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We consider energy flow in a semi-infinite spatially dispersive absorbing dielectric bounded by vacuum, on
which light is incident from the vacuum, with the direction of propagation normal to the surface. While the
total energy flux in the vacuum is given by its electromagnetic Poynting vector, the total energy flux in the
crystal is given by the sum of the electromagnetic Poynting vector and a mechanical Poynting vector, which
arises from the energy transported by the excitations in the médium. We consider two models, the first of
which is a semi-infinite medium in the dielectric approximation, which consists of assuming that the nonlocal
dielectric function of the semi-infinite crystal is that of the infinitely extended medium, so that the surface of
the medium enters the theory only through the restriction of the coordinates normal to the surface to the half-
space occupied by the medium. We show that this model fails to conserve energy in the sense that the surface
acts as a source of energy, because for this model the mechanical Poynting vector is positive on the surface,
while the electromagnetic Poynting vector is continuous across the surface. The second model considered
includes the effects of a surface in a phenomenological way in the dielectric function. We find that for this
model energy is conserved; that is, the surface acts neither as a source nor sink of energy. Finally, we find
that for normal incidence, when the additional boundary condition for a given model of a spatially dispersive
dielectric medium may be expressed in terms of the polarization P(z) associated with the dipole-active
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excitation in the medium as [aB(z) + B8 dP(z)/ dz], _ o = 0, the coefficients a and B determine whether or not

the surface is a source or sink of energy. The mechanical Poynting vector is proportional to Im(a/B), so that
when this quantity vanishes, the surface is neither a source nor sink of energy, but when it is nonzero, the
surface is either a source or sink of energy, depending on the sign of the other constants entering into the

expression for the mechanical Poynting vector.

I. INTRODUCTION

Considerable interest has arisen recently in the
optical properties of bounded absorbing spatially
dispersive dielectrics. Properties that have been
studied include reflectivities at normal and non-
normal incidence, the dispersion relation for
surface polaritons, and the attenuated-total-re-
flection spectrum. However, energy flow in such
systems has been little studied to date. Energy
flow in unbounded, absorbing dielectric media,
in which effects of spatial dispersion are neglec-
ted, has been studied in considerable detail by
Loudon.! Recently, Maddox and Mills® have briefly
considered this problem for an unbounded spatially
dispersive dielectric, with the neglect of damping,
and showed that the energy flux vector 8 in such a
medium is the sum of the electromagnetic Poynting
vector §E =(c/4m) E xH and a mechanical Poynting
vector gu, which is the contribution to § from the
energy transported by the excitations in the medi-
um.

In this paper we extend the work of Loudon and
of Maddox and Mills by considering energy flow
in a system consisting of a semi-infinite spatially
dispersive absorbing dielectric separated by a
plane interface from the vacuum outside it. For
simplicity, we consider only the case in which the
energy flux is normal to the dielectric-vacuum

interface.

The present work is prompted by the following
considerations. In the existing calculations of the
optical properties of bounded spatially dispersive
absorbing media models of the nonlocal dielectric
constant of varying complexity have been employed.
Some of these models depend on the microscopic
properties of the crystals studied,® while others
are purely macroscopic in nature.* It is the latter
class of models that concerns us in this note. Of
particular interest is the model that assumes the
dielectric approximation, because it is used fre-
quently. The dielectric approximation consists
of assuming translationally invariant dielectric
functions all the way up to the boundary.

One of our purposes in this paper is to caution
those who would depend on such a model for the
prediction of the optical properties of interest
about an important failure of that model. We find
that, for electromagnetic radiation incident nor-
mally on the surface of a semi-infinite crystal,
the dielectric-approximation model fails to con-
serve energy; that is, the surface acts as a source
of energy. This is due to a discontinuous flux of
energy across the boundary. This occurs because,
at normal incidence the electromagnetic Poynting
vector is continuous across the boundary, but the
mechanical Poynting vector, which arises from
the energy transported by the excitations in the
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medium, is discontinuous, since it is nonzero on
the surface for this model.

As in the work of Loudon' and of Maddox and
Mills,? the spatially dispersive and absorbing
medium in our work will be described by a collec-
tion of damped noninteracting harmonic oscilla-
tors, driven by a macroscopic electric field.
These oscillators represent the optical vibrations
of a diatomic cubic polar crystal or, with a suit-
able redefinition of the coefficients in their equa-
tions of motion, the relative motion of the electron
and hole constituting an exciton in an insulating
crystal. The effects of spatial dispersion are in-
corporated in the equations of motion of the oscil-
lators through the presence of terms containing
spatial derivatives. In Sec. II we display the oscil-
lator equations of motion used in the dielectric
approximation for the determination of the dielec-
tric constant of a semi-infinite medium. We also
obtain the relation between the oscillator coordi-
nates and the driving electric field, as well as
expressions for the electric fields inside and out-
side the medium. In Sec. IV we derive the form
of the energy conservation condition for this mod-
el, and show that the dielectric approximation
leads to the surface being a source of energy.

In order to understand the reasons for this, we
consider in Sec. III a more-general model of the
dielectric medium in which the effects of a surface
are taken into account explicitly. We show in Sec.
IV that for this model the surface is neither a
source nor sink of energy, since for this case the
mechanical Poynting vector vanishes on the sur-
face. In Sec. V, we consider the general condi-
tions on a macroscopic model that the surface
be neither a source nor sink of energy.

A rather general, but brief, discussion of the
conditions under which the surface of a spatially
dispersive dielectric medium is neither a source
nor sink of energy has been given by Hopfield.®
However, this discussion is incomplete, in our
view, because Hopfield assumed that the energy
flux in the dielectric medium is given by the elec-
tromagnetic Poynting vector, and it is now known
that there is an additional contribution, which is
given by the mechanical Poynting vector.

II. MODEL OF A SEMI-INFINITE MEDIUM IN THE
DIELECTRIC APPROXIMATION

In this section, we consider a simple model for
the dielectric constant of a semi-infinite homo-
geneous isotropic spatially dispersive medium
that has been used by several authors.* It is as-
sumed in this model that the dielectric function
of the semi-infinite crystal is that of the infinitely
extended medium up to and including the surface.
In particular, this approximation, called the di-

electric approximation, requires that the nonlocal
dielectric function (X, X’; { — ¢’) depend on the posi-
tion coordinates X and X’ only through their dif-
ference.

We assume that the surface of the semi-infinite
crystal lies in the xy plane and that the crystal
occupies the half-space z =0. In order to derive
the dielectric function, we begin with the equations
of motion for the infinitely extended crystal, which
we assume to be the same as the equations of mo-
tion for the semi-infinite crystal in the region z = 0.
We consider a diatomic cubic crystal in which the
macroscopic electric field E in it couples with the
long-wavelength optical displacements of the ions.
We write the equations of motion in terms of the
relative displacement £, defined by

E=Vu[i(+) -1(-)], (2.1)

where U(+) and U(-) are the actual displacements
of the positive and negative sublattices and u is
their reduced mass. The equations of motion for
the semi-infinite crystal for z =0, in the presence
of spatial dispersion are assumed to be
e .

%*:th +y3—f+ w%E—-DV?E . (2.2)
Here e# is the transverse effective charge, wy is
the transverse optical frequency for the mode of
interest, y is a phenomenological damping con-
stant, and D is a phenomenological parameter
that describes the amount of spatial dispersion
and is determined by the curvature of the disper-
sion relation for the mode of interest.

We assume an oscillatory dependence of the

electric field E and of the relative displacement
z on the spatial variables parallel to the surface,
i.e., in the xy plane, and on the time. That is, we
assume

E(F t)=F(z) 6 hriimier

B(X t)=E(z)eFfrimiot

(2.3a)
(2.3Db)

With this assumption, Eq. (2.2) may be written
in the form

ef = iz_ 2
~7iD E(2) = <dz2 +T >E(z) s (2.4a)
where
I=[(-1/D)(w} - «* —iwy+DE)]*? . (2.4b)

We solve Eq. (2.4a) using Green’s-function tech-
nique. That is, we introduce a Green’s function
G.(z,2’) by the equation

dz
(E;+F2>Ga(z,z')=6(z—z’), (2.5a)

whose solution is
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giTle-e’l

Gy (z,2") =—’-§F. (2.5b)
In terms of this function we obtain

E,(2)= (-er>f G (z,2')E (2')dz" . (2.5¢)

Since the polarization in the crystal is given by

Bz)=2L F(2)+ . Ele) (2.6a)

i
where ¥, is the background dielectric susceptibil-
ity, and the total dielectric susceptibility is de-
fined by the relation

ﬁ(z)=f dz’ x(ﬁ,,,w;z,z’)ﬁ(z’) (2.6b)
0
for an isotropic dielectric, we may write the di-
electric constant for the medium in the form

ek, w;22")=€,8(z - 2’ )+——"—( ez”??) iTlee' |
2.7a)
where
€ =1+4my, (2.70)
and
Q=4n(e#?/e.uv,- (2.7¢)

Using this result, we may solve for the electric and
magnetic fields in the crystal (z>0) and in the
vacuum below the crystal (z<0). For simplicity
in what follows, we will assume that light is in-
cident on the crystal from below and propagates
along the positive z direction (i.e., normal to
the surface).

At normal incidence, the problem of solving
Maxwell’s equations reduces to solving the equa-
tion

-d?
dz*

E(2)= %’ZD(z)

[ ctwioms
0

subject to the requirements that the tangential
components of the electric and magnetic fields be
continuous across the plane z=0. Here €(w;z - 2’)
is given by Eq. (2.7a), where e€(w;z —2’)

=€(0w; z—-2') and T is given by Eq. (2.4b) with
k=0. Also, without loss of generality, we assume
that the electric field and relative displacement
for normal incidence of light are parallel to the

x axis, and, for convenience, we drop the sub-
scripts. Equation (2.8), when written out explicitly
for this model, becomes

o

1}

ml g

JE(z')dz’ (2.8)

d? w2> w1
(e B)p0 e 53 oy

X f dz’eiﬂz'z']E(z')=0.

(]

2.9)

To solve this equation we employ the method of
Ref. 4c of operating on both sides of Eq. (2.9) with
the operator

2

(‘.)~—d—-+l“2

a7 (2.10a)

in order to convert this integro-differential equa-
tion to a differential equation, which is given by

2 2
(dd—zz—+1“2>(;—2-+e

We seek a solution of this equation in the form
E(z)=e'%%. 2.11)

Substitution of this expression into Eq. (2.10b)
yields the following quartic equation for &:

2 2 2
e_poyfp_e @\, @B _
(g —r )<§ —Emcz> czemD 0.

2 wZ 92
2>E(z)= ?em—DﬂE(z).

(2.10b)

(2.12)

Since Eq. (2.12) is quadratic in ¢, two of the four
roots ¢; of this equation are the negatives of the
other two. In writing an expression for the total
electric field in the crystal, we require that the
field goes to zero as z— ., Thus, we superpose
the two solutions corresponding to ¢, and &,, the
two roots with positive imaginary parts
2

E(z)= ) E,;e'**, z>0. (2.13)
This expression must also satisfy the original
integro-differential equation (2.9). If we use the
result that

w . oo , iCAz(zir) eiI“z
dz’ e’ rlz-z ‘e:(-z - e J - - ,
fo T TIE-TY) T, - D

(2.14)

we find that the expression given by Eq. (2.13)
satisfies Eq. (2.9) provided that the coefficients
E, and E, are related by

> (25)-0

This relation is called the additional boundary
condition.

We now turn to a determination of the electric
field in the vacuum below the crystal, 2<0. With

(2.15)



the assumption of normal incidence, the electric
field in the vacuum may be written

E(z)=ei(w/c)z+Re-i(w/c)z, 2<0. (2.16)
The first term describes the incident wave, and
the second describes the reflected wave.

We must now match the solutions (2.13) and
(2.16) across the plane at z=0. For an isotropic
crystal at normal incidence, this requires that the
tangential components of the electric and magnetic
fields are continuous across the boundary, which
reduces to the requirement that E(z) and dE(z)/dz
be continuous across the boundary. These condi-
tions may be written explicitly as

1+R=E,+E,, (2.17a)

(w/c)(1=R)=¢,E, +L,E, (2.17b)

Thus, from Egs. (2.15) and (2.17), we determine
E,, E,, and R to be

E;=2(5, -1/ - &)1 +n), (2.18a)

E,==-2(k, - 1)/, - &) (1+m), (2.18b)

R=(1-mn)/(1+n), (2.18c¢)
where

n=(c/w)(¢, +L - T). (2.184)

In addition, we find the expression for the relative
displacement £(z) from Egs. (2.5b), (2.5¢), and
(2.13)-(2.15) to be

E(Z)=(;?ﬁ> ]}2_‘{

where E, and E, are given by Eqgs. (2.18a) and
(2.18b).

Eje'ti®
(& -r2y

220, (2.19)

III. MORE-GENERAL MODEL

In Sec. II, the equations of motion for the system
[Eq. (2.2)] contained no information about the pres-
ence of a surface at z=0, other than the restriction
of the range of applicability of the equations to the
upper half-space. In the present section, we in-
clude the effects of a surface in a phenomenological
manner by beginning the analysis with a Lagrangian
density subject to a dissipative force, assuming
that the Lagrangian density and the dissipative
force are nonzero only in the upper half-
plane (z = 0). Then, given these assumptions,
we derive the equations of motion for the system.
For the model under consideration, we assume that
the Lagrangian density for the system is given by
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L=

=

AL <Z_§>2_ {P_0@inY (Zi)

*
er - 9
+ L. E-O(z C —“j!, 3.1a
Vit );w w8 5, 1)
where O(z) is the Heaviside unit step function. We
further assume that the system is subject to a dis-
sipative force, which may be derived from Ray-
leigh’s dissipation function for this system, given
by

i \?

7 (3.1b)

F=2Vuy (
By the use of the general form of Lagrange’s equa-
tion of motion in the presence of this dissipative
function

-9 E _d_ oL
o(dE, /dr) ' ok, ~dl a<daa/dt5

oL
‘Z dx agjax) =0, @.2)

we may obtain the equations of motion for the mo-
del system, and from these proceed to calculate
the dielectric constant, the electric fields, and the
displacement vector g’ All the quantities appearing
in Eq. (3.1), except the C,,,, are the same as those
defined in Sec. II. The C,,, are additional constants
related to the spatial dispersion present in the
crystal. The equations of motion for this model
may thus be written

ey _ P, dt,
<\/-ITL~>E¢1—‘ "LTtT"'Y dt +w2 ga

o8
?) Z apy uav) 3}?

_o(z)<€\: Croz s a:;).
(3.3)

We assume that the CMW are symmetric in the
first two indices X and pu, and from consideration
of the symmetry of the semi-infinite crystal, we
find that the only nonzero components of CMW ap-
pearing in the equations of motion are those of the
form C,,, (@=x,v,2). For simplicity, we assume
that these are given by

o

O(z)DV?¢,

ooz~ asz’ (3.4)

independent of @. The simplified form of the equa-
tions of motion thus becomes

*\w= &PE d >
<\/%">E— dt§+ydf+w?‘T§_DV2§

+0(z )(aw,g D E) z=0. (3.5)

¥4
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We assume that the temporal and spatial depen-
dences of the electric field E and of the relative
displacement gare those given by Egs. (2.3). Thus,
the problem of solving the equations of motion
(3.5) reduces to the problem of solving the equation

- <D§;) BG)= (—‘i:+ 1*2) Z(z)

o
_ﬁ)<ang(> D 5), (3.6)

where T is given by Eq. (2.4b). Using the Green’s-
function technique, we find that the £ ,(z) are given
in terms of the E,(z) by the relation (2.5¢), pro-
vided that Eq. (2.5a) is solved subject to the fol-
lowing boundary condition at z=0:

<aw2T£a(Z)—Daa—Ez°‘) ~=0. (3.7)

In this way, we find that the Green’s function
G,(z,2’) is given by

1 . , :
A iClz-2z’] il(z+2?)
Cale, ") = 7 @71514 Qe ™) | (3.82)
where
Q=(iD- aw?)/(iD+aw?). (3.8b)

Now, by the use of Egs. (2.5¢), (2.6a), and (2.6b),
we obtain an expression for the dielectric constant
in the medium

€(byw;22") = €,.8(z - 2') + [€.Q2/(~ 2iT") D]

X(eir‘lz-z'l + Qeir(z+z')) .
(3.9)

We now follow the methods outlined in Sec. II in
order to obtain the electric and magnetic fields in
the crystal (z =0) at normal incidence to the crys-
tal surface. We thus wish to solve Eq. (2.8) with
e(w;zz’) = e(0w;zz’) given by Eq. (3.9), and where
T is given by Eq. (2.4b) with k,=0. As in Sec. II,
we assume that the electric field and relative dis-
placement for normal incidence of light are paral-
lel to the x axis, and we again drop the subscripts.
With this, we may write Eq. (2.8) explicitly as

a2 wz) w? 92 1 ° . )
——=+ €y E@@)+€., - f dz' (eiTlz=2"1
(dz2 e s D —2T J,

+Qei T NE(2) =0, (3.10)

When we act on Eq. (3.10) with the operator O de-
fined by Eq. (2.10a), we obtain the differential
equation (2.10b). Thus, the analysis of Sec. I
follows in this case, and we obtain the form of the
electric field in the crystal given by Eq. (2.13).
This expression must now satisfy the original in-
tegro-differential equation (3.10). We now use
Eq. (2.15), together with the relation

irz

f dz’ e iz ir‘(z»z') - (3_11)
0

z(§j+ r)

to obtain the condition on E, and E, so that Eq.
(2.12) will be a solution of Eq. (3.10):

z £+8

,2; E, <‘7L—‘z§j__r >=0, (3.12a)
where
B=i(aw?/D). (3.12b)

Next we solve the two equations givenby Eq. (3.12a)
together with the two Maxwell boundary conditions
[Egs. (2.17)] in order to obtain expressions for
E,, E,, and R, which appear in the solutions for
the electric fields in the crystal and vacuum, Egs.
(2.13) and (2.16). In this way we obtain

2(5i-T°) (&, + )

1= (€ = LG L+ TH+n)’ (3.13a)

B S B (3.13b)

R= 15 (clchglr:)g(f)m) ; (3.13¢)
where

L s

x <B[1+—Z-(§1— cz)]+% mz) . (3.130)

In addition, we find that, in the determination of
£(z) in terms of E(z), the evaluation of Eq. (2.5¢),
together with Egs. (2.13), (2.14), (3.11), and
(3.12), exactly yields the form of Eq. (2.19), where
in this case E, and E, are given by Egs. (3.13a) and
(3.13b).

IV. POYNTING’S THEOREM

In this section, we derive Poynting’s theorem
in the presence of damping and spatial dispersion,
for a semi-infinite crystal in the upper half-space
(2 20) and vacuum in the lower half-space (2<0).
The starting point for our analysis is Maxwell’s
equations, from which we will obtain the energy-
conservation condition. The equations of interest

are
~ /-1\ 8B - (47\= [1\8D
VxE_(C)at’ VXH'<C>J+<E) at
(4.1a)

We assume nonmagnetic media, so that §=ﬁ,
and that no external charges or currents are
present. We combine these two equations, to-
gether with the identity from vector analysis,
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V- (ExH)=H+ (VXE)-E- (VxH), (4.1b)

and the relation connecting the electric displace-
ment vector D to the polarization P,

ﬁ=§+4n-§, (4.1c)

to obtain the following relation:

c = = (-1\(=+ dE = dH\ = dP
(H)V (EXH)=<_4?><E ar TR d_t) E-Zr

(4.2)

We now specialize to the case of a diatomic cubic
crystal, where the polarization ﬁ(z) is given by
Eq. (2.6a), with £(z) defined by Eq. (2.1). We
now introduce the electromagnetic Poynting vec-
tor

- C - —
8, - (:1—”>(EXH) (4.32)
and the electromagnetic energy density
1 - -
Ug= <5>(e,,E 2, fi7) (4.3b)

in order to write Eq. (4.2) in a simplified form

v-§,+ dtj UE+<;><%> (E‘Q_ﬁ_>=0 (4.4)

It is now desirable to write the term proportional
to E+dE/dt in a form similar to that of the other
two terms in Eq. (4.4) by defining a Poynting vec-
tor and an energy density that arise from the
mechanical vibrations in a crystal in the presence
of spatial dispersion. In order to complete this
task, we need an expression for E in terms of

¢ from the equations of motion of the crystal,
which are model dependent. Therefore, in what
follows, we consider the two different models
described in Secs. II and III.

A. Poynting’s theorem for a model of a semi-infinite medium in
the dielectric approximation

We use Eq. (2.2) of Sec. Il in order to write
d§ /dt as a function of 5 alone. Thus, we have
= dE (J;T)(di di *> dE
. v
E ex/\az "V ar rw} - DV :

(4.5)
We note that this is equivalent to the following
form, in which we have written some of the terms
as a total time derivative:

5 (B oo

-D [(vzg) . ‘fi_ +VE- V(fz_f}’ y(‘fj) }

(4.6)
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We now introduce what we will call the mechanical
Poynting vector, which is nonzero only in the
crystal, (2=0), and which is given by the relation:

- D . dt o
sM=_I;xee(z)ﬁ-v(§%>, (4.7)

where %5 is a unit vector along the 8 Cartesian
axis. Therefore, the divergence of the mechanical
Poynting vector is given by

2 __ D ’.d _D dg
Ve 8u=- VU, (V%€) d v, VeV dt
D s )"’E (—35) (4.8)

If we define a mechanical-energy density

Uy= zlv,, [(?if)“‘% §2+D(V§)j| (4.9)

then we may write Eq. (4.4) in the following simple
form:

dtY D d
- 2B 2oy (), o

a

or, if we take the time average of both sides of
the equation, then

Ve (8B ==L <<%t§> >

2uols(2). o

If we now specialize to the case of normal in-
cidence, so that the components of E and & nor-
mal to the surface vanish, we may write the time
averages of the electromagnetic and mechanical
Poynting vectors in terms of the complex forms
of the electric fields by the use of Egs. (2.19),
(4.3a), and (4.7). Thus, we have

(4.12a)
- s i. EquZ [( E eiCjz
-1 (P 2

g*E*e‘”’?“]

(4.12b)
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where E,, E,, and R are given by Egs. (2 18).
The electromagnetic Poynting vector SE is con-
tinuous across the surface of the crystal at z=0.
This is assured by the Maxwell boundary con-
ditions of conservatlon of tangential components
of E and H across the boundary, as we see by
rewriting the quantity (1 - |R|?) in terms of E,
and E, with the help of Egs. (2.17):

1-|R|?=Re[(1 +R)(1 - R*)|
=(c/w)Re[(E, +E,)(CEX+LSEY).
(4.12¢)

<d§(z) d£(5)> i =§Re<—iw£(z) %ﬁ)ﬁo

- if—[g(z)@%*zﬁl- iF*E*(Z)> o

We see that since the first two terms of Eq.
(4.14a) satisfy the condition (4.13), we may write

E) 2ot O,

(4.14p)
so that the value of the mechanical Poynting vec-
tor at the surface becomes

B ls=0=2(Gw)(D/v,) Re(T)|£(0)[?, (4.15)

which is nonzero whenever Re(I') is nonzero,
since £(0) is nonzero for this model. This is be-
cause, if £(0)=0,by Eq. (4.13), [d(z)/dz],- =0,
which violates Eq. (2.19), since £, and E, are
not both zero. In much of the existing literature
on spatial dispersion, the additional boundary
condition, Eq. (4.13) is expressed in terms of
the polarization ﬁM(z) associated with the dipole-
active excitation in the medium, or the “mechan-
ical” polarization, where

B,(2)=(ef/Vi )E(2).

Therefore, for comparison with other work on
spatial dispersion, we rewrite Eq. (4.13) as

<il“§u(z)+ aby(z) (z)> -0,
dz /=

where for this case of normal incidence, §M(z)
lies along the x axis.

The equality (4.11) may be easily verified by us-
ing Eqgs. (4.12) if one notes the following identities,
which are obtained from Eq. (2.12), and where we
let Ly=ny+iK;:

(4.16a)

(4.16b)

On the other hand, the mechanical Poynting vec-
tor 8, is discontinuous at 2 =0, since its value is
nonzero at 2 =0. In order to see why this is true,
we rewrite the condition (2.16) in terms of £(2).
This yields the relation, for z=0:

(irg(z)+ dg(z)) -0 (4.13)

)/dt] [d&(z)/

We write the time average of [d&(z
dz] at the plane 2=0 as

*(z)(dé( )+zI‘§(z)> +iT*|£(2)|? +i1"]§(z)l2:lz,,0

(4.14a)
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507 4 =0. (4.1b)

That is, the divergences of the electrical and me-
chanical Poynting vectors, or the left-hand side

of Eq. (4.11), combine to give the term proportion-
al to y and the 6-function term on the right-hand
side. The term proportional to y, which is nega-
tive, gives the amount of radiation absorbed by the
medium per unit time. The §-function term in-
dicates that the surface of the crystal serves as a
source or sink of energy. If the coefficient of the
6 function is negative (the same sign as the ab-
sorption term), then the surface is a sink of en-
ergy, or the surface absorbs energy. I the coef-
ficient is positive, then the surface is a source of
energy. Inthe present case, in the presence of
damping, this term is always positive, and the
surface acts as a source of energy. In the absence
of damping, this quantity vanishes for a range of
frequency, with the result that for these frequen-
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cies the surface acts neither as a source nor sink
of energy, but it is nonzero and positive for all
other frequencies, where the surface acts as a
source of energy.

In order to understand more clearly the conse-
quences of the delta function term, it is useful to
consider the flux of energy through planes para-
1lel to the surface of the crystal, both in the vac-
uum and the crystal, in the absence of damping
(i.e., for y=0). The flux of electromagnetic radia-
tion through any plane in the vacuum parallel to the
crystal surface is the same constant value given
by

() =0=2(c/8m)(1=|R|®=(8;), -,  (4.183)

as can be seen from Eqs. (4.12a) and (4.12c). The
total flux through a plane in the crystal at z =1,
however, is given by the sum of the contributions
of the electrical and mechanical Poynting vectors,
Egs. (4.12a) and (4.12b). In the absence of damp-
ing, this quantity simplifies greatly. This is be-
cause, in the absence of damping, a given root ¢;
of Eq. (2.12) is either purely real or purely imag-
inary, so that either «; or n; vanishes, respect-
ively. Therefore, Eq. (4.17a) is identically satis-
fied and, since ¢2#¢2, Eq. (4.17b) becomes

2 2
_C___+<i) (Sﬁa) S 1 s ~=0.
8w \2D 4r ) (3 -T?)(¢**-T*%)

(4.18b)

This relation requires that all the terms in the sum
of the two Poynting vectors that are proportional

to E \E} and EfE, must cancel. To see this, we
consider the electromagnetic and mechanical Poyn-
ting vectors separately. We add and subtract the
values of these quantities at the surface and make
use of Eq. (4.18b) in order to rewrite Eqs. (4.12).
The separate electromagnetic and mechanical en-
ergy fluxes through a plane at z =/ thus become

<§E>g:1 = <§E>Z=0
+2(c?/81w)[n, |E,|* (e 11 = 1)
+1,|E,| (e = 1)1+ § ,(D),
(4.19a)
(§M>z=l :<§M>z:0

() (52 el
2D/ \ 4r |¢i-T%

1| Ey|%e ™22t

M) -8

(4.19p)

where

3.0 =2(c¥/81w)Re[(¢, + £3)E Ef(e!(F1msD _1)].
(4.19¢)

Since ¢; =n; +ik; is either purely real or purely
imaginary (i.e., either »; or «,; =0) in the absence
of damping, the terms in these expressions that
are proportional to n,(e"21' — 1) or to n,(e™*<2! = 1)
vanish identically, and we are left with the expres-
sions

<§E>z=l:<:§5>z:0+§12(l)’ (4.20a)

G o= s20- 8,0, (4.20D)

where 3,,(I) is given by Eq. (4.19¢). Therefore,
although separately the electromagnetic and me-
chanical Poynting vectors depend on I, the z co-
ordinate of the plane through which the flux is con-
sidered, the total flux, the sum of Eqgs. (4.20a) and
(4.20b), is independent of the position of the plane
and is the same as the sum evaluated at z =0.

That is,

8z, =1 +<§,M>z == <§E>z =0 +<-§M>z =0

Thus, we see that the flux in the crystal is larger
than that in the vacuum by exactly the value of the
mechanical Poynting vector evaluated at the sur-
face, whose magnitude is identical to the value of
the coefficient of the delta function term in the ex-
pression for Poynting’s theorem equation (4.11).
In the absence of damping for D> 0, this quantity
vanishes for w<w,, but is positive for w>w, [see
Eqgs. (4.15) and (2.4b)]. For D<0, these inequali-
ties are reversed. However, in the presence of
damping, the case of greater interest, this quantity
is positive for all w, regardless of the sign of D.

(4.21)

B. Poynting’s theorem for a more-general model

The derivation of Poynting’s theorem for the
more-general model that was discussed in Sec. III
proceeds in the same way as the analysis of Sec.
IVA, except that in this case the equations of mo-
tion contain additional terms proportional to 5(z).
The definition of a mechanical Poynting vector for
this case is identical to that given by Eq. (4.7).
However, the mechanical energy for this system
is defined by

>\2
U,= 211),, ':(%) +wh 2L DVE) + awz}gzé(z):'.

(4.22)

The energy conservation condition, the analog to
Eq. (4.10), thus becomes
AEV

. .. d ¥
V'(SE+SM)+d—t(UE+ UM)=—'1-}‘;—<——")

.23
) (4.232)

or, after taking the time average of both sides, we
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have

V(5 + (B = —l<(d—§>>

o, \Car (4.23b)

The forms of the electromagnetic and mechanical
Poynting vectors for this model are given by Eqs.
(4.12), where E,,E,, and 2 are given by Eqgs.
(3.13). Here, as for the model described in Sec.
IV A, the electromagnetic Poynting vector is con-
tinuous across the boundary at z =0. However, un-
like that model, the mechanical Poynting vector
here is continuous across the surface at z =0, that
is, it vanishes on the surface of the crystal. In
order to demonstrate this, we consider the condi-
tion given by Eq. (3.7) in order to rewrite the time
average of [d&(z)/dt][d&(z)/dz] at z=0:

| =§Re<-iw5(2)%@>z:o

R [5(2) (M —a—w%&*(z))

' z b
_g*(z)(g‘gi—z) —a—zéﬁ(z))]ho.

Since the condition (3.7) requires this quantity to
vanish, we have

<_8’M>z:0 =0.

The equality in Eq. (4.23b) may be verified, as
in Sec. IVA, through the use of the equalities given
by Egs. (4.17). Also, the flux through planes para-
1lel to the crystal surface in the crystal and the
vacuum may be calculated as in Sec. IVA, with the
same general results obtained, that is, those of
Egs. (4.18a), (4.20), and (4.21). However, the im-
portant difference here is that the mechanical
Poynting vector vanishes on the surface, so the
total flux in the crystal is the same as that in the
vacuum, and the surface is neither a source nor
sink of energy. We note that although the mechani-
cal Poynting vector vanishes on the surface in this
case, its value inside the crystal is nonzero, as
can be seen from Eq. (4.20b). Here, as in Sec.
IVA, for comparison with the existing literature
on spatial dispersion, we rewrite the additional
boundary condition (3.7) in terms of the “mechani-
cal” polarization as

(4.24a)

(4.24b)

- oP
(aszP(z) - D——Pi> =0.
2 =0

[e¥4 (4-25)

V. CONCLUSIONS

In the preceding sections, we have discussed
energy flow at normal incidence on the bases of two
simple models for a semi-infinite isotropic spa-
tially dispersive dielectric in the presence of

damping. One of these, namely, the dielectric
approximation model, has been widely used re-
cently in the study of the optical properties of
such crystals. As we have seen, this model, in
which the effects of the surface are not properly
taken into account, leads to a situation in which
the surface acts as a source of energy. Clearly,
care must be exercised in employing a model with
such properties for the investigation of the optical
properties of spatially dispersive bounded media.

The condition that we have obtained for normal
incidence reflectivity in order that the surface not
be a source or sink of energy, namely, that the
mechanical Poynting vector vanish on the surface,
is actually a much more general result than one
might think on the basis of the two specific models
considered here. For normal incidence the Max-
well boundary conditicns of conservation of the
tangential components of E and Hacross the surface
of the crystal demand that the electromagnetic
Poynting vector §E be continuous across the sur-
face. Therefore, in order that the divergence of
the total flux not contain a d-function term de-
scribing an emission or absorption of energy by
the surface, the total flux S; +§M must be contin-
uous across the surface. This can only happen if
the mechanical Poynting vector gu vanishes on the
surface, since it vanishes identically in the
vacuum.

In view of these findings, it is desirable to know
under what conditions a given microscopic model
of a bounded spatially dispersive medium will not
have a source or sink of energy at the surface.
This question can readily be answered when the
additional boundary condition expressed in terms
of E, may be expressed generally as

(aé’w%) 70 (5.1)

where a and B are both complex. For the models
we have considered here, Eqgs. (4.13) and (3.7) are
the analogous conditions. As in Secs. IV A and

IV B, we may express this Eq. (5.1) in terms of the
“mechanical” polarization in the medium for com-
parison with existing theories on spatial disper-
sion. Thus, condition (5.1) becomes, in analogy
to Egs. (4.16) and (4.25),

<a§+BZ—f—> =0. (5.2)
z=0

In the following, we will work with Eq. (5.1) rather
than (5.2), but the conclusions that we make con-
cerning the coefficients o and B8 apply, obviously,
to both equations. Since for normal incidence the
mechanical Poynting vector at the surface of the
medium is directly proportional to the quantity
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(it %)
dt dz/ .-’

it is this expression that we study.

Obviously, if either £(0) or [dé(z)/dz],-, vanish,
then this quantity is zero, and so is the mechani-
cal Poynting vector on the surface. In fact, the
boundary condition £(0) =0 was the one introduced
by Pekar,® so that for this boundary condition the
surface is neither a source nor sink of energy.

If, alternatively, we consider the case in which
a and B, £(0) and [d£(z)/dz],-, are nonzero, we
have

a* 2, @ 2
Sl 2ler] o 69

£2=0

Since the first two terms in this equation vanish
by the condition (5.1), the mechanical Poynting
vector at z=0 becomes

g, __ Djarac
<§E>z=0"" L’a<dt dz>z:°

- ;ﬂ(vg)lm(g’-)l £0)]2, (5.4)

a

so that for £(0)+ 0, this expression vanishes only
if the imaginary part of o/8 vanishes. Thus, if
a and B in Eq. (5.1) or (5.2) are complex, the
surface is a source or sink of energy. It isa
source if ¢D Im(a/B) is positive and a sink if this
quantity is negative. If o and 38 are real, then the
surface is neither a source nor sink of energy.
For the dielectric approximation model, a=iI
and 8=1, according to Eq. (4.13), so that the
mechanical Poynting vector does not vanish at
2=0, as was shown in Sec. IV. However, for the
more-general model considered in Secs. III and
IVB, a=aw% and B=-D, so that @ and B are both
real and the mechanical Poynting vector vanishes
at z =0, as was also shown in Sec. IV.

The property of the dielectric approximation
model exposed here, viz., that it gives rise to a
source of energy at the vacuum-medium interface,
should be kept in mind in all subsequent applica-
tions of this model to the study of optical proper-
ties of bounded media.
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