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Wave-vector- and frequency-dependent dielectric matrix for aluminum: Energy-loss spectra~
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A previous calculation of the dielectric matrix in aluminum in the static limit is extended to include the

frequency dependence. Exchange and correlation corrections to the random-phase results are studied according
to three difkrent approximations. The values of Imte '(k, m)]„, responsible for the electron-energy-loss cross
sections, are computed and compared with the experimental results of Petri and Otto. The results do not

depend significantly on the form of exchange-correlation corrections employed,

I. INTRODUCTION po8ltlons of the cro88 Section vel sUs enex'gy
Cu1"Ves.

In a 1 ecent paper, %'e studied the dielectric
matrix for aluminum in the static limit (~ = 0).
However, important information is contained in

the &-dependent quantity, e.g. , the electron-ener-
gy-loss cross section depends on the imaginary
pax't of the dlelectx'lc response function

&=[I &(p, ~) P] ', (&)

where e(p, &u) is the dielectric matrix for fields
of %'ave vector p a,nd fl equency A.

The equations derived in I for the static dielee-
tx ic matrix are extended to include (d in the ran-
dom-phase approximation (BPA). As before, the
Bloeh states ax'e expanded in. terms of a set of
Gaussian functions& and numerical I'esults ax"e
obtained for the wave-vector and frequency-de-
pendent dielectric matrix.

Three forms of exchange-correlation correction
to the RPA results are studied. The first is de-
termined from a self-consistent treatment of the
dielectric matrix using the local exchange (XII)
Hamiltonian. ~ The second is that given by Toigo
and Woodruff, ' (TW) and the third, that of Vash-
ishta and Singwi. 4

Section II gives the basic equations fox' the p, &-
dependent dielectric matrix along with the proper
corrections to the HPA result. The numerical
x'esults are presented in Sec. III, and compared
with the expex imental data of Petri. and Otto, ' and
show very good agreement. It is also seen that
the band Structure plays a major role in the peak

II. FORMALISM

The dieleetrie response was desex'ibed in I for
zero frequency by the equation (in the RPA)

&I. (p) = e(p+ K&, p+K. ) = S., —U, (p+ K, )Xl. (p),

(2)

where K, , K, are reciprocal. -lattice vectors, and

Uc( p + KI ) 18 'the Foul'lel' tl'allsfol'111 of 'tile Coulomb
potential, given by

Uc(P+K, ) =4IIe'/(P+K, )'. (33

The irreducible polarization part of the density
response matrix g„ is given by

&.(k) —&I (q)""(p)= Xf), ~- E„(k)-E,(q)

&&( f q( e"&'"' '( nk)

x(nk~e 'll" &''')/q), (4)

where E„(k) and N„(k) are the energy and the oc-
cupation number, respectively, of an el.ectron of
momentum k and band n; ) nk) is the Bloch state
for such an electron; and N is the number of unit
cells of volume 0 each. %e have explicitly in-
cluded a factor of 2 in Eq. (4) to account for both

spills. The quantity QI~ defined ln (4) 18 2/f) tinles

Qgs U8ed ln I.
Tile expl'esslon fol gl~ ( p) was given ill tel ms

of a surfa. ce integral.

dE
XI (p) =

(2

fthm

~ grad6„& ~q, Q p)~

&.l(q & 'p)=E. (q-~ 'p)-&, (q),

and the Surface integral is over all q within the
ll 1 educible subzone satlsfyl. ng the condition +« =E.

The matrix elements m, „are defined by

(lq(e' ~' )nk) =nl, „(p, , q)5&, (q-p), (7

where p, is the shox'thand notation fox' p+K, . It
is understood in Eqs. (5)-(7) that if q —p lies out-
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m, „(p, , Pq) = (x) m, „(P 'p, , q), (9a)

where x represents a phase factor. As shown
in I, these phase factors cancel. out in the ex-
pression for X„(p) if the matrix elements are
calculated by a special prescription using the
m', „matrix defined by (A12) of I.

The number of independent matrix elements
is further reduced by the relation (not used in I)

m, „(p, , q) = (x) m„, (p, , p, —q), (9b)

wher e x is again a phase factor and p, —q is to
be brought back to the Brillouin zone, if needed.

side the Brillouin zone, it is to be brought back
into it by the subtraction of a reciprocal-lattice
vector. The operators y and a belong to the cubic
group such that

yp =p, +p =p',

where p' is a member of the star of p. The evalua-
tion of a vast number of the matrix elements m, „
is reduced by the use of the transformation re-
lations

The dielectric response to an applied field of
momentum p and frequency & is the extension of
(2) in the form

&,.(p, ~) =~., —~c(p+K, )X„(p,~), (10)

where

2 ~ N„(k) —N, (q)
NQ - E (k) —E ( ) —If(s)+

&&( Iq[e'~3' '[ nk)

x(33k( e '~s '[ lq)

and

u' = lim(&@+33)),
'9 ~0

(12)

to satisfy the proper causality relations (this leads
to X„(p,u) being analytic in the upper half-plane).
The imaginary part of X„has the energy ~ func-
tion leading to an expression quite similar to Eq.
(5), but without the energy integral

and the surface integral is over all q within the
subzone satisfying the condition &„,=@&. The
real part of y„ is the Hilbert transform, given
by the principal-value integral.

ReX (p ~)= — P '
"' ' d~' (14)

The polarization X„(p, u) possesses certain sym-
metry properties given by

X,.(P, ~) =X., (P, ~), (15)

X~. (P, ~)=X,.(P, ~), (16)

where p+K, . and p+ K, . are connected to p+K,
and p+K, , respectively, by the same operator
y, and

ImX„(p, (u) =(3)
n a - grad+ni qy ~ p

l

X(p, ~) is the matrix given by Eq. (11) and 'Uc(p)
is the diagonal matrix

[&c(p)].~ = ~c(p+K. )5.~ (20b)

(21)

(U, )„=v, (K, —K, )

3/3( )el (K3 Kg ) 7 d3~ (22a)g 0

Equation (19) must be corrected for exchange
and correlation effects. Gne such correction in-
volves the self-consistent treatment of the di-
electric matrix using the local exchange Harn-
iltonian, ' and yields the result

e(P, ~) =I +Q ' (p, ~)[I -'U„X(P, ~)]

X,.(P, —~) = X.*-,-(- P, ~),

where

X/3

C =(-Gn)
Bn'

(22b}

Ks ~ = —Ks, K, . = —Kt )

and finall. y,

X~, (p, —~) = X*.
& (P, ~)

The dielectric matrix in the RPA is thus given
by

&(p, ~) = I + @"'(p,~),

Q"'(P, ~) =-&c(P)X(P, ~).

and o. is the exchange parameter (value 3 as used
in the band-structure calculation for aluminum),
and p3(r) is the charge density available from the
self -consistent band-structure calculation.

The correction described above includes the
exchange effects self consistently. However, the
correlation effects are included only to the extent
of cancelling the divergent terms of the pure ex-
change. ' Many authors have included both the ex-
change and correlation effects in the form of a
function G(p)' which modifies the RPA dielectric
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matrix in a manner similar to Eq. (21), e.g. ,

'(» ~) =I + @"'(p,~)[1 —P(p)Q"'(p, ~)] ',

where g(p) is the diagonal matrix

[8(p)].&
= G(p+ K. )6,~.

(23)

The results presented in I [Eqs. (36a) and (36b)
of I] are the approximate forms of Eq. (23), where
the correction factor (1 —QQ '~) ' is assumed to
be diagonal. This approximation bears out quite
well, at least in the present case, where
[e '(p, e)]«[matrix element for K, =K, =(0, 0, 0)]
was computed using both Eq. (23) and the approxi-
mate form used in I.
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m. RESULTS

In I, we reported the results for g„(p) for three
principal directions, &, Z, and A, for a total
of nine values of p. The numerical. integrations
were performed by using four-point division along
the & bne (i.e., dividing the Brillouin zone into
a cubic mesh with four divisions along the I'-X
line. This gives 20 points in the irreducible part
of the Brillouin zone). Prompted by the concern
expressed by Harmons as to the accuracy of this
integration, we performed some checks of the
symmetry relation (18) for a few values of e, both

I I I

12.5 l0.0 7.5 5.0 2.5 0.0

Energy {eV)

FIG. 2. Energy-loss cross sections for p along & di-
rection.

with and without the use of matrix elements m, „
in Eq. (13). It turns out that in the four-division
case, the relation (18) is not properly satisfied
[errors of (10-20)% were quite common], in-
dicating that the band-structure effects must be
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FIG. 1. Energy-loss cross sections: plot of
-Im[E «(p, w)]&& (arbitrary scale) vs energy loss (v) in
eV for p along the 4 direction. Curves are drawn for
different values of p shown in units of x/2a. The symbol-
1sm ls shown.
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FIG. 3. Energy-loss cross sections for p along A di-
rection.
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included for a finer mesh. The eight-division
case (leading to 89 points in the irreducible zone)
satisfied relation (18) to within 5% or less for
most points checked. Since the matrix el.ements
m, „are fairly smoothly varying compared to the
band structure, and take extremely long to com-
pute, the calculations were performed by using
eight-division bands, but the m, „'s interpolated
from the four-division results [to avoid the prob-
lem with the phase factors, it was really the ex-
pression g& m, „(p, )m*,„{p, ), that was interpo-
lated].

%e used 15 values for the reciprocal-lattice
vectors K, and K, [all members of the stars of
(0, 0, 0), (1, 1, 1) and (2, 0, 0)], and evaluated the
15&&15 matrix l{{p,u), and finally the matrices
&(p, &u) and & '(p, &u). The values of 1m[a '(p, ~)]»,
the matrix element for IC, =K, = (0, 0, 0), are plotted

against the energy I{d (in eV) in Figs. 1-3 for
P along b, Z, and A, directions, respectively.
Values of G(p) for exchange and correlation cor-
rections were obtained from T%.' Calculations
were repeated for G(p) given by Vashishta and
Singwi' (r, =2 va, luce, applicable to aluminum),
and the two sets of results were found to agree
remarkably well. .

Figure 4 shows the comparison of four-division
and eight-division results for the four values of

p along the d direction, which clearl. y shows the
inadequacy of the four-division results if the ener-
gy dependence of the response matrix is desired.
However, the values of }{„(p,~ =0) seem to agree
fairly well in the two cases [within (5-10)%], as
reported xn I.

Figure 5 shows the energy-loss cross sections
in RPA [no correction to E{l. (19)] for three points

jf= ~ {l,o,o)

I I

l2.5 l0.0 7.5 5.0 2.5 0.0
Energy (eV)

FIG. 4. Energy-loss curves for p along the A direc-
tion; effect of using the band structure for a finer mesh
of points in the k-space integral. The mesh size used to
compute the solid curves was half the mesh size used for
the dashed curves.

I2.5 l0.0 7.5 5.0 2.5 0.0
Energy (eV)

FIG. 5. Energy-loss curves for p along the D direc-
tion. RPA results (dashed curves) compared with those
corrected by X~ exchange (dotted curves), and by the

Toigo and %oodruff correction factor (solid curves).
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TABLE I. Peak positions in the energy-loss curves for k in the three principal directions
E, Z, andh.

Present work
k(A i) E(eV)

Expt. B.ef'. 5
8{eV)

(700-A film)
E(eV)

(1000-A film)

0.39
0.78

3.6
6.0,7.4, 8.6, 11.2 0.74

0.80
0.87
0.99

6.1,8.7
6.5, 10.0

3.8
5.7, 7.9

7.3, 11.6

3.0-5.8

5.3-6.4, 8.4, 10.0

0.55
0.58
0,81
0.87

3.5-6.8

6.7-8.7

3.4-6.6

6.5-8.5

5.2, 8.6 0.65
0.66

in the 4 direction. The exchange correction, con-
sistent with the Xe approximation, was applied
according to Eg. (21). The correction matrix 'U„

wRs evaluated using the chRrge density of R lRttlce
of neutral aluminum atoms in the 1s 2s 2p'Ss'3P'
configuration. 9 This is the charge density that
was used as an input to the self-consistent band
calculation, '0 and not the self-consistent charge
density resulting from the band calculation. How-

ever, since the exchange correction to the di-
electric matrix is small, this difference in the
charge density can be easily ignored. The re-
sults of the Xn correction are compared in Fig.
5 with the HPA results, and those corrected by
the TW values of G(P) including exchange and cor-
relation. It is observed that all three cases give
the same peak positions in the energy-loss spec-
tra, indicating that the major structure is that
due to the band structure, and not a manifestation
of the different exchange-correlation corrections
to the RPA result. Furthermore, the Xn curves
fall between the RPA and T% corrected results,
as expected due to the fact that it includes only
the exchange part of the correction. For other
values of p (not shown in Fig. 5), the results are
quite similar in nature.

Petri and Otto' have reported experimental
measurements of the energy-loss spectra in alum-
inum films of thicknesses 700 and 1000 A. Their
published results are reported in graphical form.

Ne cannot compare our results directly with theirs
because we can make calculations for p of the
type (v/2a)(n„m„n, ), only. The energy resolution
of their experiments is O. V eV, which is approxi-
mately double the energy separation (0.02 Hy)
used in the calculations. The comparison for the
peak positions for approximately comparable val-
ues of p is shown in Table I„which shows excel-
lent agreement for & direction, where the peaks
are much more pronounced than in the other two
directions.

In conclusion, we observe that a detailed cal-
culation of the dlelectrlc matrix with the self-
consistent bands and wave functions provides a
good explanation of the electron-energy-loss re-
sults. Most of the structure comes from the band
effects, indicating the need for accurate band-
structure calculations in computing energy-loss
spectra. Since the three forms of exchange-cor-
relation corrections do not differ very much, more
precise experimental data will be required to dis-
tinguish between different theoretical approxi-
mations.
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