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A model in which we interpret the observed temperature dependence of the relative intensities of symmetry-

allowed phonon-assisted exciton emission in Si and Ge is developed. The model is based on a splitting of the

exciton ground state combined with different transition rates for the. split exciton levels. Symmetry arguments

are applied to reduce the relative transition rates for the various phonon-assisted transitions to a minimum

number of parameters involving products of reduced matrix elements and energy denominators. If the

parameters are determined by comparison with experiment, good quantitative agreement is achieved.

I. INTRODUCTION

In a pure indirect band-gap semiconductor, op-
tical absorption and recombination must be pho-
non assisted. Qf the indirect band-gap semicon-
ductors, the low-temperature optical properties
of Si and Ge have probably been the most thor-
oughly studied. The fundamental absorption edge
is characterized by exciton creation. The lurni-
nescence spectra have features due to exciton re-
combination and recombination in the electron-
hole liquid (EHL). In Ge, all four phonon-assisted
transitions have been observed' '; in Si, TA-,
TQ-, and LQ-phonon-assisted transitions have
been observed. " ' The TQ- and LA-phonon-as-
sisted processes are symmetry allowed in Ge,
while the LQ- and TA-phonon-assisted transitions
are forbidden. " In Si, all phonon-assisted transi-
tions are symmetry allowed. " (The LA-phonon
contribution in Si appears to be weak for reasons
other tha. n symmetry. )

Recently, a temperature dependence in the ratio
of exciton emission intensities for different al-
lowed transitions has been observed in both Si
(LO/TO) and Ge (TO/LA). "" In this paper we
develop a model in which to interpret this temper-
ature dependence. We will relate the intensity
ratio of exciton emission to the corresponding
ratios in absorption and EHL emission both of
which are independent of temperature in the tem-
perature range we consider (temperatures low

enough that the phonons involved in the optical
transitions are not thermally excited}. The tern-
perature dependence of the intensity ratios for al-
lowed transitions discussed here shouId be dis-
tinguished from the well-understood temperature
dependence of the intensity ratio of forbidden to al-
lowed transitions (e.g. , TA/LA in Ge).~' The
physical origin of these two effects i.s quite differ-
ent.

The temperature dependence in the allowed ex-

citon emission intensity ratios can be explained as
due to the ground-state splitting of the exciton""
combined with different transition rates for the
split exciton levels. The splitting of the exciton
ground state is much smaller than the energy dif-
ferences of the various phonons. In Si, the lines
due to the split exciton ground state have not been
resolved in either emission or absorption. In Ge,
the splitting of the exciton ground state is larger
than in Si and transitions to the two levels have
been clearly resolved in absorption. "' " Ther-
mal broadening of the exciton lines prevent a com-
plete separation in emission; luminescence from
the weakly bound exciton state appears as a slight
shoulder in the spectrum. ""Therefore, with the
exception of high-resolution absorption experi-
ments in Ge, the experimental emission and ab-
sorption spectra consist of essentially unresolved
transitions from both exciton levels. The relative
probabilities of occupying the two levels depend on

temperature. If the transition rates for the two

levels are different, the integrated luminescence
intensity from each phonon-assisted transition
(which includes emission from both exciton levels)
will depend on temperature.

To understand the temperature dependence of the
exciton intensity ratios, it is necessary to know the
ratios of transition rates for the two exciton levels
via the various phonon-assisted processes. Infor-
mation about these transition rates can be attained
from symmetry. After symmetry has been taken
into account, a small number of parameters, in-
volving ratios of reduced matrix elements of the
electron-phonon interaction Hamiltonian, remain
to be determined by comparison with experiment.
The purpose of this paper is to describe in detail
the model used to interpret the temperature depen-
dence of the exciton emission intensity ratios in
Si and Ge and to apply symmetry arguments to re-
duce the ratios of the various transition rates to a
small number of parameters involving reduced ma-
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trix elements of the electron-phonon interaction
Hamiltonian.

The paper is organized as follows: The basic
model is discussed in Sec. II, symmetry arguments
are applied to gain information about the transition
rates in Sec. III, in Sec. IV, we summarize our re-
sults.

II. MODEL

In Si and Ge, the 1s exciton ground state is split
into two fourfold-degenerate levels. "" (In count-
ing degeneracy, we have included electron spin and
restricted our attention to one of the conduction-
band minima. ) Physically, this splitting can be
viewed as due to a perturbation of the fourfold-de-
generate hole states at the top of the valence band
by the axial charge density of the electron. The
electron charge density is axial in the exciton
bound state because of the axial anisotropy of the
electron kinetic energy. The optica1 transition ma-
trix elements between the four 4 =0 hole states and
a conduction band minimum state is different for
each hole state. The transition rates for the two
split exciton levels depend on the amplitudes for
the hole states to be included in that level. In this
section we derive expressions for the exciton emis-
sion and absorption rates and the EHL emission
rate in terms of one electron transition matrix ele-
ments.

The exciton wave function can be described using
the perturbation approach developed by Baldereschi
and Lipari. ' " In this approach, the excitoa ef-
fective-mass Hamiltonian is divided into a "s-like"
piece and a smaller "d-like" piece. The "d-like"
piece of the Hamiltonian is treated as a perturba-
tion. The unperturbed ground-state wave functions
are"

, r =e ~'~' ~'~'B»(r, -r„)8,(r,)P, (r„),

where 6), and p~ are the periodic part of the elec-
tron and hole Bloch functions, 6„is a 1s hydro-
genic function, 0 refers to electron spin and con-
duction-band minimum, and a runs over the four
degenerate 4 =0 hole states. The "center of mass"
motion of the exciton is described by the wave
vector K (referred to the conduction-band mini-
mum) and the effective-mass parameters P, and

p„come from a center-of-mass transformation of
the "s-like" piece of the Hamiltonian. (They are
explicitly defined in Ref. 21, but since they do not
play an important role in our considerations, we
won't repeat the definition here. } The "d-like"
perturbation splits the degenerate states of the un-
perturbed Hamiltonian into two levels. We approx-
imate the exciton wave functions by the linear com-

binations of zeroth-order wave functions which
diagonalize the effective Hamiltonian of degenerate
second-order perturbation theory,

@~.r = Q X~ (K}N .r . (2)

Here y„ is a 4x4 unitary matrix which depends
on the exciton wave vector.

The integrated intensity ratio for different pho-
non-assisted processes is equal to the ratio of
relative transition rates to emit a photon of any
energy. Neglecting the wave-vector dependence of
the one-electron matrix elements, the relative
transition rates for an exciton to recombine by
emitting a photon of an energy and a phonon of type
g is easily seen to be

X, aK a
(3a)

where

(3b)

A„((u-(u„) = Q Q y~„(K)M,„
X ax

x F(&u —u&„—Ez(K)), (4)

where E is a broadening function which includes
lifetime and instrumental broadening. If the width
of the broadening function is greater than the split-
ting between the exciton levels, transitions to the
two exciton levels are not resolved. In this case,

Here E~(K) is the exciton energy, P is the one-
electron momentum operator, & is the photon
polarization vector, H,"~ is the q phonon piece of
the electron-phonon interaction Hamiltonian, and
a is a one-electron energy. We have neglected
the phonon energy compared with electronic ener-
gies. In Eq. (3a}, sums over photon polarization
(and phonon polarization for the transverse modes)
have not been explicitly written. We have dropped
factors which are common to all phonon, transitions
in the relative rates, since they will cancel in the
integrated intensity ratios.

The absorption spectrum for the various sym-
metry-allowed phonon-assisted transitions are
somewhat different and the relative rate for ab-
sorbing a photon depends on the photon energy.
Measuring the photon energy from the threshold
for absorption by each phonon-assisted process
(&u„) and assuming the incident photon beam is un-
polarized, the relative absorption rates are
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the absorption spectrum for each phonon-assisted
transition can be reasonably approximated by a
square-root line shape. The ratio of the absorp-
tion rates can be defined as the intensity ratio of

these square-root line shapes.
The relative transition rate for an electron and

a hole in an EHL to recombine by emitting a pho-

ton of any energy and a phonon of type q is

Dq = Q M~ ~qM~« oq Q B«~(k«)B~~ (k«) Q Tr(e C~«C«„C««C~«) ~ (5a)

where k„k„, and b are electxon and hole wave

vectors and the hole band index, respectively; H
is the Hamiltonian describing the EHL, C is a car-
rier annihilation operator, and B& is given by

(&,)= »m (&«r, „lt.). (5b)50( h
~

5
p

0f

Here U~p„ is the periodic piece of the Bloch func-
tion for band b and wave vector k~. For fixed band

index, the four matrix elements B«(h«) transform
into each othex like the I'8 irreducible representa-
tion of 0„. If we ean neglect correlations between
the hole wave vector and the conduction-band min-
imum (cr} which appears in the trace of Eq. (5a),
this trace just gives the probability that the hole
state labeled by (5, k«) is occupied in the droplet.
Considered as a function of k„, it transforms like
the identity repxesentation of 0„. Therefore, we

have

Q B«(&«)B~, (&«) Q»(& """Co'«, C««„C««„C.«,)

where 6 is independent of a. Neglecting factors
which are common to all phonon assisted transi-
tions, the relative transition rates for EHL are

The expressions for the relative transition rates
are eomplieated because of the wave-vector depen-
dence of g and the complicated exciton dispersion
relations. ' We expect that the detailed wave vec-
tor dependence of X and E will be largely smoothed
out when the wave-vectox integral is performed.
We are interested in temperatures such that k~T
is much less than the exciton binding energy;
therefore, we are interested in the small-K be-
havior of y and E~. As IXI goes to zero, li (and,
of course, E~) approaches a definite limit which
does not depend on the angle of K. For (Kj small,
deviations in X from its K =0 value will tend to
oscillate to zero in the angular wave-vector inte-
gral. We approximate X by its value at zero wave
vector. In addition, we neglect differences in the
exciton dispersion relation between the bvo exciton

states in the small wave-vector regime. These
differences in the dispersion relations cause dif-
ferences in the density of states for the two exci-
ton levels of about 5% for Si,"and about 30% for
Ge." Neglecting factors which are common to all
phonon assisted transitions, the relative transition
rates for exciton emission is approximated by

2

B„=g gx, (0)M„.„, e- ~~0~~'s*. (9)

In absorption, we assume that the broadening is
la,rge compared to the splitting between the exeiton
states and approximate the relative absorption
rates by

A, =g gx„.(0)M„.„

We have used the fact that X is a unitary matrix.
The simplified approximate expressions for the

relative transition rates [Eqs. (8) and (9}jpredict
that the EHL emission ratios and the absorption
ratios are equal to each other and to the high-
temperature limit of exeiton emission ratios. In
Si, the LO/TO absorption ratio has been shown

experimentally to equal the high-temperature limit
of the exciton emission ratio"; and in Ge, the
TO/LA EHL emission ratio has been shown ex-
perimentally to equal the high-temperature limit
of the exciton emission ratio. '«The LO/TO EHL
emission ratio cannot be measured in Si because
the width of the EHL line is greater than the sepa-
ration of these phonon energies. The TO/LA ab-
sorption ratio is difficult to measure in Ge be-
cause the weak TQ absorption lies on a large back-
ground due to the strong LA absorption.

The basic point of this model is that the weight-
ing of the one-electron matrix elements M
changes with temperature in exciton emission.
This change in weighting is due to the fact that the
four k =0 hole states are occupied with different
probability in the two exeiton levels. As the tem-
perature is changed, the relative probability of
occupying the two levels change. In EHL emission,
the four hole states are occupied with equal proba-
bility and the one electron matrix elements are
equally weighted. In absorption, the one-electron
matrix elements are also weighted equally.
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III. SYMMETRY CONSIDERATIONS

P,g, = (1/W2)(YZ+ iXZ}f, (10a)

(10b)4'-3/2 ~4'3/2 &

P,), =[2/(6)'~']XYt —[1/(6}' '] (YZ+ iXZ)t,
(10c }

(10d)

where T is the time-reversal operator and 0 is a
spinor quantized along the Z direction. '~

The states (I} are not mixed in forming the ex-
citon in Si; that is, y~ (0) is the identity matrix.
The states o. =a~ are in the more tightly bound

The parameters I ~ which appear in the ex-
pressions for the relative transition rates involve
matrix elements of the electron-phonon interaction
for short-wavelength phonons. It is difficult to
compute such matrix elements. However, sym-
metry arguments can be used to reduce the num-
ber of parameters which appear in the relative
transition rates. In effect, we compute Clebsch-
Gordan coefficients and take the reduced matrix
elements to be parameters to be determined by
comparison with experiment. We construct basis
functions for the hole states in the exciton treating
the spin-orbit interaction and exciton splitting as
successively smaller perturbations. We then com-
pute Clebsch-Gordan coefficients for the spatial
part of the matrix elements. This procedure is
preferable to working in the double group, because
it allows us to drop reduced matrix elements which
we know to be small on physical grounds (due, for
example, to coupling of different bands by the spin-
orbit interaction). We use the notation of Bouck-
aert, Smoluchowski, and Wigner" when referring
to irreducible representations of the single point
groups and that of Elliott" for irreducible repre-
sentations of the double groups.

The transition matrix elements in Si and Ge in-
volve zone-center valence-band Bloch functions.
The symmetry group at the zone center is 0„. The
valence-band Bloch functions at the zone center are
made up of spatial functions which transform like
the I",', representation of O„combined with a spinor.
We will use a representation of I",, defined by the
basis functions (YZ, XZ, XY), where the X, Y, and
Z axes are along [100] crystallographic directions.
The spin-orbit interaction splits the sixfold-degen-
erate hole states into fourfold-degenerate and two-
fold-degenerate sets of states. The fourfold-degen-
erate set of states, which transforms like the I",
representation of the O„double group, is at the
top of the valence band. For symmetry purposes,
the states at the top of the valence band can be
written
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FIG. 1. Schematic diagram of the recombination pro-
cesses in silicon. The splitting of the ground state of
the exciton is shown in the hole band where the four-
fold-degeneracy of the I'+8 states is split into two twofold-
degenerate states &6 and &7 which are labeled according
to the irreducible representations of the group of K
for K along the 4 direction.

(&,) exciton and the states a = +2 are in the less
tightly bound (4,} exciton.

The conduction-band minima in Si occur along
(100) directions. We will concentrate on one par-
ticular conduction-band minimum which we take to
lie along the Z axis. The symmetry of the conduc-
tion-band state is &, . There is no spin-orbit split-
ting of the electron states at the conduction-band
minimum.

The optical transition matrix can involve phonon
scattering of either the electron or the hole. The
important scattering processes in Si, illustrated
in Fig. 1, are: an electron in the state 4, emits a
phonon and makes a transition to the I'» state or
the somewhat higher-energy I", state at the zone
center; it then recombines with a hole in the &, or
+7 state emitting a photon. " A hole in the ~, or ~7
state emits a phonon and makes a transition to the

&, state; it then recombines with the electron in
the state &, . We neglect transitions through other
intermediate states because of the large energy
denominators that would be involved. We also ne-
glect spin-orbit coupling in the intermediate states.

We first consider conduction-band scattering
through the I'» intermediate state. To describe
the phonon-scattering process, we must work in
the group C~„. The electron state at the conduc-
tion-band minimum transforms like the identity
representation ~, . The I'» representation of 0„ is
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compatible with the ~, and 4, representations of
C~„.22 We have

A, XE, =b, ,

hqXbs-—6
(1la)

(11b)

Therefore, TA and TO phonons, which transform
like ~„and LA phonons, which transform like
can participate in the scattering. The LO phonon,
which transforms like 4,', is forbidden. We take
the representation of &, defined by the basis func-
tions (X, Y') where Z is the symmetry axis. The
Clebsch-Gordan coefficients for C~„with this
representation of 4, are tabulated in Ref. 26.

The zone-center photon matrix element can be
described in the group 0„. The photon transforms
like 1 „and the spatial part of the hole wave func-
tion transforms like 1,', . Since we have

w„=&& IIP

Ill�

„&&1'„Ilff,", II tl&/«„
&„=(2/~3)& P IIP II 1".& &

1", II ff.", II & &/~E.',
Q„=&&IIIf,', ll &, & &&, IIP II e&/~E.

(14c)

(14d)

(14e)

(14f)

efficients, defined in analogy with Eq. (13), are
tabulated in Table II.

Performing the summations indicated in Eq. (8),
the relative exciton emission rates are given by

= klw I'+(' Iw, I'+ glw, +0, I')e-

(14a)

&Lo ——.I@Le+3,o I

+(ply„+S,ol'+-,'Is„ I')e ~~"s, (14b)

+LA 2 I @«wLA I + rl @LA+w« I e

the transition is allowed. We take the representa-
tion for F» defined by the basis functions (X, Y', Z);
the Clebsch-Gordan coefficients are tabulated in
Ref. 26. The product of matrix elements can be
written in terms of reduced matrix as

=C,.. ;l&yllPllr„&&1„llff,",Ile&. (13)

The numerical coefficients are tabulated in Table
I.

Only LO-phonon scattering through the 1,' inter-
mediate state is allowed. The numerical coeffi-
cients, defined in analogy with Eq. (13), are in-
cluded in Table I.

The discussion of hole scattering is very similar
to that for electron scattering. The numerical co-

The subscript T in Eq. (14a) refers to both trans-
verse modes; &E„&E,', and 4E„refer to the en-
er gy denominators for conduction-band scattering
through the I'„ intermediate state, the I", inter-
mediate state and valence-band scattering, respec-
tively.

Scattering of the electron through the conduction
band and the hole through the valence band can in-
terfere and information about the relative phases
of the parameters W„, Q, and 8„ is useful. The
Si crystal has inversion symmetry. The conjuga-
tion operator can be defined as the product of the
inversion operator and the time-reversal operator.
Both the momentum operator and the electron-
phonon interaction Hamiltonian commute with the
conjugation operator; therefore, the matrix ele-
ments with eigenstates of the one-electron Hamil-
tonian can be chosen real." The ratios W„/Q„
and S„/Q„must, therefore, be real

TABLE I. Numerical coefficients for conduction-band scattering in Si; states are labeled (n, (T) where n refers to the
hole state and 0 refers to the electron spin; T„refers to a transverse phonon (either TA or TO) of X polarization. Co-
efficients referring to LO-phonon scattering are for the &2 intermediate state; coefficients for the other phonons are
for the I'&5 intermediate state.

Photon
polar iz ation

(i/2W2)(LA) f —1/(6) ~~ ](LO) (-X/2. 2)(LA) [~/(6)' '](LO) (~/2~2) (T.)(-&/2~2) (T,)

3

1-2f

(-~/2~2)(LA) [-~/(6)'"](«)
[&/(6)'~'](T )

[~/2(6)' '](LA)(-1/3v 2)(LO)

[~/2(6)' '](LA)(&/3~2)(LO)

[&/(6)'~'](T )

0

(-~/2~2)(LA) [-~/(6)'"](LO)

[ i/(6)'"](T.)

[-1/2(6) '~~](LA) (i/3 ') (LO)

[1/2(6) ](LA)(&/3V 2 )(LO)

[1/(6)' '](T,)

(-~/2')( T„)(-j./2') ( T,)

(2/3V 2 )(LO)

[j/2(6) ~~2](T ) [ ] /2(6) ~~ ](T )

[~/2(6) ](Tx) [&/2(6) ](Ty)

(2/3~2)(LO)
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TABLE II. Numerical coefficients for valence band scattering in Si; states are labeled
(n, o) where a refers to the hole state and & refers to the electron spin; T„refers to a trans-
verse phonon (either Ta or TO} of X polarization.

Photon
polarization

(-1/2~2) (LO) (i/2~2} (LA)

(-~/2~2) «O)(-~/2~2)(LA)

I ~/(6)'")(T, )

l-~/2(6)' 'j(LO) l-1/2(6) «'l(LA)

f ~/2(6)'"l(LO) C~/2(6) «'1«A}

t &/(6}'~'l(T,}

(-i/2')(LO)(-X/2')(LA) 0

t ~/(6)'"l(T. ) 0

I~/2(6) «2l(LO) f-a/2(6) «'](LA) 0

t ~/2(6)'"l(LO) fi/2(6)'"t(»)
l ~/(6}«'l( T„} 0

The exciton intensity ratios for emission via the
various phonon-assisted processes are given by
the ratios of relative exciton emission rates. The
rather large temperature dependence of the LO/TO
intensity ratio in Si can be accounted for if elec-
tron scattering and hole scattering interfere con-
structively. (These are the strong phonon-assis-
ted transitions in Si.) In this case, the I Q-pho-
non-assisted transition rate is larger in the tightly
bound &6 exciton than it is in the weakly bound 4,
exciton, but the TQ-phonon-assisted transition
rate is larger in the weakly bound 4, exciton than
in the tightly bound &, exciton. As the temperature
is raised and the probability that the exciton is in
the tightly bound state decreases from unity at
zero temperature to one-half at high temperature;
the LQ-assisted transition rate increases. There-
fore the LO/TO intensity ratio decreases with in-
creasing temperature. If we estimate W~o

-
Q Io

and Q„o-S„o (the relevant energy denominators
are comparable), the predicted drop in the LO/TO
intensity ratio from T«4E to T» 4E is about a
factor of 4. Experimentally, the LO/TO intensity
ratio in Si drops by about a factor of 3 from T
=2.1 to 13 K (&E —5 K)." Of course, the quantita-
tive behavior of the intensity ratios depends on the
details of the reduced matrix elements; the above
estimate simply shows that the qualitative behavior
of the intensity ratio can be accounted for with rea-
sonable estimates of these parameters.

The relative transition rates can be directly mea-
sured in a stress experiment. If a small uniaxial
stress is applied along the [100] direction, the four
hole states at the top of the valence-band split in
the same manner as in the exciton in unstressed
material [same g„(0)]." With stress, the size of
the splitting can be increased so that transitions to
the two hole levels can be easily resolved. In ad-

dition, the electron valley in the [100] direction
is lowered in energy compared with the [010] and
[001]valleys. As a result, transitions from the
electron in the [100] valley to the two split hole
levels can be clearly resolved and their relative
strengths can be determined. These are the same
transitions which occur in the split exciton in un-
stressed material. This experiment has been per-
formed for the TQ-phonon-assisted transition. "
After summing over photon polarizations, the TQ-
phonon-assisted transition rate in the weakly bound

~, exciton was found to be about seven times larger
than for the tightly bound &, exciton.""This re-
sult is in reasonable agreement with our estimate
of this ratio (setting W~o-Q~o suggests this ratio
should be about six), supports the belief that elec-
tron and hole scattering interfere constructively
in the TO-phonon transition (the alternative possi-
bility is that

~ pro ( is several times larger than

)Wqo~), andstrongly confirms our basic model.
Calculations of the numerical coefficients, de-

fined in analogy with Eq. (13), in Ge are very sim-
ilar to that of Si. We briefly discuss the differ-
ences in the two cases and give the final results
for Ge. The functions P may be represented by
Eq. (10) as in Si. However, because the position
of the conduction-band minima are different in Ge
than in Si, the s.ates P are mixed in the exciton
in Ge; that is, lt~ (0) is not the identity matrix in
Ge. We first diagonalize the exciton effective Ham-
iltonian of degenerate second- order per turbation
theory to determine y~„(0). The spatial part of the
hole state in the more tightly bound (L~ +L5) exci-
ton transforms like L, and the spatial part of the
less tightly bound (L,') exciton has pieces which
transform like both L, and L, . The important
intermediate states for electron scattering trans-
form like I", and for hole scattering like L,'. In
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both scattering paths, the parity of the w'ave func-
tion is changed so that only odd phonon- (LA and
TO) assisted transitions are allowed. " Computing
the numerical coefficients as in the case of Si, the
relative exciton emission rates are found to be

It,„=~alQi~+IV~p, l'

(15b)

V =
& @;L, II

If", II I,')/(y; L, II ff. II L,'&,

W „=(2/W3)& y; I,', ll P II I",& &r,' ll a,', ll 8&/AE „
(15d)

0„=&y;I, Ilff,",III,") &L,'llI'll ~)/AE.

Here
~ P; I",,), [ P; I., ), and [ P; I,) refer to the

spatial part of the hole wave function which trans-
forms like the l,', representation of O„and linear
combinations of these functions which transform
like the L,, and L, representations of the group
D,„, respectively. As in Si, the ratio W„/Q„ is
real.

The TO/LA exciton emission intensity ratio has
been observed in Ge." In Ge, LA-phonon conduc-
tion-band scattering should be much more impor-
tant than LA-phonon valence-band scattering be-
cause the energy denominator is much smaller for
conduction-band scattering (nE, «AE„ in Ge, in
Si &E,s ~E„). We drop Q«compared with W«.
The normalized LA-phonon-assisted transition
rate is then approximately independent of tempera-
ture The TQ. /LA intensity ratio will depend on
the parameter [ V ~

. We would guess that [ V [ is of
order unity; this estimate predicts that the TO/LA
exciton emission intensity ratio is independent of
temperature in Ge. In fact, the TO/LA intensity
ratio in Ge decreases by about" 159O (compared
with a factor of 3 decrease of the LO/TO intensity
ratio in Si). This small decrease can be accounted
for if [ V j &1. If one estimates [V[' by constructing
basis functions of the representation J3 from a lin-
ear combination of the basis functions of I"» (in
the tight-binding approximation, the J, states are
constructed this wa. y), the result is

~
V ~' = ~.

IV. SUMMARY AND DISCUSSION

We have presented a model in whichwe interpret
the observed temperature dependence of the rela-
tive intensities of symmetry-allowed phonon-as-
sisted exciton emission in Si and Ge. The model
is based on a splitting of the exciton ground state
combined with different transition rates for the
split exciton levels. A simplified, approximate
form of the general model is developed. The sim-
plified form of the model predicts that the electron-
hole droplet emission ratios and the absorption
ratios are equal to each other and to the high-tem-
perature limit of the exciton emission ratios.
These qualitative predictions are in agreement with
experimental observations. ""Symmetry argu-
ments have been applied to reduce the matrix ele-
ments which appear in the model to a small number
of parameters involving products of reduced ma-
trix elements and energy denominators. The qual-
itative behavior of the intensity ratios (e.g. , the
LQ/TQ ratio in Si decreases with temperature and
the temperature dependence is large, whereas, the
temperature dependence of the TO/LA ratio in Ge
is much smaller) follows from symmetry and rea-
sonable estimates of the parameters. The detailed
behavior of the intensity ratios depends on the ex-
act values of the reduced matrix elements. If the
reduced matrix elements are determined by com-
parison with experiment, good quantitative agree-
ment is achieved. ' 2 The value of the exciton
splitting required to fit the experimental LO/TO
ratio data in" Si (0.3 «4E «0.7 meV) is close to
the theoretical value. "" In Ge, the exciton split-
ting has been measured directly, "' "and the ex-
perimental value can be used to get a good fit of the
TO/LA ratio data. " Because the simplified ver-
sion of the model is in reasonable agreement with
experiment, we have not returned to the more de-
tailed form.

In discussing the exciton emission intensity
ratios, we have concentrated on Si and Ge because
the temperature dependence of the intensity ratios
has been experimentally observed in these materi-
als. However, a similar effect should occur in any
indirect band gap semiconductor.
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