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Structure of the Jahn-Teller —induced B absorption band of Tl+-type centers in alkali halides
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The B- as well as A- and C-band shapes due to the electron-lattice interaction have been calculated

systematically by using the Franck-Condon approximation. The linear electron-lattice interaction within the

a, t, „excited states has been taken into consideration; it is written in terms of a 12)( 12 matrix by using the

six interaction mode coordinates which belong to the a, g Eg and T2g irreducible representations of OI, group. The
matrix has been diagonalized by the Givens-Householder method and the integration has been performed by

the Monte Carlo method. The results can explain most of the characteristic features so far observed,

indicating the validity of the Franck-Condon approximation and of the interaction mode coordinates even in

the case of the Jahn-Teller —induced absorption band. An exception is the small peaks sometimes found in the

middle part of the B band of Sn + center at very low temperatures (e.g. , 4.2 K} which cannot be reproduced

in the present calculation; the origin of these small peaks has been discussed. The effect of a magnetic field on

the band shape (the magnetic circular dichroism shape) has also been calculated preliminarily.

I. INTRODUCTION

The transition a', -a, t,„ in Tl'-type centers
with O„symmetry produces three characteristic
absorption bands called A, B, and C in order of
increasing energy. ' In most of these centers the
electron-lattice interaction is so strong that the
dynamic Jahn- Teller effect (JTE) causes the prom-
inent structure of the A and C bands at high tem-
peratures, which has been studied in detail as a
typical example. ~ Toyozawa and Inoue, Cho, '
and Honma' calculated the band shapes of the A

and C bands by using the classical Franck-Condon
approximation, which can reproduce most of the
observed characteristic features. Recently a
more exact calculation was successfully per-
formed by Nasu and Kojima' by using the indepen-
dent ordering approximation.

Although the B band does not show any well-re-
solved structure at least at high temperatures,
it is quite interesting to study the B band in more
detail; as contrary to the A and C bands, the B
band is due to the forbidden transitions and the
absorption band itself is induced by the dynamic
JTE. Band shapes of some Jahn- Teller induced
absorption bands were studied theoretically by
Kamimura and Yamaguchi' and also by Natsume, "
but the transitions responsible for the B band are
so complicated that its band shape is not analyzed
by using their results. Tsuboi et al." and Asano
and Tomishina" calculated the B-band shape re-
cently; their calculation is not satisfactory, how-
ever, because they oversimplified the effective
Hamiltonian matrix representing the JTE.

We have been trying to calculate the B-band

shape systematically. Some of the preliminary
results were already published elsewhere. "'~
In this paper will be given the detailed report on
the calculated B-band shape, which can explain
most of the observed characteristic features of
the B band. We will also report some prelimi-
nary results of ti~e calculated B-band magnetic-
circular-dichroism (MCD) shaye. Similar cal-
culations have been made by Honma et al."and
Honma" who obtained the B-band shape together
with its MCD shape by treating the effect of the
A and C bands as perturbations. As will become
clear in the following, however, the use of per-
turbation theory is not satisfactory in Sn" and
Tl' centers. We have diagonalized the 12 && 12
matrix directly without using perturbation theory.
Moreover we have chosen parameters in a way
which makes easier the comparison of calculated
results with experimental data. '

II. FORMULATION

We will consider two "active" electrons" which
occupy the molecular orbitals around the center,
a,' in the ground state and a,g,„ in an excited
state. " The total Hamiltonian is given by

X=++ 3C~e + Ks 0 + Ltd + 3C81 + Xg ~

where X is the kinetic energy of the two electrons
plus their potential energy due to the central and
surrounding ions located in the equilibrium lattice
points, X„ is the Coulomb repulsion energy be-
tween the two electrons, X„is the spin-orbit
interaction, X, is the Zeeman energy when a mag-
netic field is applied, X,~ is the linear electron-
lattice interaction, and X~ is the lattice kinetic
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as well as potential energy. Since use is made of
the Franck-Condon approximation, K~ will be
neglected and the interaction mode coordinates
will be used conveniently. ' On the assumption
that the a„t,„excited state is rather well sepa-
rated from other excited states as well as the
a& ground state, we will calculate the band shape
within the a,j,„excited state, disregarding X,.
By choosing the basis functions, I'„ I', ('T,„), I'„
I „and r~('T, „), the effective Hamiltonian matri-
ces for K„+K„,and K,~ are given in Tables VI
and V of Ref. 20, and the matrix for K, is given
in Table I. Coulomb and exchange integrals E and
G appear in K„, a spin-orbit interaction param-
eter g and a King and Van Vleck's A. in K„, an
orbital g factor g„„and a magnetic field strength
p ~H in K„and three coupling constants a, b, and
c with the a, , E, &, interaction modes in X,~.
The Coulomb integral I' does not play any role in
determining the band shape in the present approx-
imation, because E only shifts all the energy lev-
els uniformly.

In order to make a general discussion on vari-
ous Tl'-type centers we normalize the energy by
the separation between the C and A bands,

n = E(r;[C]) E(r;[A]), (2)

and describe the a,P,„excited states in terms of
the normalized B-band position,

E(I', and I', ) —E(I', [A])
X

(4)

, (x —,') +,[1+2X'x(I —x)]' '.
The energies of r,('T,g, I',('T,„), and I', that ap-
pear in the diagonal part of the matrix for X„+K„
are given by

E[I' ('T,„)]—E(I' [A]) 1 6 1L;
4a ' (6)

E[I' ( T „)] E(I' [A]) 1 G 1 I
2 ~ 4&' (7)

and King and Van Vleck's X." Here E(I',[A]),
E(I", and 1',), and E(1',[C]) are the electronic po
sitions of the A, I3, and C bands which can be ob-
tained by extrapolating their first moments to the
absolute zero temperature; note that I', and I',
are degenerate. The exchange integral and spin-
orbit interaction parameter are given by

l 2X'
, (x- —,')+, [I+2II.'x(1 —x)]' ',
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Note that E(I;[A]) is taken as energy zero. In the
actual calculations X is set to be unity. Figure I
shows how each of these energies changes as a
function of x. The three coupling constants and
the six interaction-mode coordinates are also
made dimensionless accordingly, i.e.:

a 5 c

MO6
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4l
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I]
N= 04Q
E
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~~ 02
«a

Q1 Q2 Qe

Putting

(10)
I

0.0 02 0.4 0.6 0.8
E(I~andl5) - EQ~QQ)X=

I.O

]to) —E(1,[A])

we obtain the band-shape function

f(»; &, (t/~&, f)/M&, e/v a, ftT/e)

FIG. l. Each of the energies, G/n, f/ft, jz[F(( T(„)]
E(r;[X]))/n, {E[r-,('T,„)] E(r;[X]))/n, and [E(I'[)

—E(I'([A]))/d, is plotted as a function of x=(Z(I ) and I'()
—E(I([A]))//). , where ft=E(1([C]—E(I'([A]).

12
l)

E=1

=2,' f ''' J( zz ~) ' g(- &z ~ I(' "(Q/~a;, /M~ I/Wa, /M)~[M~[g&['

)( ()(» —» ("(Q/~&; x, a/v a, b/v /). ,e/~a) d@ d@

where M is the electric dipole operator. Here the c'"'s represent the eigenvalues of the matrix for X„
+3C„+X,n in order of increasing energy; the (s("] 's are the corresponding eigenvectors and are given by

(""(0/~;,./~, b/~, / ) I =,'"&l,
l
"!"&I'„.('T..) I

"l"«...('T..) I

+ e("«.,.('T .) I+" + e())&1'..('T..) I+ e())&I'. ,('T(.)
I

+ e(2&1'~,.('T(.) I

where the coefficients e,'." are functions of Q/vZ
and parametrically depend on x, a/v &, f)/Mh,
and e/v4. The A-, 8 , and (--band shap-es are
given by the sums,

12
Pf()) Qf()) and Qf(() I&""IMIE&l'= I""I' (14)

When a. magnetic field is applied, the MCD shape

respectively, and f ') is the band shape due to the
transition I",- I', . Since the Tl'-type center is of
O„symmetry, the band shape does not depend on
the direction and the state of polarization of inci-
dent light. We have set M=z and hence
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function

~f(~; x, a/v b, , b/M~, c/v~~, kT/r, g.„,u,H/n)

=f.-f (15)

is obtained by repl, acing the transition probability
l(e'"lMig&l' in Eq. (12) with

l&s"'liif. Ig&l'- l&e"'lbf- lg&l' (16)

9 12

g mfa) g ~f()) and P ~f&))

where M, are the electric dipole operators for the
transitions &M = + 1, and by regarding z "' and
(e") i as respective eigenvalues and eigenvectors
of the matrix for X„+X„+X,~+X,. The coeffi-
cients c,""sparametrically depend on g„~ and
gsH/n as well as x, a/v n, b/v &, and c/v &.
The A-, 8-, and C-band MCD shapes are given
by the sums,

III. RESULTS

The &, mode is expected to be most effective
for the sylitting of the 8 band'; we will first con-
sider the case of s/Mn= 0 and b/M&= 0. We set
c/Mn= 1, which is not unreasonable because of
Table I of Ref. 17. The temyeratures are chosen
to be kT/& = 0.01 and 0.03, which correspond to
about 100 and 300 K because & is known to be about
1 eV. In Fig. 2 are shown calculated results for
x= 0.25, 0.5, and 0.75, which represent approxi-
mately the In', Sn", and Tl' centers, respec-
tively. " The calculated results reproduce the
several characteristic features of the A, 8, and
C bands already pointed out by previous investi-
gators together with some new aspects: (i) The
intensity of the A. band increases as x; i.e. , the
spin-orbit interaction becomes large. ' " (ii) The
width of the A, B, and C bands gets smaller as
x increases. "" (iii) The A band is doublet, and

respectively, and nf") represents the MCD shape
of the band due to the transition I",-F,. Usually
the magnetic field is applied along the [001] direc-
tion, i.e., H=Hgk so that we have set I Q2

X = 0.25
In+

1&s"'IM.lg&l'- l&s"' Ibf-lg&l'

= l(e"'
l
(x+ iy)/M2lg& l' l(e'"

l
(x iy)/vY lg& I'

=2[Re(c,',")lm(c,',")—lm(cI,")Re(c~&")], (17)

where Be and Im indicate the respective real and

imaginary parts of the c,". "s.
The actual integrations in Eqs. (12) and (15) con-

cerning d|)) dQ ~ ~ ~ dQ /(6)' ' were carried out by
the Monte Carlo method' as follows: (a) Specify
the parameter values, x, b/v a, c/v b, kT/A,
g~~, and psH/n. (b) Produce one set of quasi-
random numbers between -0.5 and 0.5 with Gaus-
sian distribution

Io' '
'0'2

IO

I'
0.0 0.2 OA 0.6

X = 0.5 '

Sn"

) 1 1

09 I.O l.2
I ' I

'
1

' I '
i

' I ' 1 ' I

~«

exp—

for Q,./Mn (i=2, 3, ..., 6).' (c) Define the matrix
for K„+X„+3C,+X, and diagonalize it to obtain
the eigenvalues and eigenvectors by the Givens-
Householder method. " (d) Calculate the transi-
tion probabilities given by Eqs. (14) and (1V). (e)
Divide the abscissa & into unit cells at intervals
of 0.01. (f) Find out to what cells the 12 eigen-
values belong and accumulate the transition proba-
bilities found in Eqs. (14) and (17) in the corre-
sponding cells. (g) Repeat the steps from (a) to
(f) 7500 times. The obtained histogram is the
band or MCD shapes for the transition c,~-a,~t,„
with u/v d = 0. The integration concerning dQ, /v &

was performed by convolution. "'
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FIG. 2. CRlculRted bRnd shRpes fol the Qy ggg1g
transition. coupling constants with the n1, &~, and 7'&

modes are set to be a/WE=0, 5/&6=-0, and c/&6=1.
Temperatures are kT/6= 0.01 (solid lines) and 0.03
(dotted lines).
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the C band is triplet. The structure is enhanced
with the increase of temperature. ' ' (iv) The in-
tensity of the B band increases with the rise of
temperature. '" (v) As the temperature in-
creases, the first moment of the B band shifts
toward the high-energy side when x is small,
while it shifts toward the low-energy side when x
is large. " (vi) The B band may be triplet, though
the detailed structure depends strongly on x and
the temperature. (vii) The smallest low-energy
peak of the 8 band looks like a shoulder; its height
relative to that of the central peak decreases as x
increases. (viii) The band due to the transition
I,- I', cannot be observed. This is in accordance
with Lemos et al. 's prediction" but in contradic-
tion to Fowler's. "

We will next refer to the effect of the & mode.
When we put a/v &=0, b/M&=1, and c/v &= I, we
obtain Fig. 3; the additional coupling with the e
mode naturally increases the oscillator strength

of the B band, but hardly changes the band shape.
When we put a/v &=0, b/v &=1, and c/v &=0, no
splitting is observed in the calculated B-band
shape as shown in Fig. 4. The oscillator strength
of the 8 band in the case of b/Mh= 1 and c/v 6= 0
is smaller than that in the case of b/v & = 0 and
c/v &= 1. In this way, the coupling with the 7,
mode seems to be able to explain most of the ob-
served characteristic features.

The adiabatic potential-energy surfaces respon-
sible for the & band consist of five surfaces (I = 5,
6, 7, 8, and 9). Transitions from the ground
state to the lowest (l = 5) and highest (I = 9) sur-
faces are forbidden and hence do not contribute
anything to the B band. The contribution to the
B band of the transitions to the l = 6, 7, and 8
surfaces is exemplified in Fig. 5 separately; the
l = 6 surface is responsible for the shoulder on
the low-energy side. '~ In the case of the A and
C bands, the transition to a particular surface
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Temperature is kT/6= 0.01.
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gives only one peak; hence the thxee peaks corre-
spond to the three surfaces, though the two peaks
overlap each other in the A band. In the ease of
the & band, however, the transition to a particular
sux'fRce may give mole than one peak; for ex-
ample, the tx'ansition to the E = 7 surface shows
two peaks at about 0.58 and 0.63 as shown in Fig.
5.

Now let us consider whethex' the experimentally
observed 8-band structure can be explained by the
calculated xesults. Since the detailed report for
x =0.25 (In') has already been published elsewhere, "
we will startwith the case of x=0.5 (Sn"). Complex
structure of the 9band in the Sn~'centex was fix st
noted in KI:Sn"by one of the authors" (A. F.) and

was recently obsexved in KCl:Sn~', KBr:Sna',
RbC1:Sn~', and RbBr:Sn" as well as in KI:Sn"
by Tsuboi et al. 25 and by Gannon and Jacobs. '6

Figure 6 (a) is the observed 8 band and Fig. 6(b)
is the B-band shape calculated by using the not
unreasonable parameter values cited in the figure.
The coupling constant with the n~ mode is ex-
pected to be small because the two active elec-
trons are strongly attracted by the divalent Sn"
ion. ' Note the strong resemblance between Figs.
6 (a) and (b). Aside from the small peaks ob-
served only at very low temperatures in the middle
part of the B band in KI:Sn", KBr:Sn", and

FIG. 6. Comparison between (a) the observed 8 band
and I,b) the calculated 8-band shape in the case of x=0.5
(SxP') .

HbBr:Sn2, the calculated B-band shape can xe-
produce the characteristic triplet structure. A
shoulder is clearly seen on the low-energy side even
at rather high temperatures. At low temyexatures
the central peak is as high as the high-energy
peak. As the temperature increases, the high-
enexgy peak grows rapidly and the central peak
becomes a shoulder. In KC1:Sn" and KBr:Sn~,
fox example„ the high-enex'gy peak is always
higher than the central peak even at 4.2 K because
of the large zero-point vibxation. The origin of
the aforementioned small peaks in the middle yaxt
of the 8 band will be di.seussed later.

We will Ilext consider tile case of x= 0.75 (Tl )
Figure 2 indicates that the S band of the Tl' center
may have triplet structure. But detailed investiga-
te,ons so far made have not xevealed any structux'e
of the 8 band of the Tl' center. " Two reasons
axe probabl: One is the fact that the height of
the low-energy peak (shoulder) relative to that of
the central peak (shoulder) decreases with the in-
cx'6Rse of x. The other ls the fRet that even R

small coupling with the a, mode makes the struc-
ture indistinct as shown in Fig. 7.

Now let us consider the results of MCD shapes.
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FIG. 7. Calculated B-band shape in the case of x= 0.75
(Tl').

Since there are many parameters and morever
since the calculation of the MCD shapes requires
long central-yrocessor-unit time, we have not yet
yerformed systematic calculations. We only ob-
tained the results for a/v &=0, fp/v &=0, c/v &=1,
KT/n = 0.01, g„b= 1, p ~,/n = 0, p ~,/& = 0, and

p. aH, /LE=0. 001, which are shown in Fig. 8. The
sets of random numbers used, 7500, are not
enough for the calculation of the 8-band MCD

shape, though they give the rather nice A- and C-
band MCD shapes as obtained previously by Cho. 6

In Fig. 8 are shown &f"' (I = 8, 8, 7, 8, and 8)
separately. Contributions of &f"' and nf"' are
rather small, though not completely negligible
as contrary to the case of the hand shapes. Figure
8 indicates that the low-energy yart of the MCD
shape is determined by the transition to the I = 6
surface of the I", and I', adiabatic potential-en-
ergy surfaces. When x is as small as x=0.125
and 0.25, the low-energy part gives a positive
signal. When x is as large as 0.75, on the other
hand, it gives a negative signal. The A-band MCD
always gives the negative signal on the low-energy
side. This tendency is experimentally observed
in the Ga', In', and Tl' centers. "~"
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FIG. 8. Contributions to the B-band MCD of the
transitions to E=5, 6, 7, 8, and 9 surfaces.

IV. DISCUSSIONS

The results shown in Sec. III indicate the validity
of the Franck-Condon ayproximation and of the
interaction-mode coordinates. It should be noted,
however, that the present calculation failed to
reproduce the small peaks observed at very low
temperatures in the middle part of the B band of
KI:Sn", Ear:Sn", and HbBr:Sn'. This fai1ure
may be due to the inaccuracy of the Monte-Carlo
integration performed. If we divide the energy
scale more finely, say 0.001, and perform the
Monte-Carlo integration more accurately by using
more than 750000 sets of random numbers, the
result may be able to reproduce the small peaks;
note that the transition to one surface can give
more than one peak as pointed out in Sec. III.
The reason for this failure might be more essen-
tial; the quantum-mechanical nature of lattice vi-
brations and/or the presence of a charge compen-
sating vacancy might be responsible for these
small peaks. It is also possible that the small
peaks are due to some unknown centers which are
different from a single Sn" ion associated with a
charge-compensating vacancy.

The next problem is the asymmetry of the C
band. Figures 2-4 indicate that the C-band shape
tails to the high-energy side, while the experi-
mentally observed C band tails to the low-energy
side. If we take into account a quadratic effect,
i.e. , the difference in curvature between the
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ground and excited states, we obtain the C-band
shape tailing to the low-energy side. ' Such a
quadratic effect, however, will not change the
8-band shape essentially. The difference in curva-
ture is related to the fact that the a, t,„excited
states are not isolated actually. The C-band MCD
is very sensitive to this fact when the C band is
located close to the D and exciton bands. " In such
a case it is yractically impossible to predict the
C-band MCD shaye without taking into considera-
tion the effect of excited states other than a„t,„.

In the calculation of the B-band MCD shape,
g„„should be chosen yroperly. In free Tl'-type
ions g„b must be one. But according to Onaka
et al."the experimentally observed MCD indicates
that g„„is nearly quenched. Honma" calculated
the B-band MCD shape by putting g,»= 0 and
showed that the MCD shape with g„„=0is differ-
ent from that with g„b= 1. Unfortunately, how-

ever, they used yerturbation theory, which is not
good in the cases of x=0.5 and 0.'75 as will become
clear by comyaring Figs. 2 and 3 with Fig. 2 of
Ref. 15. It may not be reasonable to consider that
the &, mode is most effective in determining the
8-band MCD shape, because Honma" insisted
the importance of the coupling with the & mode
for the B-band MCD shape.

Before closing this discussion, we point out that

both of the I", and I', are responsible for the 8
band. This conclusion is contrary to Bimberg et
al."that only the transition I",- I'.:is responsible
for the B band in KI:Tl'. Their analysis entirely
depends on an assumption that the I3 band is due
to either of the transitions and not to the both.
Since 1, && I', =(&„)+&.„, and

this assumption is unreasonable. Note that there
is no interaction with the n„and 7, modes be-
cause of

the electron-lattice interaction operates only on

the orbital part of the wave functions, because
the dependence of the spin-orbit interaction on
lattice configuration is expected to be very small
and hence is neglected. ' In the similar way, the
I.emos et al. yrediction" that only I', - I', is ef-
fective for the B band is also hard to understand.
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