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Electron momentum distribution in scandium and the renormalized-free-atom model
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The Compton profile of polycrystalline scandium has been measured using 59.54-keV y rays from a "'Am
source. The correction for multiple scattering was calculated and its contribution was found to be —0.4% at
the peak of the Compton profile. Results have been interpreted by means of a renormalized-free-atom model.

Good agreement between measured and computed quantities is found if the electronic configuration is chosen

as 3d '4s' (in atomic notation). Relativistic corrections are studied separately in an Appendix.

I. INTRODUCTION

Several measurements of Compton profiles and
the electron momentum densities of 3d transition
metals have been reported during the last few
years. A first series of studies by means of x rays
concerns Sc,"' Ti,' V,' Cr, ' Fe,"and Co.' Iso-
tropic Compton profiles for polycrystalline Ti,'
V 10-12 Cr 12 Fe 11,13&14 Ni 11&12&15 Cu 11~12 and Zn ll&12

7 y )

are now also available from techniques using y
rays. The dependence of the shape of the Compton
profile on crystallographic direction has been
measured in the case of some transion metals. ""

The first attempts to interpret the experimental
data theoretically were based on atomic wave
functions. Such an approach is evidently not satis-
factory since the valence states undergo consider-
able change in the condensed phase. For this rea-
son the renormalized-free-atom (RFA) model
was introduced. ' It has been found that this still
elementary model, in essence a compromise be-
tween a purely atomic description and a proper
band-structure calculation, can account quite well
for the experimentally determined isotropic pro-
files of Tip Vy Ni,"and Cu." More recently
theoretical profiles have been extracted also from
accurate band-structure calculations, ""and in
particular their directional dependence has been
studied. " As regards the comparison be-
tween theory and experiments it now seems com-
monly accepted, however, that good agreement
in many cases may be fortuitous. This is be-
cause effects of multiple scattering have been
neglected in the derivation of Compton profiles
from experimental data. Another complicating
fact is that the use of y rays make it necessary to
take relativistic effects into account, in particular,
for those electrons that are excited in the scatter-
ing process into final states with high kinetic en-
ergy. ' '" Part of the present work is to deal with

these complications.
We shall consider the experimental Compton

profile of polycrystalline Sc and its interpretation
by means of the RFA model. Scandium was se-
lected in order to complete the experimental study
of light transition metals by means of y rays. In
Sec. II the experiments are described and an ex-
perimental Compton profile is presented. Effects
of multiple scattering are discussed in the same
section. The RFA model is briefly described in
Sec. III and the corresponding Compton profile is
given. A summary is given in Sec. IV. Relativis-
tic corrections in the Compton cross section are
considered in the Appendix.

II. EXPERIMENT

Measurements were carried out using the ener-
gy dispersive Ge(Li)- spectrometer previously
described by Paakkari et al."and Manninen et al."
The geometrical divergences of the incident 59.54-
keV beam and scattered beam were +3' and +5',
respectively. The resolution of the spectrometer
was about 0.6 a.u. (full width at half maximum)
around 49 keV which corresponds approximately
to the energy at the peak of the Compton profile
when the scattering angle is equal to 150'.

Scandium foils from two sources were used for
preliminary measurements. The nominal purity
of both samples was 99.9% but a fluorescent anal-
ysis indicated tha. t the thick foil (1 mm) contained
considerably more rare-earth impurities (mainly
Ce, Pr, Gd, and Dy) than the thin (0.127 mm) foil.
Final measurements were made using the thin foil
which contained only very small amounts of Pr,
Gd, and Dy. The fluorescent radiation from these
impurities mainly affects the low-energy side of
the Compton profile and all conclusions were made
using the high-energy side of the profile. The
thick sample and a cold rolled piece of it (0.16 mm)
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were used only to study reliability of multiple
scattering calculations.

After correcting for background, instrumental
resolution, sample absorption, and the energy
dependence of the relativistic cross section (cf.
Ref. 27 and Appendix for details), the data were
converted into a electron momentum scale using
the well-known relation

~' —a+ &ue'(I —cos8)/mc'
g (~2+ ~/2 2414pI cosg) /2P =mc

where m is the rest mass of the electron, 8 is the
scattering angle, and (d and ~' are the energies of
the incoming and scattered photon, respectively.
In Eq. (1)P, )0 in the high-energy side of the pro-
file and mq = 137.04 a.u.

The results obtained for the Compton profile
J(p, ) are given in the fifth column in Table I.
The high-energy side of the profile is normalized
to have an area of 9.4754 electrons from P, =O to

p, =7 a.u. This value corresponds to the area
under the free-atom profile in the impulse approxi-
mation calculated from Clementi's wave func-
tions. "

A. Multiple scattering

A correction for multiple scattering has been
done by using a method described in a recent paper, "
where a Monte Carlo program was introduced to
calculate the total intensity of twice scattered
photons for various experimental situations. The
method was applied to the Compton profile of
aluminium" to correct the contribution due to the
double scattering. For a 0.127-mm- thick scandi-
um sample the ratio of double to single scattering
was 1.1% giving an effect of -0.4% at the peak of
the single Compton profile. One can see from Fig.
1 that the main contribution of double scattering
lies at —4.7 &p, (2.9 a.u. corresponding to a range
of energy shifts for scattering from a stationary
electron. Thus the corrections due to the double
scattering are more prominent on the low-energy
side of the profile.

B. Accuracy of results

The principal source of error of the present
experiment is the impurity of the sample. On the

TABLE I. Theoretical and experimental Compton profiles of scandium. MS means multiple
scatter ing.

Pg
(a.u. )

Free-atom
core +
3d'4s'

RFA
core +
3d'4s'

RFA
core +

14s2
Present

Expt.

Present
Expt. corrected

for MS

0,0
0.1
0.2
0.3
0 4
0.5
0.6
0.7
0.8
0.9
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2 ' 8
3.0
3.5
4.0
4.5
5.0
6.0
7.0

7.657
7.193
6.1.33
5.080
4.359
3.953
3.719
3 ~ 546
3 ~ 377
3.194
2.997
2 ~ 587
2.195
1.845
1.569
1.346
1.176
1.042
0 ~ 938
0.856
0.786
0.664
0.571
0.498
0.426
0.314
0.232

5.434
5.390
5.260
5.041
4.730
4.323
3.978
3.818
3.634
3.431
3.215
2.772
2.349
1.997
1.669
1.424
1.233
1.084
0.969
0.879
0.807
0.673
0.575
0.493
0.422
0.308
0.224

5.812
5.769
5.638
5.420
5.111
4.710
4.216
3.628
3.433
3.243
3.042
2.628
2.232
1.881
1.588
1.358
1.180
1.043
0.936
0.853
0.786
0.663
0.570
0.491
0.421
0.307
0.224

5.794
5.749
5.622
5.411
5.128
4.790
4.421
4.041
3.674
3.342
3.052
2 ~ 577
2.202
1.888
1.609
1.355
1.164
1.032
0.937
0.869
0.795
0.626
0.535
0.468
0.409
0.297
0.208

5.828
5.782
5.652
5.438
5.150
4.810
4.438
4.055
3.687
3.351
3.059
2.580
2.202
1.885
1.604
1.349
1.155
1.024
0.928
0.860
0.787
0 ~ 620
0.531
0.466
0.406
0.295
0.208

+0.10

+0.06

+0.04

+0.03

+0.02
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FIG. 1. (a) Spectral distribution of doubl. e scattering
as a function of energy for scandium with a sample
thickness of 0.0127 cm. The arrows indicate the range
of energies for scattering from stationary electrons.
The broken line indicates the position of the peak of the
single profile. (b) Differences between the corrected
and uncorrected profiles for the same sample. The cor-
rection is given as a percentage of the peak height of the
brompton profile. The range of momenta from -4.7 to
2.9 a.u. corresponds to the range of energies for scat-
tering from stationary electrons.

Compton profile are therefore almost entirely
due to the 4s states. Hence it is consistent with
present low-resolution type of experiments to
ignore renormalization of the 3d states.

The evaluation of the isotropic Compton profile
associated with the RFA model has been given
elsewhere. " We shall therefore give only a few
remarks on the construction of the 4s states. It
turns out that the truncated 4s atomic function
satisfies the Wigner-Seitz boundary condition of
a zero derivative at the cell boundary reasonably
well. (A simple improvement of the wave func-
tion was obtained by putting it equal to a constant
beyond its last maximum, but it was later found
that the final results were insensitive to such an
adjustment. ) The renormalized 4s function is thus
a reasonable approximation to the true crystal
wave function at k =0. Other Bloch states in the
4s band are obtained in the usual cell approxima-
tion by simply multiplying the RFA wave function
by a plane wave. With a spherical Fermi surface
this brings in a free-electron-like parabola in the
Compton profile at low momenta.

In the calculations we have used Clementi's free-
atom wave functions for the 3d'4s' configuration.
The lattice parameters of Sc, which forms an hcp
structure, were chosen as a =3.31 A and c =5.27 A.
The configuration of the valence states has been
varied and results for the Compton profile are
given in Table I and Fig. 2. For an accurate com-
parison with experiment these profiles have been
normalized in the same way as the experimental
ones, i.e. , a trapezoidal rule was used for the
numerical integration over a set of p, values de-
fined by the experimental results.

basis of the preliminary measurements and fluor-
escent analysis the contribution of impurities,
mainly Gd KP, was estimated to be smaller than
1% around J'(0) and less elsewhere. The error
limits based on the estimated contribution of im-
purities and on the accuracy of the deconvolution
(3o in Ref. 32) are given in Table l.

III. RENORMALIZED-FREE-ATOM (RFA) MODEL

In the RFA model"'" one utilizes the free-atom
Hartree- Fock wave functions, truncates them at
the Wigner-Seitz sphere, and renormalizes them
to one within this sphere to preserve charge neu-
trality. The effect of such a truncation is of
course largest for the 4s function. Using Cle-
menti's" atomic wave functions one finds that
-40% of the 4s function is contained in the Wigner-
Seitz sphere, which is to be compared with -95/p
for the 3d functions. Crystalline effects in the

IV. SUMMARY

The experimental results are given in Table I
together with a free-atom profile calculated for a
configuration 3d'4s' from Clementi's wave func-
tions." The third and fourth columns give the
profiles according to the renormalized-free-atom
model with the configuration 3d'4s' (one 4s elec-
tron renormalized), and with the configuration
3d'4s' (two 4s electrons renormalized), respec-
tively. It is evident that the present experiment
agrees better with the RFA model 3d'4s'. To
study the origin of the deviations around p, = O.V

a.u. the theoretical curve (RFA 3d'4s') was con-
voluted with the residual instrument function as
suggested in Ref. 32. The resulting curve is given
in Fig. 2 (dashed curve). Although this "theoreti-
cal curve" depends on the experimental setup, it
gives a more fair comparison with theory. A good
agreement is found now also around p, = O.V a.u.
In other words, a fundamental limitation to detect
details of theory with the present experimental
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6.0—

5.0

fining momenta and energies of the electrons and
photons before collision; m' and ~' are the cor-
responding four vectors after collision. The quan-
tity r, is the classical electron radius and p(p) the
momentum density of the unperturbed electron
system. The X fa,ctor is defined as

4.0

X(K, K') =K/K'+K'/K+ 2m'(1/K- 1/K')

+ m'(1/K- 1/K')',

where

+ =E(d —p 'k,

(A2)

(A3)

K' =E (d' —p k' = K+ ~ . I(.'. (A3')

3.0

2.0

It should be noted that the flux factor in Eq. (Al)
refers to a target system at rest. After integra-
tion over final states p' and differentiation with
respect to (d' and the solid angle 0' one obtains

d 20 m2r 2~I X(K,K')
der'd Q' 2u

&
E lf - k' l+P (&v —a')

x p(p) dP, dP„ (A4)

1.0
where P, is given by Eq. (1). To extract the Comp-
ton profile, defined as

1.0 ( „) 2.0 3.0
d(P, ) = p(p) dP„dP„ (A5)

FIG. 2. Compton profile of polycrystalline Sc. The
circles denote the experimental. results and the bars a
statistical error. The full curve refers to the RFA mo-
del and the configuration (3d) (4s) . The dashed curve
is the RFA result convoluted with the residual instru-
ment function.

resolution is displayed.
Measurements on scandium have also been re-

ported by Manninen' and Weiss' but are at vari-
ance with present measurements differing by about
10% and -8/0, respectively, at J(0).

APPENDIX: RELATIVISTIC CORRECTIONS

a=m r d k'd p'd P p p), , X If, E')

X 6(1T + K —W —K), (Al)

where v= (p, iE) and K=(k, iu) are four vectors de-

In the introduction it was mentioned that rela-
tivistic corrections must be considered in the case
of y rays, mainly because the scattered electrons
will reach high energies. Manninen et al.27 and
Eisenberger and Reed" have considered the fol-
lowing intuitive approach. If binding effects are
neglected, the scattering process may be viewed
as the scattering of photons from a wave packet
consisting of plane wave states. One may then
write the total cross section as (8= c = 1)

, , 2m dPPp P)X... P),

where

(AV)

1 1 ' E —D E —D — '(1 —ca 8))X =2+F —-- +- +int $/ S (d2 S3 SI3

(A8)

from Eq. (A4), is complicated because of the ang-
ular-dependent X factor. If the scattering angle
is 8=180', however, X becomes a constant. With
E =m one hence obtains

d'o m'~'~' X(180')0 , Jp).dM'dQ' 2a ml~ ~l+P, (~

(A6)

Previous experimental Compton profiles, as well
as the present one, have been deduced from the
experimental cross section by means of Eq. (A6)
(or slight variations thereof). The experiments
are, however, performed with 0=150'. Below
we will justify such a procedure by an explicit
calculation for Sc.

It has been shown recently that for an isotropic
system the differential cross section can be writ-
ten34
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FIG. 4. Deviation in percent from the correct differ-
ential cross section for Sc after normalization to the
same area in the interval [p~[ ~ 7 a.u. The scattering
angle is 150'. The frequency of the Compton line is ~0.

H = (up' sine/[k —k'
f
)(p' —p2)' ~', (A13)

-0.$0
48.9 50, 4

1

51.9

' [keV]

53.4

2sl 2m4F =~'(1 —cose)- ~'&u'(1 —cos8) ' (A9)

~' = ([&—&'(1 —cos8) —D]' —H'j' ~', (A10)

s = [(z —D)'- ff']'~', (All)

(~ —~' cosg)[E(v —u') —&u&e'(1 —cosi))]
)

FIG. 3. Deviation in percent from the correct differ-
ential cross section for Sc after normalization to the
same area in the interval (p, [

~ 7 a.u. The scattering
angle is 150 and the energy of the incident radiation is
59.54 keV.

and E =m. By means of the two different expres-
sions for the differential cross section, Eqs. (A6)
and (AV), we have performed numerical calcula-
tions for Sc using a momentum density derived
from the RFA model. For 8=150 and &= 59.54
keV, which corresponds to the present experi-
ment, the difference between the cross sections
is 10% in the interval ~p, ~

& "( a.u. Although the
magnitude of the two cross sections differ they are
related to each other by approximately a scaling
factor. Normalized to the same area the difference
is therefore less than 0.15% as shown in Fig. 3.

In Fig. 4 the difference in the cross sections
after renormalization is given for (d =160, 330,
and 660 keV and 8 =150'. Again it turns out that
for ~=160 keV the deviations are quite small
(&0.3%). For the higher energies, however, the
approximation with 0 =180' in the X factor becomes
increasingly inaccurate.
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