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A method for determining accurate values of the average electron-phonon and the electron-impurity collision

frequencies (v„and v,) around orbits on the Fermi surface of metals using the radio-frequency size effect is

discussed. The effects of an electron making multiple orbits in the sample before being scattered are
considered in the derived theory. Measurements of signal amplitude versus temperature werc made for one

particular orbit on the Fermi surface of copper, and the results were fit to the theory with good agreement.

Results for vplT' and v, were obtained for this orbit, and a method for accurately determining the anisotropy

of the electron-phonon and electron-impurity collision frequencies over the Fermi surface is proposed.

INTRODUCTION

Qver the past fear years several attempts have
been made to determine the anisotropy of the elec-
tron-phonon (e-p) collision frequencies in metals.
Qne of the more promising techniques for this
purpose was developed and first applied to copper
by Gantmakher and Gasparov. ' The technique is
to measure the average e-p collision frequency
around different closed orbits on the Fermi sur-
face. An inversion process is then used to obtain
a parametrized function for the anisotropy. Qn

each orbit the electrons experience collisions with
both phonons and imperfections in the lattice. The
measured scattering rate includes both of these
effects, and the e-p part of the scattering is nor-
mally extx acted fx'om the temperature dependence
of the size-effect amplitude. It is the pux'pose of
this paper to describe the effect on the observed
scattering rates of an electron completing several
cyclotron orbits during the measux'ement.

Experimentally it is observed that the scattering
rate is proportional to T'. This is in accordance
with simple theory. ' Also the logarithm of the
amplitude of the radio-frequency size effect (RFSE)
ls found to vax'y llneax'ly with 7 %'IleD aD eleetl oD

completes only one traversal of the sample prior
to being scattered out of the orbit, that is for
vv, «lQ»1, where v,« is the effective scattering
rate aDd A ls the angular cyclotron frequeDey.
For sufficiently pure samples at vexy low tempera, —

tures the above condition may not hold and the ef-
fects of multiple cyclotron orbits on the signal
may be observable.

Since the value of the magnetic field at which a
size-effect signal is observed is inversely propro-
tional to the sample thickness, d, the cyclotron
frequency at resonance ean be varied by making
measurements on samples of different thicknesses.
%6 have measured the change in the derived e-p

scattering rate for an orbit in copper as a function
of sample thickness and show how these data should
be corrected to give the true value of v~, the aver-
age e-p scattering frequency for the orbit. An ap-
proximate expression for the total line amplitude
as a function of temperature is derived so that the
extrapolation to the true value of v~ can be done
from plots of the log of the amplitude vs T3. Qne
factor which enters this analysis is the impurity
scattering frequency, vr, and a consequence of
the analysis is that values of vr can be obtained.

THEORY
In the presence of a magnetic field, H, the elec-

trons in a metal move in reciprocal space on the
Fermi surface of a metal in a plane perpendicular
to the direction of H. Such motion about extremal
dimension trajectories on the Fermi surface re-
sults in closed orbits in real space. These orbits
will just fit inside of a sample consisting of a thick,
flat, metal crystal of thickness d when H is paral-
lel to the sample surface and when k, = (e/Kc)Hd,
where k, is an extremal diameter of the Fermi
surface, e is the electron charge, @ is Planek's
constant divided by 2m, and c is the speed of light.
Such orbits can be detected using the RFSE.

The amplitude of the resulting RFSE signals ls
govelned by the px obablllty that an electx oD ean
traverse the sample along an orbit without being
scattered. The probability of an electron being
scattered along an orbit in traversing the sample
thickness once is proportional to e '"e«~". If the
sample is sufficiently pure and the temperature
sufficiently low, an electron could possibly make
many such traverses without being seattexed. In
this case the amplitude of an RFSE signal would
be given by:
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where v,« is the average collision frequency for
all types of scattering on an orbit, ft}=eH/m*c is
the cyclotron frequency, and m* is the cyclotron
mass. The total scattering frequency can be writ-
ten as v,«= vz+ v~(T) where vz is the temperature-
independent collision frequency of electrons with
static impurities and v~(T) is the temperature-de-
pendent frequency of collision between electrons
and phonons. For the orbits we are considering
it is assumed that v~ = CT' where C is a constant
for a particular orbit and a particular sample
thickness. Now substituting for v,« in E(I. (I) we
obtain

lnA = lnA, -( /A)CT' —(w/Q)v, —ln(1 —e '" I").

To simplify the above expression we assume that

~I» CT' for all T under consideration. This ap-
proximation is easily met under usual experimen-
tal conditions as will be demonstrated later. I.et
us now consider two cases: (}vz/Q»1 and mvz/Q-1. First when

wvz/0»1, ln(1 —e «f~")-0
and we obtain

lnA = lnA, —(m/0) v~ —(w/A)CT '.
We mill call this expression the thick sample limit.
It is in this limit where one mould like to perform
experiments since the relation between amplitude
and temperature becomes most simple. Second,
where mvz/Q is on the order of one then

FACT'/0

«1 and

ln(1 —e '"+«~")=ln(1 —e ~~"e c+~") ~In[1 —e ~~"(I —FACT'/g)]

&-&&I/~ &C g 3 e-rvi /0 &Cy 3
=(n(( —e "~"}~ }n(1+( „,„—}n(1 —e "~"}+

Therefox e

It should be noted that when eve/0» 1 this expres-
sion reduces to the thick sample limit and so is
valid everywhere provided vi » CT'.

This expression is convenient to use in analyzing
experimental data because it shows that the ob-
served linear dependence of lnA on T' is the ex-
pected result. Howevex, the slopes and inter-
cepts of these curves are dependent on PI. Fur-
thermore, by measuring the 0 dependence of the
amplitude of the signal for a particular orbit the
value of v can be obtained fol that orbit.

EXPERIMENT

Our measurements were performed on thin
single-crystal samples of copper which were
spark cut from a large oxygen annealed single
crystal having a resistance ratio of about 16000.
After spark cutting, the samples were acid pol-
ished to remove the spax"k damage and produce
smooth, strain free surfaces. Typically about
1 mm of material had to be removed from each
surface in order to eliminate the spark damage.

Measurements of the temperature dependence
of the amplitude of parallel field RFSE signals
were performed using a 6-MHz limiting oscillator

and a field modulation RFSE detection system. '
The sample coil and Dewar system were located
in the gap of a, 12" diameter pole face iron core
magnet. The temperatures of the sample was
controlled from 2 to 11 K by a double-wall vac-
uum-can system which isolated the sample from
the liquid-helium bath. The inner can, which
contained an exchange gas was heated above the
temperature of the 4.2 K bath and the temperature
was monitored using a carbon resistor. This re-
sistor mas calibrated versus helium vapor px es-
sure from 1.5 to 4.2 K and extrapolated above 4.2
K to fit the measured resistance at VV and 300 K.

RESULTS

%e have investigated the extremal central orbit
about the Fermi surface obtained mhen the mag-
netic field is oriented 15' from the [100]direction
in an [001]normal sample. This particular orbit
was selected since it did not overlap the noncentral
belly orbits and the open orbits obtained when the
field is near the [100]direction and since the sig-
nal is much larger than the signals near the [100]
directions. The orientation of the field with re-
spect to the sample axis was determined to within
0.5' from the symmetry of the RFSE signals.

Measurements of signal amplitude versus tern-
perature mere made over the temperature range
2 to 11 K at each of the four different thicknesses
of a copper sample. Between each set of mea-
surements, the sample mas thinned by the acid



P. 8. JOHNSON, J. C. KIMBALL, AND R. G. GOODRICH

Equation (3) can be cast into the form

ln(A/A, ) =C, + (s/A)C, T',

C, = — r —ln(1 —s '"&~n) and C, =

200 600 800
T' (K)'

l000 i200

Therefore the slope, 8, of a in@ vs 7' plot is 8
= (s/Q)C, yielding

s/fl. =(1/C)(1 —s- "r~").

Substituting 0= sH/mac where ms = 1.351m„and
ff=kPc/ed where 0,=2.73690A ' for our observed
orbitq ' we obtain

FIG. l. IQA vs T fox' the IQ6R8uled orbit Rbout the
Fermi SU1"fRce Rt foUI' diffelent 8Rmple thicknesses.

polishing technique used in the initial px'epax'ation
of the sample. Measurements were made on the
same sample to insure that vr was the same for
each set of measurements. The thickness of the
samples was determined using the known calipex
values of the orbit and the measured magnetic
field value at which the signal occurred. In aD
four cases plots of i+A vs T' gave the expected
linear results. These results are displayed in
Fig. 1. The slopes of the plots 'were determined
using the method of least squaxes, and the coef-
ficient of determination (x') for each plot was at
least 0.998. Values of the thicknesses and corre-
sponding slopes of the lnA vs T' plots are listed
in Table I.

In addition the results obtained from a 0.158-mm
thick sample are presented in Table I. The 0.158
mm saDlple was cut from a d1fferent portion of the
crystal and was noticeably strained while being
handled.

d/s = (f /C)(1 —s"""),
where 0=7.4593 x 10' mm/sec. By picking appro-
priate values for C and vI, the experimental val-
ues of d/s can be fit with good accuracy (Fig. 2).
The best fit is obtained with C = 3.04 & 10' sec ' K '
and v, =s.vx10' sec-'where C 1s t e e-p sc~tte~-
ing rate and tr is the impurity scattering rate.
The value of C corresponds to the 8-p scattering
rate in a sample in which multiple electron orbits
can be completely neglected (i.e., sv,«/0» 1).
Therefore C is the true average value of the col-
lision frequency around the ox'bit on the Fermi

1 50
E
E
to

(OQ

TABLE I. Sample thickness, d, and corresponding
values of the slope of 1nA vs T3 plots fox the measured
orbit. The first four values were obtained from the same
sample Re lt wRS thinned to different thl, cheeses. The
fifth Ineasurexnent wRs Dlade on R sepRx'Rte sll, ghtlg
strained sample. Both samples had n[[ j 001] and H 15
from [100].

1.027
0.775
0.245
0.135
0.158

elope
( K)

4.188 x1
3.340 x10 '
1.479x10 '
1.0].6x10 3

0.914x10 3

FIG. 2. Plots of d//8 ve 4 obtained froxn Eq. {4).
C =3,04& 10 sec K" for each cux've. v1-2.49& 10
sec "» for the dashed curve, 3.73& 10 sec "~ for the
solid curve, and 7.46X 10 sec "~ for the dotted curve.
Triangles represent the four data points obtained from
the same sample as it, was thinned to different thick-
nesses, the square cox'xesponds to the values from the
strained sample, and the circle corresponds to Gant-
makher and Gasparov'8 value.
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C&Pp/7 +5,04 x ICf'sec K
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FIG. 3. 1' vs T3. Exact expression of Eq. (2) is
the dotted curve and the approximate expression of
Eq. (3) is the solid curve.

surface. As a check on the order of magnitude of
the value of vl obtained from this experiment,
we have calculated the conductivity using I/r = vl

and compared it to the measured dc conductivity
at 4.2'K. The two numbers agree within a factor of 2.

In a recent determination of the anisotropy of
the e-p collision frequency on the Fermi surface
of copper, Gantmakher and Gasparov' determined
a value of C = 3.46 & 10' sec ' K ' for the particular
orbit we are considering. They determined this
value from a 0.53 mm thick sample and the corre-
sponding value of d/s falls slightly below our
curve (Fig. 2). This smaller value would result
if their sample had a smaller value of vl. Figure
2 contains a plot of a curve with a smaller value
of vl, and as can be seen, a small change in vr

could easily account for the difference.
As the sample gets thinner, e '"I~" starts to be-

come larger and therefore values of d/s are very
dependent on vz. Our measured value of d/s for
our 0.158 mm thick sample was much larger than
our calculated curve (Fig. 2). This sample was,
however, badly strained and therefore has a larger
value of vz. As can be seen (in Fig. 2) by increas-
ing the value of v» the theoretical expression can
account for the larger value of the impurity scat-
tering rate in the thin sample.

All of our amplitude measurements, except for
a few high-temperature points determined on our

0.135 mm sample, were made under the condition
that v, » CT'. In this regime the exact and ap-
proximate expressions [Eqs. (2) and (3)] are near-
ly identical. Above about 6'K, however, CT'
starts to become on the order of v~ and the two
results start to diverge (Fig. 3). It should be
noted that our data on the d = 0.135 mm sample
(Fig. 1) remain linear as predicted by the approxi-
mate expression, instead of following the slight
curve of the exact result. One possible explana-
tion of this behavior is that the e-p scattering
rate may not be proportional to T' over the entire
temperature range for this data. If the tempera-
ture law is increased slightly' to T", the exact
curve starts to straighten out and the approximate
curve starts to bend.

CONCLUSIONS

We have calculated the effect on the amplitude
of RFSE signals that multiple-electron orbits
within a sample can have on the resulting values
of d/s. The results of the calculation were com-
pared with measurements of d/s determined from
an orbit on the Fermi surface of copper at four
different sample thicknesses. The same sample
was thinned between each set of measurements to
ensure that v, would be the same in each case.
The fit of the theoretical curve to the experimental
data was very good and yielded values of vl and
C = v~/T '. The value of C T' is the true average e-P
collision frequency around the orbit.

Our data were compared with the data from the
same orbit measured by Gantmakher and Gasparov
for their determination of the e-p collision fre-
quency over the Fermi surface of copper. The
true value of C for this orbit, extrapolated from
our data, is about 12% smaller than theirs. If the
procedure we have followed on this orbit is ex-
tended to many orbits over the Fermi surface, an
accurate value of the e-P collision frequency anisot-
ropy can be determined using the technique outlined
by Gantmakher and Gasparov. In addition this proce-
cure will allow a determination of the anisotropy of vr
for electrons on deff erent parts of the Fermi surface.
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