruitful and relatively
simple approach is the one developed by Van
Kampen et a/. ' They proved that for transparent
bodies in the local limit, the Van der Waals inter-
action energy is the change in the zero-point en-
ergies of the surface collective modes originated
when the bodies are displaced from infinity to
their actual separation. This method has been ex-
tended to other geometries, "to dissipative
media'' and to media with spatial dispersion. "~'
It produces results equivalent to those derived
above in the limit that damping is not included in the
local dielectric function. ' We already have
shown, "however, that for dissipative media it is
important to use a proper retarded dielectric func-
tion rather than the zero-point-energy formulas
directly.

In summary, we have shown that our dielectric
continuum model permits an elementary, almost
trivial, derivation of Van der Waals energies in
terms of textbook classical electrostatics. While
prior limiting cases have been recovered, our re-
sults extend the earlier ones by virtue of being
applicable for any combination of three planar
media described by arbitrary local dielectric func-
tions. Moreover, our approach is particularly use-
ful when the method of images is applicable and in
the case of the solid-molecule Van der Waals in-
teraction as it will be shown elsewhere.
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