
PHYSICAL REVIEW B VOLUME 14, NUMBER 7 1 OCTOBER 1976

Density matrix of quantum f1uidse

M. L. Ristig
Institut fur Theoretische Physik, Universitat zu Koln, 5-Koln-41, Germany

J, W. Clark
Department of Physics, Washington University, St. Louis, Missouri 63130

(Received 19 January 1976)

An elaborate cluster analysis of the single-particle occupation probability n; and associated one-body density

matrix n(r) is performed for a Fermi system described by a Jastrow wave function. A diagrammatic
formalism rooted in Ursell-Mayer theory facilitates the analysis. It is conjectured, and demonstrated to
convincingly high cluster order, that nq may be written as n[N(q)+ N, (q)], where n is a strength factor
independent of wave number q and the quantities N(q) and N, (q) may be expressed as s ries of irreducible

cluster contributions. The strength factor n has the form n = e~, where Q may also be expressed as a series of
irreducible cluster contributions. Massive partial summations on the latter series yield

'
a compact

expression for Q in terms of the spatial distribution functions corresponding to the Jastrow wave function.

Working with the Fourier inverse of nq, it is further demonstrated that n(r) may be cast in the form

pn[Ni(r) + N, (r)]exp[—g(r)], where p is the particle density and the functions N, (r), N, (r), and Q(r) are all

given by irreducible cluster series. Massive partial summations are executed in the (r) series to achieve a
compact expression of this quantity in terms of the aforementioned spatial distribution functions. One has

(0) = Q. The leading diagrams necessary for a quantitative evaluation of the momentum distribution of liquid
'He and nuclear matter are displayed. Specialization to infinite degeneracy of the single-particle levels, while

shrinking the Fermi wave number to zero (Bose limit), allows liquid 'He to be treated as well. In this limit off-

diagonal long-range order appears, the condensate fraction p 'n(oo) = n~ being just the strength factor n. It
may also be shown (under certain reasonable assumptions) that the customary r long-range behavior of the
two-body correlations implies a singular behavior n, = ~(mc/21)q ' of the Bose momentum distribution for
small q.

I ~ INTRODUCTION

Significant contributions have been made to the
microscopic description of strongly interacting
quantum fluids. ' But despite a wealth of experi-
mental information' we are still some distance
from a complete theory of excitations and of the

properties of the ground states of dense Bose and
Fermi fluids. Indeed little is known rigorously,
and approximations are often predicated upon
methodological limitations rather than physical in-
sight. For instance, theoretical estimates of the
depletion of the zero-momentum single-particle
state of liquid 4He depend strongly on the method
employed. For zero temperature the predictions
range between 92% and 50%, not to mention results
which give more than 10. ' ' Even the theoretical
result which is most trusted at present' is in clear
disagreement with experiment. ""

In view of such deficiencies, it would seem im-
perative to gain a better understanding of the
ground state of a many-body system, before ther-
modynamic or particle nonconserving features are
brought into the picture. "

Advances in the theoretical description of dense
quantum systems within the framework of the
method of correlated basis functions"" open the

4 = F4, F = II f(r, ,} . (2)

Here, 4 is to be taken as the box-normalized
ground-state wave function of the A-particle sys-
tem with the interactions turned off, and the func-
tion I incorporates spatial correlations arising

prospect of a quantitative understanding of the
ground-state properties of Bose and Fermi fluids
at medium and high densities. The total energy and
related quantities, along with the spatial distribu-
tion functions and structure functions, have been
the objects of detailed studies within this frame-
work. " Less attention has been devoted to the one-
particle density matrix, or equivalently the one-
particle momentum distribution. The new experi-
mental results for the momentum distribution of
liquid 4He call for a thorough theoretical examina-
tion of these quantities. '4

In a useful first step toward a complete micro-
scopic theory of the momentum distribution of a
uniform extended Bose or Fermi system, the ex-
pectation value of the occupation number operator
for orbital q may be evaluated for a correlated
trial ground-state function of Jastrow form:

n; =(+ fata; (4 )/(@ f4),
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from the interactions, with f(r)-I as r-~." For
a Bose system the wave function 4 is to be set con-
stant and the operator a - (respectively, a;) cre-
ates (destroys) a particle with momentum 5 q. For
a system of fermions the wave function is the
plater determinant of the lomest A single-particle
states (the "occupied" orbitals) and the operator
a~ (respectively, a;) creates (destroys) a particle
in orbital q with Inomentum Aq and specified spin,
isospin projections.

The ansatz (2) allows the straightforward devel-
opment of R workable a.nd useful method for calcu-
lating the occupation probability of orbital q in the
presence of long-range as mell as short-range
correlations. Once the structure of the expecta-
tion value (1) is understood one can generalize to
more elaborate treatments of the correlations.
The quantity E may be permitted, at this next
stage, to be state dependent" or to contain three-,
four-, . . . , n-body correlation factors in addition
to the pair correlation factors f{r,&}.

"
It is simple and convenient to give a unified

treatment of Fermi and Bose systems. The occu-
pation probability (1}will be studied for a normal
Fermi system with v-fold degeneracy. Proper
specialization of the results to u=h mill lead to
the density matrix and momentum distribution of
the superfluid Hose systeIn described by ansatz
(2) 15

To gain insight into what structure the expecta-
tion value (1) might have we develop it in a (fac-
torized) Iwamoto-Yamada cluster expansion. ' '
(The basic features of this expansion are summa-
rized in Appendix A. ) Standard procedures are
available to determine any tex m of such a,

series. '7 ~o In principle the evaluation of cluster
contributions to the momentum distribution (1}is
therefore elementary. For Bose systems this
task has been attempted before. ' However, the
analytic expressions for the contributions beyond
the two-body term ax"e exceedingly cumbersome.
This difficulty can be overcome by a graphical
formulation. "" We shall employ generalized
Ursell-Mayer diagra. ms, which have provided a
very efficient means for studying the radial dis-
trlbutlon function Rnd the expectatlon vR108 of the
ground-state energy. '4" In this paper we use the
notations Rnd rules which have been developed in
Ref. 23. {Appendix B provides an adequate sum-
mary, with examples. )

%8 shall present results foi the tmo-, three-, and
four-body cluster contributions to the (factorized)
clustex expansion of the occupation probability n;.
The dgrect contributions of the five-bogy cluster
are also available. The sequence of diagrams
evaluated is sufficient to reveal the structure of
quantity (1) and the associated one-particle density

matr lx.
It is found that n; contains R "strength" factor

which 1s independent of the ox'bltRl g. SpeclRllzlng
to bosons, this factor may be identified with the
fraction of particles in the zero-momentum single-
particle state (condensate fraction). ""'

The cluster expansion of the strength factor con-
tains reducible diagrams among other linked graphs.
On the other hand the logarithm of this qua, ntity
proves to consist of irreducible diagrams only.
Further, its expansion may be rearranged to al-
low massive pRx'tlRl suIHIQRtlon to Rll orders. This
procedure results in an expansion of the logarithm
of the strength factor in terms of the two-, three-,

body spRtlRl distr lbutlon functions.
To elucidate the further structure of quantity (1)

we transform to coordinate space and deal with the

one-particle density Inatrix, which is susceptible
to a similar (but more elaborate) diagrammatic
analysis, again involving partial summations which

bring in the n-particle distribution functions, n

=2, 3, 4, . . . .
Some forrnal work rema. ins to be done on the ap-

proach described here. General proofs are needed
for the various theorems Rnd summations which
are suggested by studying the cluster terms of low

order. Perhaps additional higher-order terms
need explicit consideration. But we feel that the

present approach shows distinct promise as a
practical means to quantitative evaluation of the
occupation probability of single-particle states in
quantum fluids at physical densities. Preliminary
numerical results for liquid He at zero tempera-
ture have alx eady been reported. " Detailed nu-
merica) studies for the helium liquids and other
quantum fluids are in progress. The results mill
be presented in a sequel to this axticle.

The organization of the paper is as follows: Sec-
tion II contains the material basic to our struc-
tural study of the occupation probability and one-
particle density matrix. The strength factor is
extracted and analyzed in Sec. III, The expansion
of the density matrix in terms of distribution
functions is developed in Sec. IV. Section V spe-
cializes our results for a description of the densi-
ty matrix and momentuIn distribution of interacting
bosons. Tmo appendixes collect necessary for-
malism, definitions, and diagx ams; a third
sketches an alternative derivation of our Bose re-
sults.

In this study we shall approximate the ground
state of a large number A of strongly interacting
fermions by the correlated wave function (2). To
proceed, we write the occupation number operator
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(An; ), =0,

(An; ), = [AN(q)], ,

(An; ), = (An), [AN(q)], + [AN(q)], ,

(An; ), = (An). [AN(q)], + (An). [AN (q)], + [AN(q)]. ,

(4)

The various quantities (An)„. . . , [AN(q)]„. . . ap-
pearing in sequence (4) can be described most ef-
ficiently in terms of generalized Ursell-Mayer dia-
grams. Appendix B collects the necessary defini-
tions and rules of diagrammatic correspondence
(for more detail, see Ref. 23). The linked-cluster
property of the expansion (3) ensures that the
terms (An; )„(An;)„.. . are represented by con-
nected (linked) graphs. However, we may (in the
familiar manner) exploit the conservation of mo-
mentum to express the contribution of any reduci-
ble diagram as a product of two (or more) simpler
contributions. Here, a reducible diagram is one
that can be split into two disconnected parts by
cutting at a single dot (vertex). This standard pro-
cedure generates the terms of sequence (4) which
contain the factors (&n)„(&n)3, ~ .

An extensive analysis yields for the momentum-
independent quantities (An)„. . . the results shown
in Fig. 1. The graphs of the last bracket of Fig. 1

a;a; appearing in Eq. (1) as a sum of A one-body
operators, Q", , v;(i), the action of the operator
v; (i ) on the plane-wave orbital

~ j(i)) being ex-
pressed by v;(i))j(i)) =5;,. )j(i)). The expectation
value of the operator Q,",v;(i), i.e., the occupa-
tion probability for orbital q, can then be devel-
oped in a factor-cluster expansion of Iwamoto-
Yamada type" by applying standard procedures. "
In the thermodynamic limit (meaning the particle
number A goes to infinity with the density p kept
constant) quantity (1) is thereby decomposed into
an infinite series of terms

n; = (An; ), + (An; ), + ~ ~ ~ + (An;)„+ ~ ~

The general term (An; ), the m-body part of the
expectation value, is proportional to A', exhibiting
the linked-cluster property of the expansion,
Needed for this decomposition are the one-, two-,
. . . , m-, . . . body versions of the wave function
(2). The essentials of the cluster expansion pro-
cedure are presented in Appendix A, where the
two-body cluster (An; ), is explicitly constructed.
The three-, four-, . . ~ body cluster contributions
may be obtained in the same fashion. It is ad-
visable to evaluate them separately for momenta
above and below the Fermi surface, q =k~. For
momenta above the surface we find the following
s true ture:

+ forty- four ir reduci &le graphs

FIG. 1. Graphical representation of leading cluster
contributions to the strength factor n.

are explicitly available. The wavy (dashed) line
represents the function &(r) =f(r) —1 [the function

q(r) =f'(r) —1]. The oriented line represents the
exchange factor l(kyar), where

l(x) = 3x '(sinx —x coax),

and is accordingly called an exchange line (see Ap-
pendix B a,nd Fig. 11).

The momentum-dependent quantities [AN(q }]„.. .
which enter the right-ha. nd side of Eqs. (4) can be
given diagrammatic expression if we introduce an
additional type of oriented line, to represent the
function A 'e'q' (see Appendix B and Fig. 11}. In
this case the arrow indicates the exchange of mo-
mentum hq between the two particles involved. The
two- and three-body quantities are then represented
as in Fig. 2. The four-body quantity [AN(q)], is
explicit'y known but is not displayed because of its
prohibitive length.

It is worth noting here that the diagrams gener-

I* '"' — it@ g-',0 ( "I.'Z. l(Z

II JI, li II

+' 2 I I 2 I 2

I JI I I IO'9" 3.2.3
II 'I i 'I ) 'I

+ + ' +2 +2

FIG. 2. Graphical representation of the two- and three-
body contributions to the cluster expansion defining the
function 1V(q).
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ated in this article for various quantities will be
such that the oriented lines always form closed
loops. Such loops will either consist entirely of
exchange lines, or will consist of a chain of ex-
change lines closed by a directed line representing
the transfer of momentum tiq. This property,
holding in any cluster order, is in concert with
the conservation of particle number.

The composition of the expressions on the right-
hand side in Eqs. (4) suggests the factorization
theorem

n; =nN(q) .

The first factor is defined by the cluster series

n = 1 + (An), + (An), + (An), + ~ ~ ~

(6)

(7)

n; =nN(q)+m;, qEFermi sea. (9)

The first term is the analytic function which has
been introduced in Eq. (6), but continued into the
Fermi sea. The second term m; takes account of
the fact that orbital q is occupied, i.e., it describes
the effect of the Fermi medium. Applying standard
cluster techniques for this component we arrive at
the expansion

It is independent of orbital q and is an overall mea-
sure of the "strength" of the distribution (1). The
second factor in relation (6) is defined by the ex-
pansion

N(q) = [AN(q)], + [AN(q)), + [AN(q)], + ~ ~ ~ . (8)

On the basis of Fig. 2 and the graphical represen-
tation of [AN(q)]„ it is asserted as part of the
factorization theorem that the function (8) contains
only irreducible diagrams. Detailed study of com-
ponents (7) and (8) is reserved for the forthcoming
sections.

Next we concentrate on the cluster contributions
to expression (3}for momenta below the Fermi
surface. In this case we may decompose the ex-
pectation value (1) into two parts,

M(q) =1+[AM(q)], +[AM(q)], + ~ ~, q&kr.
(12)

See Fig. 3. The contributions to (12) are presum-
ably all irreducible.

Insertion of result (11) into relation (9) yields
for the occupation probability of occupied orbitals
q the expression

n; =n[N(q)+M(q)]. (13)

Comparing with formula (6) for unoccupied levels
q we find a discontinuity at the Fermi surface of

(14)Z~ =nM(kr) .

This quantity measures the strength of the quasi-
particle pole. The latter has been studied recently
within a special model of nuclear matter. " Ac-
cording to Ref. 29 the value of the pole strength
depends rather sensitively on long-range effects.
Use of Fig. 3 in conjunction with the method of
evaluating the strength factor n to be described in
Sec. III, should permit a quantitative evaluation of
Z, , providing an independent check of the behaviorA~)
claimed.

It is convenient for further considerations to in-
troduce the discontinuous function

N, (q) = e(kr —q }M(q), (15}

with u(x) =1 for x&0, 8(x) =0 otherwise. Equations
(6) and (13) may then be combined as

n; =n[N(q)+N, (q)], (16)

The cluster terms may be constructed explicitly
from the diagrammatic representation of Fig. 3,
to obtain the results shown in Fig. 4.

III. STRENGTH FACTOR

which applies to any orbital q.
Insertion of relation (12) into definition (15) gen-

erates the cluster expansion

N, (q) =[AN, (q)], +[AN, (q)], +[AN, (q)], + . (17)

m; =1+(Am;), +(Am;), + (Am;), +

q&Fermi sea. (10}
All information about the properties of the quan-

tities n, N(q), M(q), and N, (q) is stored in their
respective cluster expansions (7), (8), (12), and

m; =nM(q), q&Fermi sea.

The constant n is the strength factor defined by
Eq. (V). The function M(q) is explicitly available
through its two- and three-body terms in the de-
fining expansion

The term (Am;), is explicitly displayed in Appen-
dix A. The three-, four-, . . . body contributions
may be formed in the same manner. The results
show a pattern which is similar to that of sequence
(4), in conformity with the anticipated analog of
property (6),

(nMt~iI,

(A&lq)}3 = —2 ~+
F

FIG. 3. Same as I"ig. 2, but for M(q).



14 DENSITY MATRIX OF QUANTUM FLUIDS 2879
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(

(dN)(q))2 ~p &(q) = 8("F

J Ii

i

(AN)(q)]2 =

ii
I

(hN l(q))4 = —2,' +:—2
I

))
f

+2 +2

A(B,D)2
= ~

A(no)s =;))~

A(hD) = )5 + . -2 ~ —24

+2 I +2, , ', +2; +2

+ )',
', i +

2 II

FIG. 4. Graphical representation of the two-, three-,
and four-body contributions to the cluster expansion
defining the function N &(q).

(17). We begin our detailed analysis of these ob-
jects with the simplest one, namely, the strength
factor n. Its study provides important clues as to
the structure of the more complicated momentum-
dependent quantities.

The set of graphs displayed in Fig. 1 shows that
the diagrammatic expansion of the strength factor
n contains both reducible and irreducible graphs.
Is it possible to find a function of the quantity n
which is represented by irreducible diagrams
only? Apparently so: the logarithm

(18)

proves to have this property, at least up to four-
body cluster order.

We verify this assertion by developing Q in
powers of n —1. Then we express each ter m of
this power series using the cluster expansion (7)
and collect together the two-, three-, four-,
body contributions. This procedure generates the
expansion

Q = (&Q), + (~Q), + (&Q) +

with

+ — +2, , +2 +—',

,

FIG. 5. Graphical representation of the two-, three-,
and four-body contributions to the cluster expansion
defining the functional D [g].

Q = 2D[L(r) l —D[n(r )] . (21}

The functional D[g] is defined by the cluster expan-
sion

D[g] = (&D), + (&D},+(&D}d + ~ (22)

The two-, three-, and four-body cluster terms,
known explicitly, are given in graphical form in
Fig. 5. To construct D[q], replace all the wavy
lines by dashed lines. We note that derivation of
the four-body cluster term (dD), requires explicit
knowledge of the 44 diagrams of Fig. 1 that we did
not specify.

If only short-range correlations are present—
short compared to the cube root of the specific
volume —it should be permissible to truncate the
functional D[ g] at some low cluster order, i.e.,
low order in the number of bodies. If longer-range
correlations are present a rearrangement of ex-
pansion (22) is indicated. A detailed study of the
terms in Fig. 5 suggests the scheme depicted in
Fig. 6. The second diagrammatic contribution in
Fig. 6 stands for

(&Q), = («)„
(~Q), = («).——.'(«)', ,

(d) Q), = («), —(«),(«), + —,'(«)', ,

(20)
p ( &~3)( yp3) g z») —1 d r, dr, d r, , (23)

the function g(r) —1 being represented by the blob
with two dots on it. Here, g(r) is the radial dis-
tribution function, defined by"

Inserting into {20) the graphical representations of
Fig. 1, it is easily confirmed that only irreducible
contributions survive.

We may separate the irreducible diagrams into
two distinct classes: the first consists of all dia-
grams containing wavy lines; the second consists
of all diagrams without wavy lines. The available
collection of irreducible Q diagrams yielded by the
n diagrams of Fig. 1 attests to the decomposition

d) „)=A)d —)), Q fd'dd, d, d
p 1V

(24)

AD[)] = ~—w-F—
2o

~, + ~ ~ ~
$l

FIG. 6. Symbolic representation of the compact ex-
pansion of the functional D[g] in terms of spatial distribu-
tion functions.
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g(r„r„r,) =A(A —1)(A —2) —,—

E fe e~;" d-„. (25)

In terms of the physical quantities (24} and (25),
this third contribution is given analytically by

in which N is the norm of the wave function 4 and

Q, indicates summation over all spin variables.
The third diagrammatic contribution in Fig. 6

involves, in addition, the three-body distribution
function

[".)= [S(k,) —I][S(k,}-i][S(tk, +k, ~ )+2].
(31)

Figure 6 is seen to provide a highly compact ex-
pansion, which will serve as the basis for a quan-
titative evaluation of the strength factor n via

n = exp(2D[g] -D[q]) .

The factor n is manifestly non-negative. In Sec. V
we shall see that upon specialization to a. Bose sys-
tem this quantity may be identified with the frac-
tion of particles in the zero-momentum single-par-
ticle state.

p' f &14 ~ +24 ~ +34 "rldr, dr, dr, ,
(26)

[ "]=Z(r, r., r.}-S(~,.) -E(r,.}-4"(r..}+2. The relation

IV. DENSITY MATRIX

The curly bracket is represented graphically by
the blob with three dots on it.

P cluster development" ""within the integrals
(23) and (26) generates exactly the two-, three-,
and four-body terms (Fig. 5) of the expansion (22),
plus higher-body terms.

Transformation of the integrals (23) and (26) into
momentum space leads to a direct physical inter-
pretation of the expansion depicted in Fig. 6, in
terms of density fluctuations. The natural quan-
tities for describing these fluctuations are the
structure functions"

1 1
S,(k„k,) = ——P q' p„pf q dr, ~ ~ dr„

= 5(k, +k, )S(k),

1 1
S,(k„k„k,) =& N g q p)-, ~p)-, p)-, q'dr, ~ ~ dz„,

with the fluctuation operator p)-, =p,"e' '& as the
basic ingredient. Exploiting the close relationship
of the quantities (27) with the distributionfunctions
(24), (25), we may recast (23), (26), respectively,
as

&P 2,). f ( (&)[&()) )I&&*, -

ir'l)', li")= (r)= &, fn.-s '"'dt),

(33}

defines the one-particle density matrix of the
ground state of a Fermi system. Normalization
is such that the density matrix approaches the
particle density p for vanishing relative distance

Employing Eq. (16}for the occupation proba-
bility we may write

n(r) = pn[N, (r)+N(r)]

upon introducing the inverse Fourier transforms

N, (r) = — „N,(q)e ''(' dq,
p 2v)

v 1
N((r) =—,N(q)e "' dq. -

p (2v)'

(35)

(36)

The cluster expansion of the function N, (r) fol-
lows from Eq. (I V):

N, (r) =[dN, (r)1, + [nN (r}] + [nN (r}l.+" ~

Transforming the cluster contributions of Fig. 4
according to (35), one generates the diagrams
shown in Fig. V. (Note that in this process the ar

&P 2,). J (()))t& ))(I&+k., i)( .")&&,.d&. ,

where now

] =S3(k„k„-k,-k2) —S(k, )

—S(k2) —S(i k, +k, [ ) + 2 . (30)

&Z N, (r))~ = -2,+,-2,+, +

+2 '~ +2
The function g(k) is the Fourier transform of f(r)
A reasonable estimate of the contribution (29) is
obtained by replacing the curly bracket by its
"convolution-approximation, ""i.e.,

FIG. 7. Graphical representation of the two-, three-,
and four-body contributions to the cluster expansion of
the function N&(z).
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row element corresponding to A 'e' '" is stripped
off and the solid dots to which this element was at-
tached are replaced by open ones. For sample
analytic expressions see Appendix B.)

The function N(r) has a richer structure, which
we may uncover by considerations much like those
involved in Sec. III.

Insertion of the series (8) into the defining rela-
I

tion (36) leads to the cluster expansion

N(r) =[AN(r)], +[AN(y)]3+[AN(r)]»+ ~ . (38)

We have carried through a detailed analysis of the
Fourier inverses of the cluster contributions
[AN(q)], and [AN(q)], (depicted in Fig. 2) and of
the contribution [AN(q)]» T.he results show the fol-
lowing structural pattern:

[AN(r)], = -[AN, (r )],[A e(r )], + [AN, (y)]„
[AN(r)], =(-,"[AN, (r)],[AQ(y)],'—[AN, (r)],[AK(r)], —[AN, (r)],[AR (r)],] +[-[AN, (r)],[AR(r)], + [AN, (r)],j,
[AN(r)]» =(-(I/O!)[AN, (r)],[Ag(r)],'+-,'[AN, (r)],[AZ(y}],'+[AN, (y)],[AQ(r)],[AQ(r)], —[AN, (r)],[AQ(r)],

-[AN, (r)]»[«(r)],] +{-[AN,(r)].[A&(r)], + -'[AN, (r)],[AZ(r)]; —[AN. (y)],[«(y)]g
+(irreducible contributions) .

(39)

New quantities have been introduced which will be
defined below. Scheme (39) suggests that the func-
tionN(r) may be expressed in the form

N(r) =N, (r)(e Z!"' —1)+1V,(r)e Z'"',

where the functions 1V,(r) and g(r}, given by

N, (r) = [AN, (r)], +[AN, (r)], + ~ ~ ~,

&(r) = [A&(r)], +[A%(r)], + ~ .

(40)

(41)

(42)

-{a2(y))

contain only irreducible cluster contributions.
Equation (40) is an elaborate analog of Eq, (18). It
regenerates expansion (38) precisely, through four-
body cluster order. We are confident that expres-
sion (40) is in fact correct to all orders. [It is
worthy of note that (40) has been checked to five-
body cluster order in the boson limit described in
Sec. V.]

Explicit diagrammatic representations of the
two- and three-body contributions to the functions
g(r) and N, (r) are given in Figs. 8 and 9. The dia-

grams appearing are all irreducible in the wider
sense that none can be evaluated as the product of
two simpler graphs. " (See also Fig. 7.)

Combining Eqs. (34} and (40), the one-particle
density matrix becomes

n(r) = pn[N, (r)+N, (r)]e (43)

where the functions 1V, (r) and 1V,(r) are defined by
the expansions (37) and (41), and the strength fac-
tor n is determined by Eq. (32) and Fig. 6.

We observe from Fig. 8 that the cluster dia-
grams contributing to g(r) bear a suggestive struc-
tural resemblance to those which make up the
quantity 2D[(] -D[q] (cf. Fig. 5). Guided by this
resemblance, we are able to rearrange expansion
(42) and perform massive partial summations
which lead to a compact expansion for g(r) in
terms of the spatial distribution functions, analo-
gous to the compact expansion derived earlier for
Q =2D[g] —D[q]. The result is symbolized in Fig.
10 (cf. Fig. 6). As before, the blob with two solid
dots on it represents g(r») —1.

Inspection of Fig. 10 shows that the function g, (r)
in fact coincides with the constant Q of Eqs. (18)—
(21) for vanishing relative distance r. Consider,

-(L2(r)) -(~N (~)) =
2 2

—(gN (p)) 2 ! + ~ +2,+2 ! +

—2 —2 i
—

I

FIG. 8. Graphical representation of the two- and three-
body contributions to the cluster expansion of the function
(r)-

i
—2 —2

FIG. 9. Same as Fig. 8, but for N2(r).
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FIG. 10. Symbolic representation of the compact ex-
pansion of the function g(~) in terms of spatial distribu-
tion functions.

= -(&Q). (44)

The same equality holds for the three-body, four-
body, and presumably all the higher-body terms.
Consequently we may write

for example, the two-body cluster contributions to
both quantities. %e have from Fig. 8 that

I«(-» =N1. nf c=(~)d*,=.—r .* c ()&*,d. . ,

9, and 10) are consistent with the assertion that
N, (r), N, (t),'and g(r) all vanish as the relative
distance x goes to infinity. Accordingly, the func-
tions N, (r) and N, (r) ensure that the density matrix
n(r) for a system of fermions does not exhibit long-
range order: we always have n(~) =0. Because of
the discontinuous behavior of its Fourier trans-
form N, (q) at the Fermi surface q =kr, the func-
tion N, (r) gives rise to (presumably mild) oscilla-
tions of n(r) T.he amplitude of these oscillations
depends largely on the "damping" described by the
exponential factor which appears in Eq. (43).

Ke conclude this section by expressing the occu-
pation probability (1) of a system of strongly-inter-
acting fermions in terms of our compact result for
the one-particle density matrix. Fourier transfor-
mation of relation (33) yields

n e-g(o) (45)
(47)

Since by definition n(0) = p, the result (45}, together
with (43), implies the property

N, (0) +N, (0) = 1 . (46)

This property can be verified independently in each
cluster order through the fourth by specializing
Figs. '7 and 9 to r =0.

According to Figs. 7 and 9 the functions N, (r}
and N, (r) are represented entirely by exchange
diagrams. There is only one single-exchange con-
tribution, namely, [AN, (r)], = I(rkr). All other
contributions involve at least double exchange.
Thus the behavior of both functions is governed
predominantly by effects associated with antisym-
metry of the wave function. If for actual Fermi
fluids exchange correlations are not of great im-
portance, an approximate description of N, (r) and

N, (r) by low-cluster order truncations of (37},
(41) should be adequate. Or better, expansions
(37), (41) may be rearranged such that diagrams
involving the same number of exchange lines are
grouped together, and truncated at low order in
the number of exchange lines (Wu-Feenberg expan-
sion procedure"). This kind of treatment has in
fact proved rather successful for the ground-state
energy and other properties of 'He (Ref. 16) and
high-density neutron matter. " The rapid conver-
gence of the Wu-Feenberg exchange-line expansion
for the energy in these cases, might be attributable
to the fact that the strong short-range repulsion
discourages close approach of any two particles,
partially obviating an explicit accounting of exclu-
sion or exchange effects.

Even so, further insight into the structure of
N, (x) and N, (r) is desirable. The enumeration and
classification of higher-order cluster diagrams is,
however, a formidable task.

The contributions explicitly available (Figs. 7,

Insertion of (34) with (40) into (47) leads back to
the formula

n; = n[N(q) +N, (q)],

the components now being given by

(46)

N(q) = — N, (r)(e &~"' —1)e'"' dr

+- N r e-&~"'e"' d r (49)

N(q)=- (, iV, (r)8'"' di. (50)

1
„—gn; =I

[cf. discussion surrounding (45), (46)].

(51)

V. BOSE FLUIDS

%'ith proper specialization, the procedure out-
lined in the preceding sections works equally well
for a system of interacting bosons described by the
wave function (3) with 4 set constant.

In the absence of exchange, the class of dia-
grams which contribute to the momentum distribu-
tion, the one-particle density matrix, and other
related quantities is drastically reduced. Owing to
these simplifications it becomes feasible in the
Bose case to evaluate cluster contributions to the
various quantities beyond the Sour-body term.
Actually we have determined explicitly the two-,

The integral (50) vanishes identically for values
q&k~. For values q ~ k~ it reproduces the function
M(q) of Eq. (15). It is also easy to check that the
formulation (48)-(50) satisfies the particle-conser-
vation sum rule
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n(r) = pn. «)- (55)

The function f„(r) is still given by the compact ex-
pansion depicted in Fig. 10, but of course the dis-
tribution functions which enter correspond to 4
= const in Eq. (2). Similarly, the strength factor
n is determined by these distribution functions via
Eqs. (18) and (21) along with the compact expansion
of Fig. 6. We reiterate that these results have
actually been established through fifOg cluster or-
der. They have also been reproduced by Feenberg
without the use of diagrams" (see Appendix C).

The infinite range of the Bose N, (r) [Eq. (53)]
gives rise to the off-diagonal long-range order" of
the corresponding density matrix (55):

p 'n(~) =ns(0.

The quantity (56) may be identified with the frac
tion of bosons in the zero-momentum single-par-
ticle state, which is macroscopically occupied.
To see this, consider the Fourier transform of
(55),

n, = n(r)e'~' dr

three-, four-, and five-body cluster contributions
to the momentum distribution. With this raw ma-
terial we have performed a study of the density
matrix for bosons up to fifth cluster order, inde-
pendently of the considerations of Secs. II-IV, and
extrapolated the trends revealed to formulate a
concise expression for n(r) in terms of the spatial
distr ibution functions.

We may, however, generate these results for the
Bose one-body density matrix quite economically
by specialization of the general Fermi formula
(43) to the limit

v '-0, kr-0+ (boson limit).

In this limit the function N, (r) of Eq. (37) and Fig.
7 assumes infinite ra'nge,

N, (r) = I(rk )+O(p jv) —1.
We also find from inspection of Fig. 9 that the
function N, (r) of Eq. (41) uaniskes in the boson
limit,

N, (r) =O(plv) —0.
Invoking (43), the Bose one-particle density ma-
trix may then be written

n, =pn e &{"~—1 e'~' dr+nA. 5,o (58)

for the number of particles in the single-particle
state with momentum 5q. In particular

nc (59)

&(r )
- R.„(r), r -~,

where -g„(r) is given by the first two diagrams
in Fig. 10, i.e.,

s ( )= ()Ks))(-)s. ..
-P «j.s «24 g &34 -1 ~rsdr4 ~

(82)

gives the fraction of particles in the zero-momen-
tum condensate.

We may therefore employ Eq. (32) or Eqs. (18)
and (21) to express the condensate fraction n, by

@2&I.C {f'}l-&tl{r)l
c

Figure 6 then provides a recipe for practical eval-
uation of n, in terms of the distribution functions
of the Bose system. This procedure is the basis
of a recent numerical investigation" of the con-
densate fraction in liquid 4He.

The momentum distribution (58) for bosons can,
of course, be considered as the appropriate limit
of the quantity Q,n; = vn;, where n; is the occupa-
tion probability of orbital q in the general Fermi
system studied in Secs. II-IV. In particular, it is
seen from (48) and (49) that the first term of (58)
represents the boson limit of the function nvN(q)
of Eq. (49); similarly, the second term of (58) de-
rives from the function nvN, (q) of Eq. (50).

By virtue of the infinite range of N, (r) for bosons,
the asymptotic behavior of the function (f,(r) can
have a strong influence on the shape of the momen-
tum distribution at small q. A rigorous discussion
of this influence requires a detailed knowledge of
the asymptotic behavior of the n-body distribution
functions symbolized in Figs. 6 and 10. Unfortu-
nately our knowledge of such properties is incom-
plete. In what follows, we assume that the asymp-
totic behavior of the series in Fig. 10 is governed
by the long-range dependence of the pair distribu-
tion function only. This leads to the asymptotic
relation

[n(r) -n(~)]e'"' d r+n(~)p 'A5„, (57)

which is of course just the momentum distribution
of the Bose system described by wave function (2).
Insertion of (55) into (57) produces the more expli-
cit expression

The Fourier transform of (f,„(r) may be written as

s. (s)= ls.(r)s"' s = ss (s)s(s), -*
in terms of the structure function S(q) defined by
Eq. (27) for the wave function (2) with 4 = const.
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It is well known from elementary sum rules that
the structure function of the exact ground state of
a system of interacting bosons has the behavior"

S(q) =(k/2mc)q, q-0. (64)

This property is reproduced by the structure func-
tion which corresponds to the trial state (2) with
4 =const, if we adopt the customary long-range
dependence"

g(r) =-(mc/2v'pk)r ', r -~ (65)

qg(q) =-mc/pk, q-0. (66)

for the two-body correlations. The Fourier trans-
form of such a g(r) satisfies

I; =(i~expPv;(1) ~ i),
I;~ =(ij )E~(12}[expii[v;(I)+v;(2)]] F(12) ~ ij j—i),
I;,, =(ijk ~Et(123)[expP[v,"(I)+v,"(2)+v;(3)]) (A2)

XE(123)
~ ij k jik-—ikj —kj i +kij +j ki),

the last, involving A occupied-orbital labels, being
just I(ii). The operators 1, E(12), E(123), . . . ap-
pearing in (A2) are the one-, two-, three-,
body versions of the A-body correlation operator
E=F(l ~ A)." Next, reduced cluster integrals
are defined via

Equations (63), (64), and (66) then imply the prop-
erty

I,, = I,I, (1 +x„.),
I;.» —1(IJI~(1+x;q+x;~+x,~+x(,q), (A3)

qg„(q) =-mc/2ph, q-0. (67)

Under assumption (61) the one-particle density
matrix (55) for bosons must therefore have the
asymptotic dependence

PPl Cn(r)=n, p 1+, r '
4m' ph

(68)

Associated with this long-range behavior is a sim-
ple singularity in the momentum distribution (58)
at zero momentum,

n, =n, (mc /2h)q ', q-0. (69)
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APPENDIX A: IWAMOTO-YAMADA CLUSTER EXPANSION

The occupation probability of orbital p, as de-
fined in Eq. (1), is the expectation value of the
operator 0 =Q", , v;(i) with respect to the corre-
lated wave function ~4') =E~4),

(4 [0[4) 8
(At)

To evaluate the generalized normalization integral
I(P) =(@le "~4 ), subnormalization integrals are
introduced":

Relation (69) agrees with earlier results of Gavoret
and Nozi0res" and of Chester and Reatto. " The
singularity is absent if the correlation function
j(r) is taken to be of short range

The reduced cluster integrals x;&, x;», . . . serve
to express the terms of the so-called Iwamoto-Ya-
mada factor-cluster expansion (or factorized Iwa-
moto-Yamada or FIY expansion"} of quantity (Al}.

This expansion and a renormalized version of it
have been closely studied in the thermodynamic
limit. The renormalized FIY expansion of the
occupation probability reads

1 8
-n-qz+ z,z . xj + (5q g + 5q j) (x

f3=o

1 8
+ zjz zy xj p+(6q j +6q ' 5qg)xfjp

(A4)+ ~ ~ ~

n; = (hn; ), + (&n; ), + (An; ), + ~ ~ ~, (A5)

The weight function z; [given as the solution of Eq.
(3.4) of the second paper of Ref. 17] depends on the
occupied orbital i and vanishes for unoccupied
levels. The expansion (A4) is well suited to the
choice F=e of correlation operator, where 5 ex-
cites only n-particle-n-hole pairs, n =2, 3, . . . .
(Such an E obeys the full Pauli condition in inter-
mediate states. )

On the other hand, for the Jastrow choice (2) of
correlation operator F, expansion (A4) is quite un-

satisfactory if longer-range correlations are per-
mitted. Indeed, it is meaningless for correlations
which are strictly of long range, according to Eq.
(65). A better starting point" for this case is the
unrenormalized expansion, i.e. , the original FIY
expansion in the number of bodies. This expansion
may be recaptured formally from the renormalized
expansion (A4) by cluster developing the z; [see Eq.
(3.5) of the second paper of Ref. 17] and regrouping
terms:
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with

(&n;), = e(kr —q),

1 8
(~n;), =-g —x,,

8=o

8
(An-) = —V —x( — x . —x.

'q 3 3 t ~ Qp
jk iJ Qp

Jk
ijk ijk ~ 5=o

(A6)

g. (kFr)2)

FIG. 11. Oriented lines.

The general term is given in Ref. 20.
Explicit evaluation of the two-body cluster (&n;),

is easily accomplished; the result is

ented lines form closed loops. With each distinct
loop connecting P points is associated a factor
p-p

The two-body cluster serves to exemplify (i)-
(iii). The four contributions to (An; )„

1=
2 g (ij I g (r„)[u,"(1)+ (;(2)]((r») [ ij j i)—
—6(kr —q) g(iqlt. '(r„)[iq —qi), (A7)

P &iq ~
g'(r»)

~ iq) = —p' g'(r»)dr, dr, ,

P &zq I r„'(r„)I qi )

(B1)

or

2

&'(r„)l(r»kz)e' " '» dr, dr, , (B2)
A. v

(&n,"), = g &qj il &(r„)&(r„)[ ij q jiq)— g &qj i It'(r„)g(r„)~ijq)

-e(kr —q) P&iqig'(r, ,)[iq qi). -
(A8)

The final form is obtained after insertion of a com-
plete set of intermediate states just to the right of
the sum of v; operators. The second term of Eq.
(A8) represents the effect of the Fermi medium in

two-body cluster order:

3

g(r»)g(r»)f(r»kr)e'q' '(s dr( dr, dr, ,A v

(B3)

qji gr„gr„jiq
1 p'

K(r» )K (r23) l(r»kr ) i(r»kr )

(An(;), = P &iq I g'(r, .) I iq qi ) . - (A 9)
xe'~' '»dr, dr, dr, , (B4)

APPENDIX B: GRAPHICAL REPRESENTATION

OF FERMI CLUSTERS

The bare elements of a diagrammatic formalism
based on Ursell-Mayer theory are (i) internal and
external points (solid and open dots). An external
point labels the coordinate r; of particle i. An in-
ternal point indicates a factor p and integration
over the coordinate space of the particle involved.
(ii) Correlation lines (wavy and dashed lines). A

wavy line represents the function r(r) =f(r) —1. A

dashed line represents the function q(r) =f '(r) —1.
(iii) Oriented lines. As shown in Fig. 11, these
represent either an exchange function l(x)
=3x '(sinx —xcosx) or a plane-wave factor. The
graphical representation of the occupation proba-
bility (1) contains only diagrams in which the ori-

(85( (B4}

FIG. 12. Diagrams representing the four terms of the
two-body cluster contribution to n-.

are depicted in Fig. 12.
The diagrams introduced in Sec. IV to describe

the functions N, (r) and N(r) are determined by the
transformations of (35), (36), applied to terms
which are graphically already defined. Some of
the resulting contributions to N, (r) and Q(r) are
listed on the following page:
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(B5}

(B7}

(B61

(Ba)

derive the Bose results (55), (59), and (60) in a
very direct fashion, without the use of diagrams. "
A brief outline of the procedure follows.

The normalized Jastrow wave function for A Bose
particles is written

FIG. 13. Diagrams representing selected individual

contributions to the functions N&(r) and g(r).

(B5)

@&"~(1 ~ ~ A) = ll-"~'e "'&' gf(r, ,),

where 0 is the normalization volume. Then

A

e = + 2 ~ g '
y1g dr2 dr

(Cl )

(C2)

2

g(r»)q(r„)l(r, 4k+)l(r, ~kr) dr, dr, ,
V

(B6)

2

&(r»)l(r„kr)l(r„kr)g(r, 4)l(r24kr) dr, dr, ,

where 4 &" '} is the normalized Jastrow function
for A —1 particles. To evaluate A., begin with just
one factor in the product:

[@l" ' (2 ~ A)]'f'(r») dr, ~ ~ dr„

2

g(r»)l'(r„kr)g(r„) dr, dr, , (B8) =1+— [f'(r) —1]dr . (C3)0

and, as examples, represented graphically in Fig.
13.

For a more detailed presentation of the diagram-
matic formalism, see Ref. 23.

APPENDIX C: FEENBERG'S ALTERNATIVE DERIVATION
OF BOSE RESULTS

The multiplicative cluster expansion procedure
developed by Clark and Westhaus" can be used to

Since the product contains A —1 factors, a first
approximation for A, is given by

A-1
e" = 1+— ' —1 dr

=—exp p f' —1 dr (C4)

To generate a second approximation to A, , keep two

factors in the product:

~I
2 ~ ~ ~I

~l2 23
2

I2
2

I3
I2 ~

3 ~
1 2 ~ 11 1

1+— f' —1 dr 1+—, g r23) —1 f' y12 —1 f' y13) —1 dr, dr, 1+— ' —1)dr

Since there are —,'(A —1)(A —2) pairs of particles
in the set (2 ~ ~ A], we obtain

e =—e exp p' g y23 1 y12 —1

&& [f'(r») —1]dr, dr,

(C5)

= 0 4 " 1', 2. ~ A)4 " 1",2 ~ A) dr2 ~ ~ dr„

(c7)
may be expressed as

(C6)
n O r,' —r," ~ ) = e [y(&-~ )(2. ~ .A)]2

The extension to third and higher orders follows
the same pattern. At each step a new correction
factor appears and gives rise to an additional ir-
reducible contribution to A. .

After observing that the one-body density matrix

A

&g f(r, ~)f(r,„&)dr, ~ dr„,
(C8)

essentially the same procedure may be used to
evaluate n(r) step by step.
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