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The long-distance properties of classical Heisenberg ferromagnets below the transition point are related to a
continuous-field theory, the nonlinear cr model, The renormalizability of this model in two dimensions and its
ultraviolet asymptotic freedom are used to derive renormalization-group equations valid above d = 2. It is

argued that this model is renormalizable up to four dimensions. The scaling properties which incorporate
critical and Goldstone singularities follow. Explicit calculations of exponents and of correlation functions in

powers of d —2 are given. A technique is proposed to make calculations in the symmetric phase applicable
even in two dimensions.

I. INTRODUCTION

The classical Heisenberg model, with an O(n)-
symmetric interaction, is described by the Ham-
iltonian

in which the S,. are unit n-component vectors as-
sociated with the sites i of a periodic d-dimension-
al lattice; V, , is a short-ranged positive transla-
tionally invariant interaction. The partition func-
tion is given as

This model has a phase transition above two
dimensions and its long-distance behavior may be
studied through an expansion around mean-field
theory. The result is that the critical properties
are given, as first shown by Wilson and Kogut, '
by a continuous-field theory, namely the linear 0
model, whose interaction is

(VQ)' mop' ~g (~g)2
2

This theory has an infra. red stable fixed point'
below four dimensions, with g, of order 4 —d; this
leads to the famous Wilson-Fisher' 4 —d expan-

sionn.

This model, in which a continuous symmetry
is broken, has infrared singularities both in the
critical domain and in the ordered phase for any
temperature below T, due to the n —1 massless
Goldstone modes. These singularities are not na-
tura. lly taken into account by this formalism' a,nd

the aim of this work is to show that another ex-
pansion is well suited for the understanding of both
the Goldstone and the critical singularities. ' The
first step will be the construction of a low-tem-
perature expansion of the partition function (2).
Then it will be shown that, in the long-distance

limit, a continuous-f ield theory, ' which is the non-
linear o model, ' is equivalent to the Heisenberg
model. It will be established that this nonlinear cr

model has a phase transition above two dimen-
sions, ' and that apart from the special n = 2 Abeli-
an case, the critical temperature is proportional
to d —2. This model is asymptotically free in two
dimensions and renormalizable above two dimen-
sions within a double series expansion in d- 2 and
in the temperature. The renormalization-group
equations will then be derived; their integration
will exhibit scaling properties with both critical and
Goldstone singularities.

The set-up of the article is the following: In Sec.
II it is shown that the Heisenberg problem below

T, coincides in the long-distance limit with a con-
tinuous-field theory. This is done by analyzing the
behavior of the low-temperature expansion.

In Sec. III, it is shown that this field theory is
renormalizable, within a double expansion in pow-
ers of the temperature and of d —2. The corre-
sponding renormalization-group equations are de-
rived.

In Sec. IV, scaling properties are derived from
the r enor malization-group equations, containing
the combined structure of critical and Goldstone
singularities.

In Sec. V, the n=2 problem is discussed separa-
tely. The continuous version of this model coin-
cides with the quantum sine-Gordon equation. The
scaling properties in the low-temperature region
follow.

Section VI is devoted to the large-n limit. Gen-
eral arguments support the identification of the
nonlinear v model and oi the (P')' theory in the
scaling region. The renormalizability of the non-
linear 0 model is thus extended up to four dimen-
sions within the 1(n expansion.

Section VII contains calculations of various phys-
ical quantities below T„up to two-loop order. In
particular, critical indices are given at order
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(d —2)'.
In Sec. VIII, the problem of the continuation above

T, is discussed. The example of two din ensions
reveals the difficulties. An explicit numerical
method is proposed, and the amplitude of the low-
temperature divergence of the magnetic suscepti-
bility is approximately calculated.

II. LOW-TEMPERATURE EXPANSION

AND CONTINUOUS LIMIT

In the ordered phase the vectors S, fluctuate
around the direction u of spontaneous symmetry

breaking and at low temperature these fluctuations
are very small. Therefore it is natural to express
S,. as

z z/z
o, = S. u = (1—II ) (4a)

11,. = S,. —(S,. u)u, (4b)

and expand the intera. ction in powers of 5,
In terms of the (n —1) II modes the partition func-

tion becomes

The standard loopwise expansion' of the function-
a.l integral (5) generates an expansion in powers of
T. This requires the expansion of (1 —II')'~' in
powers of II' to the appropriate order. The inte-
grations over the II field are performed from
minus to plus infinity, neglecting again exponential
corrections in I/T. The corresponding Feynman
diagrams involve propagators, which are the in-
verse of the quadratic part of the action, namely

T
v(o) —v(q)

8 =, d'x-,'([v(I —11')'~']'+ {vH)'), (9)

with of course the same invariant measure

III. POWER COUNTING AND RENORMALIZATION

However, this theory suffers of ultraviolet di-
vergences which have to be regularized. Actually
the Heisenberg model provides an 0(n)-invariant
regularization of the continuous-field theory.

in which

This propagator behaves as expected like 1/q'
for small q. The interaction is thus obtained from
higher-order terms in the expansion of the square
roots, and from the integration measure written
as

, ,&, -=exp ——g ln(1 —II,'. )
1 1

S

(8)

The problem is now to examine the long-distance
limit of this theory. The discussion is very sim-
ilar here to the one given for the expansion around
mean-field theory, ' namely the propagator may be
replaced by its most divergent part,

G 8(q) =(T/q')&„, .

Then, in the same way the interaction terms
which involve only V(0) —V(q) may be approximated
again by their dominant q' part. The diagrams
simplified in this way are exactly those of the con-
tinuous nonlinear v model whose Euclidean action
1s

Since we are now interested in the long-distance
properties of the nonlinear 0 model, we shall es-
tablish the renormalization-group equations for
this theory. As usual, they will follow the discus-
sion of the renormalization of the theory. " In two
dimensions the 1T field is dimensionless and the
theory is renormalizable by power counting. 'J'he

counter terms are thus arbitrary local functi. ons Uf

the II field with at most two derivatives. Further--

moree,

since the theory can be regularized, as s aid
above, in an invariant way, the renormalized ac-
tion will also be invariant. The only invariant in-
volving at most two derivatives is proportional to
the action itself up to a rescaling of the fields.
There will thus be two renormalization constants,
namely one field-strength renormalization and a
coupling constant, i.e. , a temperature renormali-
zation. '

Above two dimensions the field acquires the di-
mension (d —2) and for d fixed larger than 2 the
theory is not renormalizable. However, it may
formally be defined in a double expansion in pow-
ers of T and d- 2, and then it can be renormalized
with the same two renormalization constants.

In two dimensions, in addition to the standard
ultraviolet problem of a renormalizable theory one
has the infrared divergences coming from the 1/P'
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propagators. To disentangle these two sources of
divergences we shall break the O(n) symmetry in
order to give a mass to the II field. From the re-
normalization-group point of view it will appear
that the most convenient way of breaking this sym-
metry is to introduce an external source coupled
linearly to the v field, i.e. , a magnetic field H.
Indeed, since by symmetry the o field is like the
II field multiplicatively renormalized by the same
factor the addition of this symmetry-breaking term
does not introduce any new renormalization con-

stant. One could choose instead to add other "soft
terms" in the sense of power counting (i.e. , rel-
evant) such as m'lT', but these terms would lead to
more complicated renormalization-group equa-
tions.

Renormalization-group equations

They follow from the relation between the re-
normalized and the bare theory. In terms of the
renormalized fields and of the renormalized di-
mensionless temperature t the action reads

tf-2 r HZd'x Za 11~a II~+ s (1 —ZII')'t's (1 —ZiT')'t' 2 '(1 —ZIP)'t'
2Zt v v + v v ~z (1O)

in which p, is an arbitrary momentum scale which defines the renormalized theory, and plays a role equiv-
alent to the cutoff in the bare theory. The relation between the bare and renormalized theory for the one-
particle irreducible functions of the II field is

r'"'(p, t, H, p, ) = z"t'rt "'(p, T, H ),

with

T = ts, p, '-',

Hp,

T t~Z

(12)

The renormalization-group equations follow from the invariance of the bare theory under a change of p.

holding T and H~ fixed. This leads to the differential equation

ti —+ W(t) ———,
' N( (t) + —,

'
g (t) + —(d —2) H r& "~ (p, t, H,—p, ) = 0,

8 8, , W(t) N

8 p.
(14)

in which from (12)

and

W(t) = (d —2)t —
t'ai
— lnZ,

8

8p.
(15)

8
g(t) = p,

— lnZ.
8p,

The connected correlation functions of the cr field and of the II field fulfill the equation

ti —+ /V(t) —+,'i'(t)+,'.."(t)+ —(d —-2) H d" ~(p, t, H,—ii) = 0.8 a, , W(t), 8

8p. 8t 8a (17)

The equation for the magnetization M(t, iY, p, },
i.e. , the expectation value of the 0 field is given by
Eq. (17) for N=1. The free energy F(t, H, ii) is ob-
tained from (17) by setting N= 0.

IV. SCALING BEHAVIOR

Z, = 1+(n —2)

and therefore from (15)

W(t) = (d —2)t —(n —2)t'+ O(t'). (18)

The calculation of the renormalization constants
Z and Z„ from which one deduces the coefficients
of the renormalization-group equations (14)-(17),
will be given up to two-loop order in a subsequent
section. Let us simply here use the fact that at
leading order t, = (d —2)/(n —2) + O((d —2)'). (19)

[We have included in all explicit calculations of
this article a factor 2v ~'/(2v)~r(d/2} in our defini-
tion of the temp'erature t. ] This shows, as first
established by Polyakov, ' that there is an ultra-
violet stable fixed point t, for n & 2 of order d —2:



14 SPONTANEOUS BREAKDOWN OF CONTINUOUS SYMMETRIES. . 3113

a 8
t),
—+ W(t) —$ (t, p, ) = 0,
Bp, Bt

(20)

This is indeed the (renormalized) critical temper-
ature since a critical point corresponds to an in-
frared unstable fixed point in the temperature var-
iable. The situation for n =2 will be examined sep-
arately.

The integration of the partial differential equa-
tions(14}-(17) is simplified by the introduction of
the zero-field correlation length ((t) and of the
spontaneous magnetization o(t) defined, respect-
ively, by

leads to the scaling properties of the one-particle
irreducible functions of the afield

F' "'(p, t, K) = $ '(t) "(t)

xy(N) ~( t ]d t

For the connected correlation functions of the o

or of the II fields the same analysis leads to the
relations

Ho &'
G' '(p, tll! =(,' "'(t)tl (t)7'"' (g,

(28)

l.e. ,

)( (t) —' , )(i)}o(()—'O, = (21) In particular the free energy is

(29)

&(t, i), ) = p,
't' " ' exp

below t, and

(t) = exp (
—

2 , dt'} .
"0

1 1
W(t') (d —2)t'

(22)

This expression of the spontaneous magnetiza-
tion follows from (17) and from the dimensionless
character of o(t) With thi. s definition of the corre
lation length the integration of (14} in zero-field
yields the scaling behavior'

r'" '(p, t) = ]-'(t)o-"(t)y'"'(p$ (t)) (24)

$ (t) - (t, —t) ' with v = —1/W'(t, );
the spontaneous magnetization vanishes as

o(t) - (t, —t) with p = —r. (t,)/2W'(t, ).

(25)

(26)

From the behavior of the two-point function at
t, we find

p(2) (p t ) p2-T/

if one uses together with the differential equation,
the canonical dimension d of I'

On Eq. (24) one sees that the length $(t) defined
by Eq. (20) characterizes the crossover from the
long-distance Goldstone behavior to the critical
regime which appears at shorter distances for
fixed temperature below t, . This definition of g,
first given by Josephson, is consistent with the one
of Halperin and Hohenberg. '

On (22) and (23) one
sees the low-temperature and critical singularities
displayed at the same time. The correlation length
diverges at t, as

and the equation of state follows by differentiation
with respect to H.

These scaling properties do coincide near the
critical point with those which were obtained from
the 4 —d expansion of the linear model. " However,
they contain additional information on Goldstone
modes. The physical interpretation of the corre-
lation length, in this problem in which correlation
fall off like powers, is the distance at which one
sees the crossover between the critical singular-
ities and the Goldstone behavior. These Goldstone
modes yield infrared singularities below t„which
are governed by the trivial infrared fixed point t*
=0 of the renormalization-group equations. Under
these conditions, the singularities are given by the
first nontrivial order of perturbation theory. For
instance, this implies that the longitudinal suscep-
tibility diverges as IP ') t' for small K, since
the argument given above justifies the one which
was used in Ref. 11.

Asymptotic freedom and renormalizability for fixed d)2

From the point of view of the ultraviolet (uv}
properties of the nonlinear cr model, one sees that
there is a nontrivial uv fixed point above two di-
mensions. The existence of an uv fixed point in-
dicates that this theory is renormalizable above
two dimensions, even outside the d —2 expansion.
(This is similar to the problem of the continuation
of a massless (t)' theory below four dimensions'").
Indeed, the large momentum behavior is not given
by perturbation theory but by the power behavior
at the uv fixed point t, :

with
1 ~&)(y t& ~ gati-N~&-2+')) &2 (30}

t(t,) =d —2+g.

When the field is nonzero the integration of (14)

which is stable by power counting made on skeleton
diagrams. The only point which has been used in
this analysis is the negative coefficient of t' in
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W(t), i.e. , the asymptotic freedom of the two-di-
mensional theory. Therefore this argument would

apply to other asymptotically free theories such as
non-Abelian gauge theories in four dimensions.

V. ABELIAN CASE

o(x) = cos6(x), t((x) = sin6(x), (31)

For n = 2 the low-temperature expansion in the
long-distance limit simplifies considerably. As
for the non-Abelian case, this limit may be repro-
duced by the nonlinear 0 model, but this model is
now equivalent to free field theory. Indeed with the
change of variable

and the invariant measure (8) is flat.
Therefore we are left with a free field theory for

which we are interested in the correlation functions
of the fields e"@"~. The functions 8'(t) and g(t),
as well as the correlation functions in zero field,
are thus exactly calculable. The result is

(33)

(34)

One sees that in this low-temperature approxi-
mation the critical point has gone to infinity. The
spontaneous magnetization is

the action becomes simply t /2(d —-2) (35)

d'x-,' (v6)' (32)
and the II —II correlation function in position space

(36)

If one adds a magnetic field H the theory is no longer trivial since it becomes the quantum sine-Gordon
model. However, the behavior of the correlation functions in the phase with broken symmetry may still
be deduced from the renormalization-group equation (17), since it implies

G(N) / t 8) t( N-1)d /(d —2) —Nt /2(d 2) r (N)—twirl/(d —2) rr —t /2(d —2) r-2/(d —2) 1iPr r e (p: He t I ~ (37)

M=H (38)

All these results are in agreement with the corre-
spondence found by Coleman' between the sine-
Gordon theory and the massive Thirring model,
which has also continuous indices like the Baxter
model.

Note that the theory is meaningless for t & 4,"
but we have neglected terms in this approximation
which have at least the effect of modifying the
temperature. Furthermore, we have integrated the
6 field without taking into account that its range
was limited to 2p. In the non-Abelian case we have
also neglected the compactness of the n-dimension-

In two dimensions the critical temperature does
not go to zero; the function W(t) vanishes iden-
tically and the theory is exactly scale invariant for
all temperatures in the ordered phase. "'" This or-
dered phase is not characterized by a broken sym-
metry because there is no spontaneous rnagnetiza-
tion" as seen from Eq. (35) (the II and the o have
identical propagators), but by the fact that the cor-
relations fall off like powers as exhibited in the
explicit results of Refs. 13 and 16.

For example, the two-point correlation function
is proportional to 1/p' ' and the magnetization in-
duced by a field H is"

al sphere but for n&2 the curvature of the sphere
may be detected locally, whereas for n =2 it is im-
possible to locally distinguish between a circle and
a straight line. This is probably the source of the
fact that, in this approximation, we find a scale-
invariant theory for any temperature. "'"

VI. LARGE-n LIMIT

We have seen that it is possible to describe the
long-distance behavior of the Heisenberg ferro-
magnets in two different ways: the Q' theory which
corresponds to an expansion around mean-field
theory and the nonlinear 0 model obtained by this
low-temperature expansion. This leads to the
surprising conclusion that these two field theories
have the same long-distance limit. In other words
the correlation functions of the gQ' model evaluated
at the infrared stable fixed point g* are identical
to those of the nonlinear o model, if the mass of
the f' theory is replaced by a suitable function of
the temperature. As a consequence the nonlinear
o model should be renormalizable from two to four
dimensions and not simply in the neighborhood of
two dimensions. In particular in four dimensions
it becomes a free field theory since the ir fixed
point of the Q' theory moves to the origin.

This may be checked explicitly in the large-n
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limit. The p' theory has been extensively studied
for n large"; let us show here that the calcula-
tions may be done easily for the nonlinear 0 model
in the same limit and lead to the same results. In

order to generate systematically the 1/n expansion
it is convenient to add to the action a Lagrange
multiplier for the condition o'+ IP = 1 and to inte-
grate over the IT field:

Z= der de exp ——
~

d x ~ (8&g
' (Bp ' —H(r x ——'z x 1 —p' x —g' x

The integral over If gives, up to an irrelevant constant factor,

Z = dcrdn exp —— d'x —,
'

~„o
' —Hv x + &n x o' x —2o.' x + & n —1 T tr ln —4+~ x (39)

The steepest-descent method applied to the func-
tional integral (39) generates systematically the
1/n expansion. ' The saddle point in an homogen-
eous external field is given as

and one recovers then the equation of state of the
spherical model"

I —M'= I'(—)I'(I ——
) I-(—)

H= u,o', , (40a)
(44}

(n —1}T 1 1 —oz,

2 —5+@ 2
(40b)

(n —1)T Jt 2 =1 —M'.d'tp

Introducing the renormalized quantities

M —Z~/'2M
R~

H = Z,Z-'~'H„,

T=tZj,

(41)

(42)

the equation (41) has a finite limit, provided one
chooses

(n —1) d d
Z '=Z, '=1 —

(d-2) I
2

2
2

(43)

At lowest order neglecting the fluctuations
around the saddle point, one recovers the spheric-
al-model limit. Indeed the free energy is the val-
ue of the action in (39) at the saddle point. The
derivative with respect to H gives the equation of
state M=M(H, T)

The coefficients W(t) and g(t) of the renormaliza-
tion-group equations are easily deduced from (43)
by Eqs. (15)-(16):

W(t) = (d —2)t —(n —1)t21)(1 —'(d —2))I—'{I+'(d —-2)),

r(t) = (n —1)tel ——'(d —2))I'{1+—'(d —2)).

This yields the spherical model exponents

I/v = —W'(t, ) = d —2+ O(1/n),

f} = r-(t, ) —(d —2) = 0+ O(1/n),

(45)

(46)

(4 I)

(48)

as expected from (44).
An analysis identical to the one performed in

Ref. 2 on the large-n limit of the Q' theory shows
that the nonlinear model in the 1/n expression is
meaningful for fixed d up to d = 4.

It is instructive to compare the functional (39)
to the analogous functional integral which generates
the 1/n expansion of the linear o model.

The initial linear model is

fzr

2 2 g 2 2 2 1 2 2 2Z, = (r)rdlf) XP — 2'* -', [(2„)'~ (2„)If)*]—rr (*)+Zr( * ~ If*)' rrr,*(rr* ~ If*
))

and if one introduces a Gaussian source n(x) conjugate to o'+ IT' one obtains

(49)

Z~ = (dodIfda) exp — d'x a[(s„o)'+ (s„IT)'+f).(x)(1T'+o')] —Ho(x) — [o.(x} m,']'-
2go

or, after integration over 1T,

Z~ = (dofdo) exP — dx a[(8&cr)2+ n(x)o'(x)] —Ho(x) — [n(x) —m', ]'+ trln[ —a+ a(x)] (50)

Up to a normalization of the field variables the
linear problem (50) differs from the nonlinear one
(39) only by the presence of an o(2 term. In the
low-momentum r~ gion the n propagator, obtained

I

by taking the inverse of the quadratic form at the
saddle point, behaves as p' ~.

Therefore this additional a' term, treated as a
perturbation over the nonlinear problem (39), has
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-M'+ ——-m,' =(n —1)
g, M 0 „p'+H M'

which is renormalized through the relations

1 1 n —1 " dp
g. i & -' (p'+~')''

(51)

m,' m' n —1 "dp
go g 6 ~ P

The renormalized equation of state is thus

2 H '" '1(d/2)f'(2-d/2)
d-2

the effect of adding one n propagator on one line
of a given diagram, giving an additional power
p' ~ in the low-p limit. It is thus a perturbation
irrelevant to the leading low-momentum behav-
ior of the theory. This justifies, within the 1/n
expansion, the identification of the long-distance
limits of the two models. Furthermore the non-
linear model is exactly scale invariant, whereas
the linear model has this property only when the

coupling constant is at the infrared stable fixed
point. I.et us illustrate these remarks by calcula-
ting the renormalized equation of state of the lin-
ear model at leading order. Keeping for the func-
tional (50) the saddle-point contribution, exactly
as was done for the nonlinear model (39), we find
the equation for the bare quantities

VII. EXPLICIT CALCULATIONS AT TWO-LOOP ORDER

For a given correlation function, at each finite
order in the temperature, only a, finite number of
terms generated by the expansion of the action in
powers of the II field are needed. For instance,
in oxder to calculate the propagators at two-loop
order (i.e. , the orders f, f', and f') it is sufficient
to keep terms up to order (5')' in the action.

In order to calculate the renormalization con-
stants the following procedure will be applied: A

magnetic field is introduced to avoid all infrared
divergences; then dimensional regularization is
used, and the renormalization constants are chosen
in order to remove all divergences in two dimen-
sions.

The two renormalization constants Z and Z, can
be deduced from the calculation of the inverse
transverse propagator in a field.

A. One-loop order

The calculation is very simple and yields, after
the cancellation of the divergent contribution com-
ing from the measure with the quadratic divergence
of the one-loop diagram,

+ P'+ H, , (55)
n —1 " d'q

which is made finite with the choice

This equation differs from (44), the large-n lim-
it of the nonlinear a model, by the presence of a
term linear in H/M which is subleading in the crit-
ical region (in which H/I is small), provided the
dimension is smaller than four; thus, as expected,
(52) and (44) coincide in the critical region pro-
vided one rescales the magnetization and the field
by a factor ~t and that one relates the mass to the
temperature by

I' —1 2- ———I .

Z=1 —(n —1)tp. ' ~, , +O(t'),
p +p.

Z=1+ (n-1)t/(d-2),

Z, = 1+ (n —2)f/(d —2),

from which follow the formulas

(56)

(57)

t

Z, =1 —(n —2)fp' ', , +O(f')..'P +u

Within the d-2 expansion at this order it is suf-
ficient to keep the pole terms:

The mass I' is indeed a linear measure of the
temperature near t,. Furthexmore if the coupling
constant g takes its infrared fixed point value

W(f) = (d -2)f - (n - 2)f'+ O(f'),

f (f) = (n —1)f+ O(f').

Thus the renormalized two-point function is

( 58)

(59)

the two equations of state become as expected
identical.

(54)
I'*' P, t, &, )w= ) (P')~ 8)-- )* Ir))ne= —

+ O(t, d- 2).
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The equation of state is recovered from

H/Mt =1"(p = 0). (61)

functions at the same order. For instance the
longitudinal propagator

$(t) = '(1 —tlt ) '"4 "(t/t )'"' "
&(t) —(1 t/t )(tt O/z(tt -2)

(62)

(63)

The equation of state in scaling form will be
given below at two-loop order; the correlation
function at this order is

In order to put these relations under the scaling
forms (27}and (29), let us compute the spontaneous
magnetization and the correlation length from Eqs.
(22) a,nd (23): at this order one finds

G, (z)-fz e'"(()/z —z*(*)l'*(t/z —rr'({))I't' )

is found to be

, O, (P) =I,(P, H)+ I,(P, H)
2 d-2

+ t [(P '+ 2H) —(n —1)(P '+ H) ]I,(P, H)

—3)t)~ ——,'{ —3)t)~ H~),

in which we have defined
tr'" =p'+H- ,'t[p'+-,'-(n 1}H—]lnH+ O(t').

(64)
I,(P, H) = dx[P 'x(1 —x) + H] '

4 0

At the critical point, this may be written in the
scaling form

tg&z) (I P H) = H/M +PzH-zt)l&t)+z-t))

It is not difficult to calculate other correlation

2 (4H +p')'I'+p
p(4H p')'" (4H p')'"-p'

1

I,(P, H) = dx[P'x(1 —x)+H] 'ln[P'x(1 —x)+H].
0

B. Two-loop order

An analogous calculation of the transverse two-point correlation function of the II field gives at two-loop
order, after cancellation of the quadratic divergences,

dqtdqz
(q', + zI)(q', + H)

t
( 3) z &( l)II] ql qz t

( 1) [(p +ql+qz) —(q. +q.) ]
2 ' „' (q', +H)'(q', +H) 2 . ' '(q', +H)(q', +H)[(P+q, +q, )'+H]

[(p +q, )' —ql][(p + q.}'—ql]' (q', +H)(q', +H)(p +q, +q,)'+ H
'

The renormalization constants which make this express finite are

Z=1+
2

+(n —1)(n ——,')
d 2, +O(t'),(n —1)t, t '

Z, = 1+ +,(n —2) [n —2+ z (d —2) ] + O(t'),(n —2)t t'

(65)

(66)

(67)

from which one deduces by Eqs. (15) and (16),

W(t) = (d —2)t —(n —2)t' —(n —2)t'+ O(t'),

g(t) = (n —1}t+O(t')

Thus the (renormalized} critics. l temperature t, defined by W(t, ) = 0 is

(68}

(69)

(70)

This second-order contribution to t, depends on the renormalization conditions and is therefore non-
universal. However the exponents v= —1/W'(t, ) and)) =r(t, ) —(d-2) are indeed universal and are given
from (68} and (69) as'

—= (d-2)+ + O((d-2}'),1 (d —2)z

V n —2
(71}
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)) = ' —,(d —2)'+ O((d —2)').
n —2 (n —2)' (72)

With the choice (66) a.nd (67) of Z and Z, the inverse propagator 1'( ) becomes cutoff independent and it may
be written

I'(') =—(P'+H) ——,'[P'+,'(n .—-l)H] lnH+ ln'H + (3n —5)tHln'H+ —(n —3) P'+ H lnH'7

4 32 8 2

(n —l)t ' [(p+q, +q )' —(q, +q2)']'
2 .' (q', +H)(q', +H)[(q. , +q, ) +H][(P+q, +q.,) +H]

n —1 1p't (-p v ) +
2

(p' —2H) (, H)(, .~)[( )2 H]
d'q, d'q2

(~+9' '-9' (P+9 '-Qz (P+9 +V. ' —9 +V. ' „p. .(, 1)1„.H („
(p', +H)(q,'+H)[(q, +q, ) +H][(p+q, +q, ) + V]

This transverse propagator contains the equation of
state, as seen from Eq. (61).

The explicit calculation from Eq. (73), gives this
equation under the form

-/(- ) 1 t/t /(-~)
rVV" t, 1/Sl'

In this equation the only universal features are the
low-temperature singularity t ' ' "and the critical
behavior for t near t, ; and neglecting corrections
to scaling it may be replaced by

~o ~t'
((n 5 em(-=.

t
(75)

Application of this formula to the two-dimensional
case gives a mass scale related to the coupling
constant t by

ical point. This suggests, and we know it for the
Heisenberg model, that above T, the symmetry be-
tween the 5 and the v is restored, and that they all
become massive with a mass m =$ ', which can be
deduced from the renormalization-group equations
since from (20) we have

-2/(d —2 ) t/ t 1 2/(d-2 )
1+ m (t) ))

t-l/(n-2 ) xe/t( n 2)f(t)- (76)

(74)

This equation, as such, does not fulfill Griffith's
analyticity": It is only in the sense of an expansion
in powers of d- 2 that it is satisfied since at low-
est order the exponent y is equal to 2/(d —2).

VIII. BEHAVIOR ABOVE T„LIMIT OF DIMENSION TWO

The theory which has been developed until now is
restricted in zero field to t ~ t„ the phase of spon-
taneous symmetry breaking. In particular in two
dimensions this phase disappears since the trans-
ition takes place at zero temperature. In the pres-
ence of an external field both the Goldstone and the
critical singularities disappear and this allows one
to extend the low-temperature expansion above t,.
From the renormalization-group equations also,
whose coefficients are regular at t„one can ob-
tain information about the high-temperature phase.
At t„ in zero field, the II and the 0 propagators
are proportional to the same power of momentum;
the coefficients in front of these powers are iden-
tical as a consequence of the Ward-Takahashi iden-
tities. The symmetry is thus explicit at the crit-

in which f(t) is regular around t = 0, an expression
that perturbation theory could not give. The ex-
ponential term of Eq. (76) had been obtained by
Polyakov. ' This gives the solution to the problem
of infrared slavery in this asymptotically free
model. This calculation, however, cannot give the
norma, lization of this mass. In order to obtain a
quantitative result about the absolute normalization
of the mass, it is necessary to calculate the corre-
lation function in the symmetric phase. As said
above, it is thus necessary to first add a, magnetic
field, use then perturbation theory in the coupling
constant, extrapolate this perturbation series
above t„with the help of the renormalization-
group equations, and then take the zero-field lim-
it. A possible procedure of this nature will be pre-
sented now.

Explicit calculations in the high-temperature
phase rely on the following procedure, which has
been applied here for the equation of state. One
first calculates the low-t expansion; then this
polynomial in t is put in a form dictated by the re-
normalization-group equation, which involves the
s caling variable
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M 4 32)
t (n —1)(3n —5),

+ t' lnH+ O(t')
16 (77)

The renormalization-group equation (29) implies
the scaling property

]'(t)v(t)
v(t)

(78)

in which $ and v are defined by integration of (20)
and (21) up to a multiplicative factor.

The expansion (77) determines f(x) for large x:

ij )g" "*n" ''exp IP' ''I'" "—
l~)

2
~~oo n —2

(79)

Two facts may be added to the previous calcula-
tions:

(i) From the structure of the low texpansion it-
is straightforward to verify that

z =1-(1—t/t, )/M'/

small in the ordered phase. This variable goes to
plus infinity in the disordered phase when the ap-
plied field vanishes. The asymptotic behavior in
z is known from scaling. If one is interested in a
quantity such as the amplitude of the susceptibility
above t„ the problem consists in finding the coef-
ficient in front of the large-z power law from the
knowledge of the Taylor series near z =0. This
may be done by various numerical techniques such
as Pade approximants. A more precise illustra-
tion of the difficulties and of a possible solution is
provided by the example of the two-dimensional
problem for which there is no ordered phase. The
low-temperature expansion of the magnetization is
found to be

(ii) Griffiths's analyticity, i.e. , thefactthatsince
there is no transition, H is analytic and odd in M
for small M, implies

f(x) = Q b,x"" (81)

for x small.
These two constraints can be incorporated

through the following standard parametrization"

6)

(1 82)(n I) /-2(n-2) s (82)

x d lnf(x) 1

0 =j.

(83)

From the low-temperature expansion we know a
few terms of the expansion near (9=1. It is thus
possible to apply various extrapolation methods,
the most naive being the truncation of the series
QC, g". This is what has been applied here. It
yields

x d lnf(x) 1 n' —5, 6u —10
dx 1 —8' (n —1}' (n —1)'

from which we obtain

2

f(g) e g(1 g2)-(rt-7) /2( n-2 )

(n —1)'(n —2)

2 1 8'(3n —5}
n —2 1 —8' (n —2)(n —1)' (84)

This gives for instance an estimate of the mag-
netic susceptibility

iVi t'(t)o'(t) 1+ 3n —2n'
H „, t (n —1)'(n —2}

(85)

and in the low-temperature region, our renormali-
zations are such that

t( ) Q(n-2 ) /(n-1 i P —2k(n-2 ) /(n-1)
dx

2 2

2/(n-2)ft3//(n-2)e
0

(86)

for x large.

(80)
It is thus possible to make explicit calculations

in the high-temperature phase by this method.
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