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Field dependence of the superconductive penetration depth in In and dilute InBi alloys

Hugo Parr
Institute of Physics, University of Oslo, Blindern, Oslo 3, Norway

(Received 4 June 1976)

%'e have studied the superconductive penetration depth X(T, H) by mutual inductance at 75 kHz in small,

single spheres of In and InBi (0.19, 0.395, and 0.60 at.%). The corresponding Ginzburg-Landau parameters

v(t = 1) are 0.061, 0.155„0.240, and 0.349, respectively. The temperature dependence of the penetration depth

is equally well described by X(t) = Xo/(1 —t')" and X(t) = X'0Z~cs(t). Respective values of Xo are 395, 510, 630,
and 685 ~ 30 A, while X'0 is 275, 355, 440, and 480~20 A. The field dependence of X was obtained at

t = 0.983 for fields up to the ideal superheating field H, h. At H,„, we find X(H,h)/X(H = 0) = 1.46, 1.44, 1.46,

and 1.53+ 0.05, respectively, confirming the previous measurements on Sn. In "we&" fields H & H,„, we find

~(H)/~(0) = 1+a(H/H, h)', with e = 0.08, 0.16, 0.18, and 0.19 ~ 0.08. %e discuss in detail the agreement with

theory, which is quite good.

I. INTRODUCTION

%e recently carried out the first measurements'
of the field dependence of the superconduetive
penetration depth X(a) in "strong" fields approach-
ing the bulk superheating field II,„. These mea-
surements were performed on single, flawless
tin spheres of diameter 15-30 p,m. Because of
the demagnetizing field, the total field vax'ies
over the surface of a supercondueting sphere,
and the raw data therefore contain infox'mation
about an averaged penetration depth X(a). In
Ref. 1 we developed, and successfully carried
out, a procedure for extracting the real field de-
pendence X(a) from the averaged data. We found
that X(a)/X(0) increased very strongly close to
the superheating limit, reaching a value of 1.51
+0.04 at H,„, with a divergent derivative. %e
present in this paper an investigation of the field
dependence X(a) in a series of alloys with different
values of the Ginzburg-Landau (GL) parameter x.
We present separately (following paper') the mea-
surements of the superheating and supereooling
fields, the GL paxameter, the properties of the
intermediate state, and the bulk resistivity.

II. THEORY

A. Signal

%'ith minor modifications, we shall follow our
previous treatment' of the variation of the transi-
tion signal w1th temperature and field. %e gIve
here only some of the main points. %e assume a
penetration depth of the form

x(r, H) = (gy)f(a/a. „).

The proportionality to y = 1/(1 —t4)'~2 is justified
by the experimental results [See Eq. (.10)]. The

temperature dependence of the signal is then, for
a sphere of radius R, '

S(T, 0) 1 —Spy/a+ 3(qy/a)'
s(o, o) 1 sx,/a+3(g/a)' '

which determines A from the experimental data
S(T). In order to analyze the field dependence of
the signal, we normalize away the temperature
dependence by defining a reduced signal

S(T, h) —S'
s(r, o)-s' '

where h is the reduced equatorial field

a„-.'a[1 —~/a+ (qy/a)']
H, h e

and S' is the signal for zero penetration depth,
i.e., Eq. (2) with y =0. Let the "average" pene-
tration depth X be given by

e ff/2

X(h)/A. (0) =f(h) = d8 —sin8 f(h sin8).

For the two cases, respectively, of the static
field and tickling field being perpendicular and
parallel to each other, we then have, to first or-
der in X/ft

t,(h) -=f (h) = Y/x(0),

' (")= dh[hf(h)]= dh. 0

Because the derivative of f(h) diverges' at, H, „,
there is a striking difference in the field effect
as observed in perpendicular and parallel fields,
respectively. In Fig. 1, we show two experimental
hysteresis loops that bring this out very clearly.
The two field sweeps are taken on the same sam-
ple at the same temperature. The upper sweep
is carried out in parallel fields; it clearly shows
the depression of the signal close to the super-
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B. Theory for)(T, H)

The temperature dependence X(T) of the pene-
tration depth has given rise to considerable con-
fusion in the literature. ' The rea. son is that up
till now, no method has been devised which per-
mits very precise measurements of the absorb&&Ie

value of X, while the variation of X with T can be
measured very accurately. In the BCS theory,
two parameters a.re needed to describe the field
penetration in a pure metal. They are the coher-
ence length E, and the London penetration depth"!T) whose temperature depetndence is given by

l l I

lnBl 0.6'/

17.8 I' cliam.

0.9832

Perpendicula" fields

H»g~~~~
l l

4 8 'l2

MAGNETIC F I E L D (Oe)

FIG. 1. Field sweeps taken at Se same temperature,
and for the same sample, show the difference between
having the tickling field parallel (upper half) or perpen-
dicular gower half) to the static field. Upper sweep
gives a marked depression of the signal close to I,h,
due to the field dependence of the penetration depth,
while the effect is almost undetectable in the lower sweep.

heating field. This depression is always repro-
ducible, it is due to the field dependence X(H), and
is proportional to f„(h). The lower sweep is car-
ried out in perpendicular fields, here the field ef-
fect is almost undetectable. Careful measure-
ments, however, show a definite signal depression
in this case too, it is proportional to f'(h) and is
down by roughly a factor of 1O at H,„compared
with the paraQel-field case. Experiment thus
nicely confirms the theoretical expectation.

Summing up, the field-effect data are analyzed
as follows. &„(h) is measured, then integrated
over field h [Eq. (7)] to give V(h). Equation (5) is
then inverted empirically to give X(h). [We in
fact use the second-order expression for X(h),
given in Eq. (32) of Ref. 1.]

d[~(t)/t] -'t'
x (0) ' ~(t) d(1/t)

X(t) =g/(I —t4)"'=X y (10)

Close to T~, Zs"= ~2iy, W111cll Implies Q= V2i~o.

Assuming X-Z~cs or A-y makes very little dif-
ference close to T,: the absoh~fe value of A. at
t=0.984 (y=4) differs only by 7%%u' in the hvo cases.
In the analysis of the field effect, we can therefore
safely assume X-y.

The field dependence X(H) is best described in
terms of Ginzburg-Landau (GL) theory. In GL the-
ory, an external field decreases the surface order
parameter 4', below the value 4, in the screened
interior, leading to an increased penetration depth.
For general w, only numerical computations of
X(H) exist. Ill tile 111111't K«1, 'tile sill'face 01'del'

parameter is given by'

[+,(H)/', ]'-=-,'$1+ [1 —(H/H )']' 'j (11)

In the local case, X(H) is simply proportional to
4', ', and in the ext;reme nonlocal limit to 4,'~'.

Values of Zsc, (t) have been tabulated by Miihl-
schlegel. 4 The actual penetration depth A(t) is.
equal to X'(t) if X'(t)» $, . For local supercon-
ductors, this inequality is satisfied even at t=o,
but, in general, it will only be true close to T,.
In type-I superconductors, X(0) & X'(0) because of
the nonlocal effects.

For alloys, the mean-free path l enters as a.

tlurd parameter affecting the actual ~(t). In this
ca,se, the temperature dependence will still be
given roughly by Eq. (8), but with a. rapidly in-
creasing zero-temperature penetration depth ~,'

which in the extreme case I «X'(0) is given by'

X,
'—= x,(0)((,/I)'".

In our case, however we shall find that I» E, in
which case we must rely on the numerical calcula-
tions of Miller' to relate the different lengths in-
volved. Experimentally, X(t) in pure and impure
superconductors alike roughly fits the empirical
relation
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Expansion of Eq. (11) in the local case gives for
weak fields H«H, „:

(as can be seen from Fig. 4), but may entail an
increased systematic error. Both methods per-
mit measurement of S to about 1% accuracy for 20
p.m spheres.

Substituting H,„=H,/(e/2 )' ~', the quadratic term
in Eq. (12) gives back the familiar quadratic field
dependence derived by Ginzburg and Landau' for
weak fields. Close to H, „, Eq. (11) leads to a
rapid increase in A.. For the local case, X(H,h)

=&2K(0), while dX/dH diverges at H,„. These
features were both verified in our experiments
on Sn. ' %e have recently shown analytically' to
the next order in z that

(13)

This result apparently contradicts a recent proof
by Esfandiari'o stating that A(H, „)=&2k(0) for all a.

III. EXPERIMENTAL

The cryostat and experimental technique have
been described before. ' Sample production and
characterization is described in the following
paper' dealing with superheating and supercooling;
some relevant results are given in Table I.

Determination of X(T, H) requires an accurate
measurement of the variation with T and II of the
transition signal S. 8 can be measured either
directly from a hysteresis loop such as the one
shown in the upper Fig. 1, or by stopping the
field sweep, and inducing a transition with a tran-
sient field. The latter method requires averaging
five or ten transitions to get enough accuracy.
Figure 1 is deceptive in that no drift with time is
present. Usually, there is a time drift which
makes direct measurement of S(H) very difficult.
%e have therefore used the second method almost
exclusively, except for the InBi 0.6-at.% concen-
tration, where we measured the total time drift
for each sweep, assumed it to be linear in time,
and found S(H) by correcting accordingly. This
latter procedure gives less random uncertainty

IV. RESULTS AND DISCUSSION

A. Temperature dependence of 'A

Figure 2 shows how the normalized signal varies
with y = (1 —t~) '~'. By fitting the data to Eq. (2),
X, can be determined to an accuracy of about + 30
A. %e thus obtain Ra=395, 510, 630, and 685 A for
the four samples, respectively. These fits are
shown as solid curves, which follow the data very
nicely for all four concentrations. Note that T, has
not been used as a variable parameter, it is in-
dependently determined to +0.2 mK relative ac-
curacy for each run by a zero-field sweep similar
to that shown in Fig. 2 of Ref. 11. The fact that
S(y) does not deviate from the fit even very close
to T, (y =12, or f =0.9963), attests to the correct-
ness of this determination of T,.

The value A.,=395+25 A in pure In is in agree-
ment with Dheer's result" of 430+20 A. The val-
ues for the dilute InBi alloys are in qualitative
agreement with Connell's results" on dilute InSn
alloys. If the data are plotted versus Z~c~ instead
of y, equally good fits are obtained. This is shown
for two of the concentrations in Fig. 3. The val-
ues of X,'=dX/dZsc~ are given in Table I. As ex-
pected, Xo/Ao roughly, but not exactly, equals 0 2.
For pure In, our value of Xo = 275 + 15 A should
equal approximately Xz(0), since most of the data
are taken close to T,. This is in fair agreement
with the value of X~(0) = 260 A obtained from
ultrasonic attenuation. '~

Finally, the increase in X'(0) with impurity con-
centration can be compared to the numerical cal-
culations of Miller, ' which are based on the BCS
theory. We use our value of X~(0), and $, =0.96
xXI(0)/v=4300 A for v=0.061.' With the mean-free
path obtained from resistance measurements, ' we
have given in the last columns of Table I experi-

TABLE I. Temperature dependence of A, in In andInBi dilute alloys.

Sphere
T, (~He scale) ~ diameter Ao =dA/dy V0 =d@dZq~s

(K) (jtL m) (A.) (A)

Mean-free
path /

~

(4(L rn)
t~ ' (~=1)l/[~" (&=1)l
Experiment Theory '

Pure In
In Bi (0.19 at.%)
InBj. (0.395 at. %)
InBi (0.60 at.%)

3.4089
3.4051
3.4396
3.4949

18.6+ 0.5
18.1
18.8
17.8

275 + 15
355+ 25
440 + 20
480 + 20

&300
0.438
0.220
0.144

1
1.29
1.60
1.75

1
1.28
1.62
1.88

~ See following paper (Ref. 2).
b See following paper (Ref. 2).

Reference 5.
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FIG. 3. Decrease of signal plotte«s &zcs, Eq. (8),
instead of y. Fits are seen to be equally good.
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y = )//& - t4'

FIG. 2. Decrease of signal with temperature in In and

I@Bispheres, due to temperature dependence of penetra-
tion depth. Solid curves are fits assuming X(T) =A, oy,
determining && to + 30 A accuracy.

mental and theoretical values of X' '""(f= 1)/
X'""(f= 1) (=X,'/Xa~""'). The agreement is surpris-
ingly good, much better than one would expect
considering the uncertainties involved.

8. Field dependence of X

The main purpose of this work is to determine
X(H)/X(0) =f(H/H, „), for different values of ~. The
limiting behavior close to H,„ is of particular in-
terest. We shall use the method of analysis de-
veloped earlier' and summarized in Sec. II. To
maximize the sensitivity, most field measure-
ments were carried out at t = 0.983 (y = 3.9), which
is just outside the size effect region where H,„
starts decreasing from its bulk value. A few mea-
surements were carried out at lower temperatures.
Note that all fields are normalized to H,„, which
decreases drastically as x increases with the im-

purity concentration. At t =1, H, „/H, equals 3.39,
2.44, 2.08, and 1.85 for pure In and the respective
alloys. ' The values of h:(/ =1), determined from the
supercooling results, ' are 0.061, 0.155, 0.240, and
0.349, respectively.

Figure 4 shows the reduced signal g„(h) for the
four concentrations. The strong increase in the
field effect close to H,„is apparent in all samples.
The bulk of the measurements was performed with
a peak-to-peak tickling field of about 0.4-0.5 G,
corresponding to (3-4)%%d of H,„at f =0.983. The
tickling field superimposes upon the static field
at each instant, and thus the superheating transi-
tion is induced at a static field of about 0.98H,„.
By halving the tickling field one can get to about
0.99H,„, and the signal depression increases, as
indicated by the open circles in Fig. 4. Further
reduction in the tickling field reduces the signal
too much. The tickling field thus limits how close
one can get to H,» where g„diverges.

Figure 5 shows the average penetration depth
X(h)/X(0). It is obtained by graphical integration
over field of the data in Fig. 4: the data points for
each concentration are connected by a zig-zig
curve and integrated over h according to Eq. (7}.
The final step is to invert Eq. (8} so as to obtain
X(H) from X(H). We are unable to do this ana. lytic-
ally in the general case. %'e observe from Fig. 4,
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FIG. 4. Field dependence of signal, given as g (h),
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however, that the experimental data are roughly
approximated by the prediction from QL theory,
f(H/H, „)=(4,/4'0) ', with 4, given by Eq. (11). We
therefore fit the experimental results by assuming
an empirical deviation:

0 0.2 0.4 0.6
h = Heq H5h

FIG. 5. Average penetration depth X(k)Q(0), obtained
by graphical integration of Fig. 4. Solid curve gives GL
prediction based on A, -4, '.

(14)

(15)

where' j,= 3, j,= —,', , j,= —,",, , and the first term
on the right-hand side is found from Eq. (11)
by numerical integration. A is determined from
the slope of X vs h' for 1ow h, while 8 and C are
chosen to give the best possible fit close to h =1.
In this way, very good fits to the data of Fig. 5

TAHLE II. Field dependence of A. in In and In Bi dilute alloys.

~«(t =1) ' &(H~)/X(0) X(Hgh)/A, (0) o. = [dX/d(k2)) 0
Cb

Pure In
I@Bi (0.19 at.%)
InBi (0.395 at. 1o)

InBi (0.60 at. %)

0.061
0.155
0.240
0.349

1.18+0.02
1.20+ 0.02
1.21 + 0.02
1.24 + 0.02

1.46+ 0.05
1.44+ 0.05
1.46 ~ 0.05
1.53+ 0.05

0.08 + 0.08
0.15+0.08
0.18 + 0.08
0.19+ 0.08

-0.048
0.029
0.054
0.070

-0.019
0.173
0.158

-0.038

0.114
-0.174
-0.168

0.086

Following work (Ref. 2).
Parameters of empirical fit, Eg. (14).
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FIG. 6. Final field de-
pendence A, {A/H&), obtained
from the data of Fig. 5 by
empirical inversion of Eq.
{5), Differences between
concentrations are seen to
be slight. Solid curves
A{A}-4,', Eq. {11).Values
at t =1 are indicated at
upper right.
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x(H, „)/x(0) =v 2 +A+8+C, (16)
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The values of

sh

pure In and Sn than in the InBi alloys h hw 1c must
ons1dered local. Surprisingl ther

t
evla 1on at H,„. But in low fields H«H
endency is apparent from F' 5

such a
1gs. and 6~ which

are 1.46, 1.44, 1.46, and 1.53 +0.05 resre spect1vely.

and an exact field distribution H(8) instead of the
London. solution, ' may low thwer ese numbers by an
amount not exceeding the given uncertainty. Thus,

o e quite close toour results confirm x /X(0) t b

tell w
, with a very weak x dependence. I dnor erto
whether there is in fact a l' hts 1g increase with

e y q. (13)~ or the ratio ls exactlx, as px edicted b E .
2 for all z " thee accuracy of the experiments

c

must be im rop oved, or experiments for hi h g

be per formed. Fi
1 1g K DluSt

e . 1gures 4-6 also confirm the other
conclusion drawn fromfrom the Sn experiments': that
dX/dH diverges at Hg at H, „, 1n agreement with GL theo-S,„= j stems fl om XSince the prediction X =v 2 X(0)

would e ect X
, , which is only valid in the lo 1 l'

wou expect X(H)/X(0) to increase less rapidly in

3.0
I t

signai 4epr ession t H sh

LJ} 2 Q

1.5 0.5

In Bi 0.19 at.'/o

InBi 0.395at.'/o

In Bi 0.60 at.4Io

~ Pure In
I I I

0.7 0.8 0.9
T/T,

FIG. 7. Magnitude of field effect at lowe t
tures s

ower tempera-

de
, shown as reduced signal & {&

pendence is seen to be slight.
'Temperature

1.0



284S HUGO PARR 14

show the initial increase in X(H) to be smaller in
pure In than in the alloys. The same is true for
pure Sn. ' Fitting the data to f(H/H») = 1+a(H/H»)'
for low H, and correcting for the fourth-order
term in Eq. (12), we find n =0.08+0.08 for In, 0.06
for Sn, and 0.15, 0.18, and 0.19 + 0.08 for the al-
loys. This compares to a "local" prediction of 1/8
and a "nonlocal" prediction of 1/12 in the Iow-y
limit, ' assuming A. -4,' '. It would be of interest if
the field dependence A(H) were computed in the
nonlocal limit.

Finally, we give in Fig. 7 the magnitude of the
field effect at lower temperatures. Because of the
decreased sensitivity, we have only measured the
reduced signal at the superheating transition.
is seen to decrease slightly at low t, but this may
be due to departures from ideality as heteroge-
neous nucleation of the normal state ma, y appear
far away from T,. We conclude that there is no
evidence of a pronounced temperature dependence
of the field effect. Table II summarizes our re-
sults for the field dependence X(H).

V. CONCLUSION

We have measured X(T,H) in single spheres of
In a.nd dilute InBi alloys, with I(: ranging from 0.061
in pure In to 0.349 in InBi (0.60-at. Pp). All samples
showed ideal superheating and supercooling (fol-
lowing paper'), and thus permitted measurements
in fields up to the ideal superheating field H, „. The
temperature dependence of A. for all concentrations
is equally well described by X(T) = A.,y, or X(T)
=X,'Z~cs. The increase in X, and A.,' with impurity
content are in nice agreement with BCS theory.
The field dependence of A. comes close to being a
universal function of H/H, „. At H, „, X(H,„)/X(0)
=1.46, 1.44, 1.46, and 1.53+0.05, respectively,
while dA/dH diverges This . confirms the mea-
surements on Sn. ' Only in low fields H«H, „,
where the field dependence is quadratic, is there
a slight difference between the pure metals (In and Sn)
and the alloy s. This might be due to nonlocality. Ex-
periments are under way to see if the field dependence
can be measured for high w, i.e. , for very dirty alloys.
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