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The ultrasonic attenuation in the mixed state of Nb-26-at. % Hf was measured at T = 4.14 K, using shear
and longitudinal waves with frequencies 5—140 MHz. The experimental data are incompatible with the
microscopic theories of Houghton and Maki, and of Cerdeira and Houghton. On the other hand, the magnetic-
field and frequency dependence of the attenuation agree well with a phenomenological model of Shapira and
Neuringer in which magnetohydrodynamic effects are included. We have also modified the original model of
Shapira and Neuringer, using Thompson's result for the flux-flow resistivity as an effective resistivity in the
Alpher-Rubin theory. We thus obtained an expression for the mixed-state attenuation, valid for H —H„and
for high frequencies such that the pinning forces may be neglected. This modification improves the agreement
with experimental data for the magnetic-field dependence of the attenuation.

I. INTRODUCTION

Ultrasonic attenuation has proved to be valuable
in elucidating the properties of superconductors.
Historically, measurements of the ultrasonic at-
tenuation in type-I superconductors provided one
of the initial confirmations of the BCS theory and
were also used to measure the energy gap. ' Later,
attention was focused on the attenuation in the
mixed state of type-II superconductors. ' More
recently, Houghton and Maki (HM)' and Cerdeira
and Houghton (CH) made predictions concerning
the dependence of the mixed-state attenuation on
magnetic field, temperature, and purity of the
sample. These predictions have been substantially
verified for Nb, ' V,' and other materials. " These
superconductors had relatively low upper critical
fields H„. The attenuation in superconductors with
much higher upper critical fields was studied by
Shapira and Neuringer (SN) who emphasized the
importance of magnetohydrodynamic effects at
high fields. "

In a recent article" we compared the measured
attenuation of transverse ultrasonic waves in the
mixed state of Nb-26-at. % Hf with theoretical cal-
culations by HM and CH. We showed that our
experimental data could not be interpreted in terms
of these theories. According to HM and CH, the
quantity Ao./a„= (n„—a,)/o. „(where n, is the
electronic contribution to the attenuation in the
mixed state and n„ is the normal attenuation) is
positive for H ~ H„. Furthermore, these theories
predict that 4n/a„ is independent of the ultra-
sonic frequency, provided that ql &1, where q is
the wave vector of the sound wave and l is the elec-
tronic mean free path. In contrast with those pre-
dictions, our experiments in Nb-26-at. % Hf showed

that Ao. /n„ is in many cases negative for large por-
tions of the mixed state and is strongly dependent
upon frequency, especially for lower frequencies.
In the present work, we show that the same in-
consistencies exist between the theories of HM and
CH and the mixed-state attenuation of longitudinal
waves. That is, using longitudinal waves, we find
that ha/n„may be negative for large portions of
the mixed state and is strongly dependent upon fre-
quency.

In Ref. 11 we also compared our experimental
results with a phenomenological model for the at-
tenuation in the mixed state which was proposed by
SN. These authors used a simplified form for the
ac resistivity associated with flux-line motion in
the mixed state"" as an effective resistivity in
the Alpher-Rubin (AR) theory" to obtain an ex-
pression for the attenuation in the mixed state. In
the AR theory, which describes the influence of a.

magnetic field on sound propagation in a normal
metal, the change in the attenuation due to an ex-
ternal magnetic field H is given in terms of a,

parameter P =2v'(5/X)', where 5 is the classical
skin depth and X is the ultrasonic wavelength. In
the model of SN, the effective skin depth depends
upon the motion of flux lines in the mixed state and
is, therefore, a function of both the magnetic field
H and the strength of the pinning forces. The latter
strength is characterized by a characteristic fre-
quency mo which depends on the metallurgical pro-
perties of the material.

Previously we showed that the frequency depen-
dence of shear- wave attenuation was in good agree-
ment with the model of SN. In the present work,
we make more extensive comparisons of our ex-
perimental data to the predictions of this model
and show that it is in good qualitative agreement
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with the magnetic field and frequency dependences
of the attenuation. This work is the first quantita-
tive study of the frequency dependence of the at-
tenuation in the mixed state, and it strongly sup-
ports the SN model for the attenuation in the mixed
state of high-field superconductors. In addition,
we find that a single characteristic frequency or
"depinning frequency"'" ~, is adequate to de-
scribe the attenuation measurements with both
shear and longitudinal waves. Finally, the mag-
nitude of the characteristic frequency ~, is in good
agreement with the value predicted by this model.

The model of SN gives a good description of the
mixed- state attenuation, especially for frequencies
in the vicinity of the characteristic frequency

(f, = to,/2w 10-15 MHz in our Nb-26-at. /0 Hf for
T= 4.14 K). It is well known, however, that for
much higher frequencies, the effects of pinning
forces can be neglected. Fpr thi. s case pf np

pinning the flux-Qow resistivity just below the

upper critical field H„has been calculated by
Thompson, "who corrected the earlier calcula-
tions of Caroli and Maki. ""The necessity of
Thompson's corrections to the Caroli-Maki theo-
ries has subsequently been verified by Takayama
and Ebisawa. " Thompson's theory for the Qux-
flow resistivity in the absence of pinning forces is
expected to give more accurate results than the
phenomenplpgical models' ' available when the
SN theory for the mixed-state attenuation was
formulated. We have, therefore, modified the
original model of SN, using Thompson's result for
the flux-Qow resistivity as an effective resistivity
in the AB theory. Our result for the mixed-state
attenuation should be valid for magnetic fields
H& H„, and for high frequencies such that the ef-
fects of pinning may be neglected. Our modifica-
tion improves the agreement with experimental
data for the magnetic-field dependence of the at-
tenuation, eliminating the discontinuity in o,/o.'„
at H„predicted by the model of SN. Furthermore,
our model correctly predicts the linear dependence
of n, /o. „on H for fields just below H„h wPen» 1.
(See Note added in proof. )

The success of these models in describing the
mixed-state attenuation is consistent with recent
experiments involving the electromagnetic gen-
eration and detection of ultrasonic waves in super-
conductors. For example, Vienneau and Max-
field' explained their observations of electromag-
netic detection in terms of a local model based
upon the Lorentz force acting upon currents in-
duced within the electromagnetic skin depth. With
decreasing magnetic field, the electromagnetic
screening in the mixed state becomes more ef-
fective, i.e. , the skin depth decreases from its
normal-state value (above H„) to the London pen-

P = c'cop„/4vgV'= 2v'(5/X)', (2)

where p„ is the normal-state resistivity. In the
normal state, p, is very nearly equal to unity and
we make this approximation in what follows.

It is interesting to note that a„depends upon the
normal resistivity through the factor P/(I+ P'),
since P is proportional to p„. Thus, for a fixed ro,

the normal attenuation has a maximum with re-
spect to p„when the normal resistivity is such
that P= 1. Physically this means that the normal
attenuation is maximum when the classical skin
depth 5 is comparable with the ultrasonic wave-
length X.

The main assumption of the SN model is that the
attenuation in the mixed state can be obtained from
the AH theory by replacing the normal electrical
resistivity by the mixed-state resistivity for a
frequency ~ equal to that of the~sound frequency.
In typical normal metals, where the electron mean
free path is very small, the normal resistivity for
frequencies up to -100 MHz is essentially a real
quantity. In contrast, in the mixed state of a type-

etration depth at zero field. In the case of the
ultrasonic attenuation, the situation is analogous.
The effective skin depth is essentially magnetic
field dependent and this H dependence has impor-
tance consequences for the ultrasonic attenuation
in terms of the AH theory.

II. THEORY

A. Model of Shapira and Neuringer

In this section we wish to recall certain results,
obtained previously by SN,"' which will be useful
in later discussions. %e first note that the AH

theory, "which is appropriate for normal metals,
gives only the H-induced change in the ultrasonic
attenuation, i.e. , the zero-field attenuation is
ignored. Later, we will estimate the electronic
contribution to the zero-field attenuation for Nb-
26-at. /g Hf and show that it is much smaller than
the H-induced change in the attenuation for H-H„.
Therefore it is a good approximation to neglect
the electronic attenuation in the absence of a field.
%e do this in what follows and denote the H-induced
change in the normal attenuation by e„.

For H&H„, the superconductor is in the normal
state and the AH theory is expected to be valid.
For shear waves with q([H and for longitudinal
waves with q&H, this theory gives'*"

a„= (~H' p/8vdV') [P/(I+ P')] (Np/cm), (1)

where d is the density of the sample, V is the
zero-field sound velocity (V~ for longitudinal waves
and V~ for shear waves), &u is the angular fre-
quency of the sound wave, and p, is the perme-
ability. The parameter p is given by
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P, = c'~p, /4v p V', 46, = c'&u p, /4v p V'. (4)

To obtain an expression for the mixed- state at-
tenuation, SN employed in Eq. (3) an effective ac
resistivity for the mixed state, derived from a
phenomenological model due to Gittleman and
Rosenblum. " For H, g «H +H 2 the complex re-
sistivity is given by

p= p, +ip, = p~(1+ir)/(1+r'),

where pt is the dc flow resistivity" and r= &u,/~.
For H„«H& g, the phenomenological theories
for the flow resistivity give"

p, = p„H/H,*,(0) . (6)

Here H,"2(0) is the upper critical field at T= 0 K
which would have been present in the absence of
Pauli paramagnetism. When the upper critical
field is not limited by Pauli paramagnetism, H„(0)
in Eq. (6) can be replaced by H„(0), the actual
upper critical field at T=0 K. The characteristic
frequency &p can be estimated from the critical
current density J,:

w =2',p„cH' '/H (0)P' ' (7)

where P, is the flux quantum kc/2e. "'"
Using these results SN obtained an expression

for the mixed- state attenuation:

a, = (&uH
' p/8vd V')

x(P~ (1+r')/[(1+ r'+ rP&)'+ Pz]j (Np/cm),

(8)
where

II superconductor, the ac resistivity is, in general,
a, complex quantity and it is necessary to gener-
alize Eq. (1) in the appropriate manner. If one
assumes that p= p, +ip„ then for shear waves with
q[~H and longitudinal waves with q-LH one obtains

n= (&oH p/8vd V ) [p,/[(1+ p, ) + p, ]] (Np/cm),

(3)
where

B. Extension of the model

The work of Kim et al."suggests that Eq. (6) for
the flux-flow resistivity should be valid only for
low reduced temperatures t = T/T, and for mag-
netic fields not too close to H„. In fact, a cumber
of authors have studied the deviations from Eq. (6)
in the vicinity of H„.""In the case of ultrasonic
attenuation, the apparent discontinuity in p at H„,
suggested by Eq. (6), would lead to a discontinuity
in the attenuation at H„. As we will demonstrate
later, this behavior is not observed.

A calculation of the flux-flow resistivity pz(&o)
for magnetic fields in the vicinity of II„has been
carried out by Thompson, "starting from the time-
dependent Ginzburg- Landau equation. Neglecting
effects due to the pinning of flux lines, Thompson
related the current J in the superconductor to the
vector potential A(t ) = A e '"' by means of a re-
sponse function Q, such that J= —QA. In this case,
the conductivity of the medium is given by o(&u)
= —Q/iu He .then calculated the most important
correction Q' to the response function of the nor-
mal state Q„ for magnetic fields in the vicinity of
H„. To improve on the SN model, we use Thomp-
son's result for o(&u) as an effective conductivity in
the AR theory and thus obtain an expression for
the mixed-state attenuation. This expression is
valid only for frequencies such that pinning ef-
fects may be neglected (i.e. , ~ » ~,) and for H
~H„. In this work we are concerned only with
shear waves with q [~ H and longitudina. l waves
with q~ H. It therefore seems appropriate to con-
sider the result for Q' obtained by Thompson for
the external field H normal to the sample surface
and perpendicular to the rf electric field. In the
dc limit, this result gives the dc flux-flow resis-
tivity. For the temperatures and frequencies of
our experiments, the condition K&«k(T, T) for-
the dc limit is easily satisfied. In this case, the
appropriate expressions for Q' are given by Eqs.
(7a) and (7b) of Pedersen et al."

P~ = c'~pz/4w p V'. (Re@')/&o = 0 (11a)

Equation (8) should be valid for H„«H&H„. In
this region the magnetic induction B is nearly equal
to II, so that to a good approximation p, =1. In
comparing our experimental results to this model,
it is convenient to consider the quantity a,/a„, ob-
tained by dividing Eq. (8) by Eq. (1):

(Imp')/ru = ecML c(t)/2vk Trj. (11b)

In these equations, M is the magnetization, which,
for H&H„, is given by"

—4' = (H,2
—H)/[1. 16(2K2 —1) +N), (12)

a,/n„= P~(I+ r') (1+ P') /P[(1+ r'+ re)'+ P~ ].
(10)

where N is the demagnetization factor and K2 is
the second Ginzburg-Landau parameter. Also in

Eq. (11b) we have
Note that all quantities appearing in Eq. (10) can
be determined experimentally and, therefore,
this model involves no adjustable parameters.

q = eDH„(t)/2vck T, (13)

where D= 3 v„E is the diffusion constant. The dif-
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ference between Thompson's result and that of the
second calculation of Caroli and Maki" lies in the
factor I.n(f) which is given by

I.,(f) 2=+ nP" (5+ n)/0'(2+ n), (14)

where g' and g" are the first and second deriva-
tives of the digamma function P. This factor Ln(f)
varies continuously between 7= 0 K, where I.~(t)
= 1, and T= T„wh er eI.~(t) = 2.

Combining these results, one obtains the re-
sistivity for H&H„:

p= p./[1+ y(1 H/H-. ,) l= p. /g, (15)

y=c'pP, (f)/4va[1. 16(2x22-1)+N] . (16)

In Sec. IVC it is shown that y is of the order of
unity for our Nb-26-at. % Hf. We defined also the
quantity g by

@=1+y(1- H/H„) . (17)

a,/a„=g = 1+y[1 —(H/H„)] (19)

for H just below H„. This result says that the
quantity a,/a„depends linea. rly upon the differ-
ence (H,2

—H) for magnetic fields in the vicinity
of H~2.

As we mentioned earlier, the difference between
Thompson's result and that of the second calcula-
tion of Caroli and Maki" lies in the factor I.n(f).
However, we must recall the ranges of validity of
these two theories. As Thompson pointed out, "
the Caroli-Maki result, which includes products of
only advanced or of only retarded Green's func-
tions, is valid for magnetic fields such that 1 H/
H,2(f) «1. Thompson's result, which also includes
products of advanced and retarded Green's func-
tions, has a somewhat narrower range of validity:
1 —H!H„(t) «H„(f)/H„(0). Thus, in comparing Eq.
(18) with our experimental results, we must con-
sider magnetic fields very close to H„(f).

III. EXPERIMENTAL TECHNIQUE AND PHYSICAL

PROPERTIES OF N1-26-3t.% Hf

The polycrystalline sample used in the present
work was cut from a speciman of Nb —26-at. k Hf,
kindly provided by L. J. Neuringer. The original
speciman had been prepared by combining the con-
stituents in an electric arc furnace, after which

At this point we use p, given by Eq. (15), as an ef-
fective resistivity in Eq. (3) and, with Eq. (1), ob-
tain

~,/o „=g(1 + 0')/(g'+ fl') .

In the limit of high frequencies where ~» ~, and
P»1, Eq. (18) simplifies to

the alloy was vacuum-annealed at 1800'C for 16 h.
Ultrasonic attenuation measurements were made

using conventional pulse- echo techniques. We
estimate that the H-induced attenuation changes
were measured with an accuracy of 10%. Transit
times, to determine the sound velocity, were ob-
tained using the pulse- echo overlap method. " For
T= 4.14 K, the velocity of shear waves is V~
= (2.006 s 0.007) x 10' cm/sec and for longitudinal
waves V~ = (4.56+ 0.02) &&10' cm/sec. The experi-
mental uncertainties associated with the velocities
reflect, principally, the uncertainity in the thermal
contraction which is needed for an accurate de-
termination of the sample's length. (We should
mention that these values for V~ and V~ differ
slightly from previously quoted results 6 because
of errors in the previous measurements. How-

ever, the conclusions of Ref. 26 are not affected
by these differences. ) The density d of the sample
was measured at room temperature. Assuming a
volume correction for thermal contraction of -1%,
we found d= 10.1+0.1 g/cm' for T=4.14 K. Using
the velocities V~ and V~ and the density of the
sample, we have determined for Nb-26-at. f() Hf,
Young's modulus 1'= (1.12+0.01) x 10" dyn/cm,
the Poisson ratio v= 0.380+ 0.001, and the adiabatic
compressibility K~ = (6.43 + 0.08) && 10 "cm2/dyn.
From Anderson's equation for the Debye temper-
ature e~ of an isotropic material, "we calculate

g-—254+2 K.
The phase diagram (H„vs T) of Nb-26-at. % Hf

was determined from resistivity measurements
carried out using standard four-mire techniques.
The criterion for H„was chosen to be the zero-
voltage intercept of the linear portion of the trans-
ition on a voltage-versus-field curve. Since the
width of the resistive transition was small (-1.5
kOe) and did not vary appreciably with temper-
ature, it seems rea, sonable that the use of another
criterion would have led to essentially the same
results. In Fig. 1 we present the phase diagram
determined from our resistive measurements. An
extrapolation of the experimental points to H„=0
gives the critical temperature T, =9.3+0.1 K which
agrees with Hulm and Blaugher. "

Using the relation of Maki,

sr.', (o)= o sss.(„"-.
r=rc

we obtained the upper critical field in the absence
of paramagnetic limiting: H~, (0) = 68.6+ 2 kOe.
For low values of the reduced temperature f= T/T„
the dependence of the observed critical field on
t is parabolic. The empirical relation, determined
from a fit to the experimental points for t ~0.26,
is H„(t) =H„(0)(1—1.89t ) with H„(0) = 74.5 kOe.
We note that the extrapolated value H„(0) is some-
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40

0
0 2 4 6

T(K)

I

Io

I I I

0 0.2 0.4 0.6 0.8 I.O
cz

FIG. 2. Critical current J, (open circles) vs H at
T =4.14 K. The peak in J, at H/H, ~

-—0.9 is the "peak
effect. " The characteristic frequency f0(H) =~0(H)/2&
(dashed curve) was calculated from J, using Eq. (7).

FIG. 1. Temperature dependence of H~2 for Nb-26-at. %
Hf as determined from resistive measurements. The
solid line was drawn through the experimental points.
T~ was obtained by extrapolating this line to H, ~ =0.

what larger than the value If,*,(0), obtained from
Maki s relation. " This cannot be explained in
terms of the theories of Maki and of Werthamer
et al. '0 However, the recent work of Somekh ' has
shown that effects related to the anisotropy of the
Fermi surface may be important in "dirty" super-
conductors.

Attempts were made to measure the magnetiza-
tion of the sample using a vibrating-sample mag-
netometer. However, the experimental curves
were highly irreversible and it mas not possible
to determine the area under the magnetization
curve. Qn the other hand, a sharp maximum was
observed in the curve of —4aM versus applied
field, and this maximum was identified with H„.
For 7=4.14 K, we found H„=0.9 kQe. Using this
value for H,» and the measured value of H„ for
T=4.14 K, we estimated" a, = 7.4 for Nb-26-at. /p

Hf for T=4.14 K.
To characterize superconductivity in the alloy

Nb-26-at. Vo Hf, we estimated the value of 24/kT„
where 2~ is the energy gap at T=O K. Using the
empirical relation of Laibowitz et al. ,"we related
T,/8~to 2d/kT„obtaining 2&/kT, =3.V. This is
slightly larger than the BCS prediction for the same
quantity. Our experimental value for T,/8~ also al-
lowed us to estimate the value of A, the parameter
which characterizes the electron-phonon coupling.
An explicit expression for A is given in Eq. (30) of
McMillan'4 in terms of T,/8~ and f, the Coulomb
pseudopotential. Using the value f= 0.13, which is

appropriate for transition metals, "we obtained
A =0.86, which corresponds to an intermediate
electron-phonon coupling.

In order to make a quantitiative comparison be-
tween our measurements of the mixed state attenu-
ation and the model of SN, it is necessary to mea-
sure the critical current density J, so that the
characteristic frequency &, may be estimated using

Eq. (7). The critical current density was deter-
mined for T=4.14 K, as a function of the applied
magnetic field, in the usual geometry with the cur-
rent perpendicular to the applied field. The results
of these measurements are shown in Fig. 2. There
is a noticeable peak in J, for H- H„. This so-
called "peak effect" has been observed in other
superconductor s."

We note that the geometry J~H is also the geo-
metry appropriate for measurements of the dc
flux-Qow resistivity. However, because thermal
instabilities occurred when using currents well
above J„we were unable to determine the flux-
flow resistivity experimentally.

The normal resistivity of Nb-26-at. % Hf was
measured for T = 4.14 K and H &H„, and mas p„
=34+2 pQ cm. This resistivity may be used to
estimate certain quantities of interest, such as
the electronic mean free path. To do this, how-

ever, calculations must be performed within the
context of the free-electron model, since there
are no band calculations for Nb-26-at. % Hf. In
order to estimate the electronic density n, me

make the usual approximation' and assume that
each atom contributes a number of electrons equal
to the number of valence electrons. For Nb this
number is 5 and for Hf it is 4. With these ap-
proximations (and taking the electron mass equal
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to the mass of the free electron) one obtains n
=2.5x102'/cm3 and, for the Fermi velocity, v~
=2.3 x 10' cm/sec. For the sake of comps, rison,
me did a similar calculation for Nb, obtaining n
=2.7 x10"/cm' and vz —-2.3 x10' cm/sec. We note,
however, that Matthias, "starting from his band
calculations for Nb, calculated an average Fermi
velocity of v~= 5.1 x10' cm/sec. Matthias pointed
out, furthermore, that his value for v~ was in good
agreement mith experimental determination of this
quantity. If we suppose, therefore, that the band
structure of Nb-26-at. fo Hf is similar to that of
Nb, our free-electron calculation for Nb suggests
that we are actually overestimating the Fermi
velocity for Nb-26-at. fo Hf.

With these limitations in mind, we may use the
previous values of n and v» and the measured
value of p„, to estimate the electronic relaxation
time v and mean free path E. We thus obtain ~
= 4 & 10 "sec, l = 9 & 10 ' cm, and a BCS co-
herence length $0= 3 x 10 ' cm.

IV. RESULTS AND DISCUSSION

A. Comparison with microscopic theories

Previously" me encountered certain difficulties
in comparing Nb-26-at. jo Hf to the works of HM

and CH. %e encounter the same difficulties in
comparing the attenuation of longitudinal waves
(with q-LH) with these theories. The problem is
related to the proper identification of a„, i.e. ,
should me include the magnetic field dependence
of the normal attenuation in a„or should me take
n„= a„(H=O). For longitudinal waves with f=20
MHz, an estimate based upon the free-electron
model gives Q„(H= 0) =9 x 10 dB/cm. How-

ever, as me mention previously, our method of
estimating n and v~ almost certainly overestimates
these quantities. It would, therefox'e, not be sur-
prising if a„(H= 0) were actually an order of mag-
nitude smaller than our free-electron estimate.
In any case, this value of n„ is much smaller than
the observed II-induced changes in the attenuation
for H &H„, and is also smaller than the attenua-
tion change between H„and H„. Thus the choice
n„= n„(H=O) leads to the conclusion that a, » a„
for H =H~, in gross disagreement with the theo-
ries of HM and CH.

%e believe that it is more reasonable to take
into account the H dependence of the normal at-
tenuation in the definition of e„. %'e therefore
assume that n„ is the attenuation which mould
have existed at temperature T and field H, had the
material been normal. To obtain this n„, me note
that the attenuation above H„ is in good agreement
with the AR theory. " According to this theory,
o.„ is proportional to H', for fields where a„(H)

Nb-26 at. % Hf

00
r- I

20
I I

40
H (aOe)

I

60

FIG. 3. Attenuation of 61-MHz shear waves vs H(solid
curve) . The normal attenuation ~„ for H & H, & (dashed
curve) was obtained by extrapolating the attenuation mea-
sured above H, 2 using the relation o.' =mH . It was as-
sumed that the zero-field attenuation a„(H =0) was neg-
ligible.

» n„(H = 0), which is the case in our experiments
for fields comparable to H„. %e therefore cal-
culate n„at fields 0.5 H„&H & H„by extrapolating
the attenuation measured at H &H„ to lower fields.
In Fig. 3 me show this extrapolation for shear
waves. The extrapolation is carried out making
a least-squares fit to the equation n = mH', where
m is a constant. The measured attenuation in the
mixed state is identified with a,. We thus compute
4a/a„—= (a„-n,)/u„and compare to the theories
of HM and CH.

In the upper part of Fig. 4 we show values of An/
e„determined in this fashion for longitudinal waves
of various frequencies. We note some structure in

the data near H„. The attenuation minimum (max-
imum in 4a/o. „) is related to the peak effect in the
critical current and is discussed in Sec. IV B. The
physical origin of the small attenuation peaks which
sometimes appear at slightly higher fields has been
discussed in Sec. VA of Ref. 37. Note that fox the
experimental curves of lower frequencies, 4n/a„
is always positive as predicted by HM and CH.
However, for the highest frequency (f= 45.3 MHz),
&n/o„ is negative for any value H &H,2, in con-
tradiction with these microscopic theories. Note
also in Fig. 4 that the quantity nn/n„ is strongly
dependent upon the ultrasonic frequency, and that
this too is inconsistent with theory. %'e thus con-
clude that our experimental data cannot be inter-
preted in terms of the theories of HM and CH
which neglect magnetohydrodynamic effects. %e
reached these same conclusions for shear waves"
with q))H, based on the lower half of Fig. 4 which
shows the quantity nn/a„ for shear waves.
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the mixed- state attenuation. Thus the fact that
b,n/n„ is often negative for any H&H„contr adi cts
all these theories. To explain this aspect of our
experimental curves it is necessary to consider
magnetohydrodynamic effects, as SN did in their
phenornenological model. It appears that the theo-
ries of HM, CH, and McClean and Houghton fail
because they neglect magnetohydrodynamic ef-
fects.

B. Comparison, with the model of SN

I. Magnetic field dependence

We now compare our experimental data with the
model of SN. It will be convenient to consider the
quantity n,/n„, where n„ is the H-induced change
in the normal attenuation determined as in Fig. 3.
In Fig. 5 we show n, /n„ for 5.8 MHz shear waves
propagating along the magnetic field. The theoreti-
cal curve denoted by ~o was calculated from Eq
(10), using the experimentally determined values
of &uo calculated from Z, using Eq. (7). We see
that the theoretical curve shows a minimum in the
attenuation for fields slightly below H„. This
minimum is related to the peak in the critical cur-
rent for fields just below H„(see Fig. 2). On the

FIG. 4. Magnetic field dependence of the quantity
Du/n„= (n„-n~)/n„ for several frequencies. The upper
half of the figure is for longitudinal waves with qL, & H

and the lower half, for shear waves with qs[[H. Nb-26 at. /o Hf

At this point it is perhaps worthwhile to ask for
the rational behind comparing our data to these
theories. This question arises because the micro-
scopic theories of HM and CH mere constructed
for clean materials where l» g„and not for
"dirty" materials like Nb-26-at, /o Hf. In answer-
ing this question me note that Tittman' has shown
that the theories of HM and CH give a good qualita-
tive understanding of the attenuation inmaterialsof
intermediate purity (V- 5.6-at. Vo Ta, where I- $o)
and of low purity (Mo-25-at. % Re, where I& $o).
It therefore seemed at least plausible that at-
tenuation measurements in Nb-26-at. % Hf, a
superconductor of low purity, might be explained
in terms of these theories. The discrepancies
which were observed between theory and experi-
ment, however, are of a serious nature and cannot
be explained simply by turning to a theory such as
that of McClean and Houghton" which was con-
structed for very impure superconductors. We
note that the "clean" theories of HM and CH and
the "dirty" theory of MeClean and Houghton differ
with respect to the dependence of the attenuation
on magnetic field, temperature and mean free
path. These theories agree, however, on the point
that the normal attenuation is always larger than

l4K

Exper——Theor

f=5.8 MHz

cUo

2 1I
@go

I

60
I

20
0 I l

0 40
H (kOe)

FIG. 5. Comparison of measured u, /a„vs H, for
5.8- and 25.1-MHz shear waves, with theoretical curves
obtained from Eq. (10). Theoretical curves denoted by
~p were obtained by using the experimental va1ues fp(H)
=~p(H)/2~ of Fig. 2 in Eq. (10). The curves denoted by
(d

pj2 were obtained by dividing fp(H) by 2.
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other hand, the curve denoted (do differs consider-
ably in magnitude from the experimental value for
o.,/n„ for magnetic fields in the interval 25-50
kOe. In Fig. 5 we have also plotted a theoretical
curve denoted by &o,/2 which was calculated using
the experimentally-determined values ~~(H), re-
duced by a factor of 2. This theoretical curve (o,/2
is in reasonably good agreement with the experi-
mental values for n, /a„.

I11 Flg. 5 we Rlso show n~/Ir~ fol' slleR1' wRves
with f= 25.1 MHz. In this case as well, we obtained
somewhat better agreement between our experi-
mental results and Eq. (10) by reducing the value
&u, used to calculate a,/n„by a factor of 2. It is
interesting to note also that the theoretical curve
denoted +0 still shows a slight minimum associ-
ated with the peak in 2,. For the curve &o,/2, the
effect of the peak in 4, is much reduced. For
shear waves with frequencies greater than 25.1
MHz, the theoretical and experimental curves
are very similar to those of Fig. 5. %'e will con-
sider high-frequency results further in a later
section.

In Fig. 6 we show a,/a„ for longitudinal waves
with j= 15.6 MHz. Here also reasonable agree-
1118111'.between tile expeI'1111811tRI dR'tR Gild Eq. (10)
is obtained when we calculate n, /a„using the
experimental values ur, (H), reduced by a factor
of 2o

In conclusion, there is a good qualitative agree-
ment between our experimental data and Eq. (10).
The observed minimum in the attenuation for mag-
netic fields just below H„, and which was attribu-
ted to the peak effect by Shapira and Neuringer, is
predicted by Eq. (10) using experimentally de

tel'111111ed VRlues of &0O. The nIRg111'tude of &~/o„p
determined experimentally, agrees reasonably
weH with that calculated using Eq. {10), if we use
values for eo which are somewhat smaller than

those determined experimentally. Generally speak-
ing, a calculation of n, /n„made using A&II/2 agrees
with the data for both shear and longitudinal waves.

Vfe now consider the frequency dependence of the
mixed-state attenuation, comparing the experi-
111611'tRI determinations of 11 /Q„with the p1'edlc-
tions of Eq. (10). We note that for high frequen-
cies, where both x 0 and P» 1, this equation re-
sults in

&,/n„= P/P, =H,', (0)/H (H„&H»H„),

where the second equabty is the result of using

Eq. (6) for p&. Equation (21) says that, for high

frequencies, a,/n„ is determined onlybythe ratio
between H and H*„(0) and that it does not depend

upon ~,. For low frequencies, however, o.,/a„
should depend upon (d, and also upon P.

In Fig. 7 we compare a,/n„, determined ex-
perimentally for a field H= 45 kOe, with the same
quantity calculated using Eq. (10). The curve des-
ignated as &0 was calculated using the experi-
mental value of &o, and the curve v,/2 was calcu-
lated with ~, reduced by a factor of 2. For high

frequencies the two curves are identical, as ex-
pected from Eq. (21). In calculating these curves
we used the value H,*,(0) = 66.6 kOe, determined
from the slope dH„/dT near T,. This value re-
sults in an excellent agreement between experi-

Nb-26 at. % Hf
f =l5.6 MHz

qL J H T=4.l4K
{{= l.O —Experiment-- Theory {S

O.5 —
p

Nb-26 at. % Hf

qs // H T=4. I4 K

H=45 kOe

o/P.

l

4O
H (I Oe)

Q l
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l l

20 50
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FIG. 6. Comparison of the measured H dependence
of e, /o'. „ for 15.6-MHz longitudinal waves vrith theoretical
curves obtained from Eq. (10). The theoretical curve de-
noted by ~0 was obtained by using the experimental values
f0(H) =~0(II)/2& of Pig. 2. The curve denoted uroj'2 vras
obtained by dividing f0(H) by 2.

FIG. 7. Comparison of the frequency dependence of
O.s/o'. n for shear vraves (fun circles are experimental
points) with the predictions of Eq. (10). The solid curve
(denoted by (do) was obtained using the value fo (H
=45 kOe) from Fig. 2. The dashed curve (denoted by
~0/2) vms obtained by dividing this f0 (H =45 kOe) by 2.
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ment and the model of SN for high frequencies.
We should note, however, that the second equal-

ity of Eq. (21) results from using Eq. (6) for the
Qux-flow resistivity and that the latter equationwas
obtained supposing the upper critical field to be
limited by paramagnetic effects, i.e. , H„(0)
&H,*2(0). In the absence of paramagnetic effects,
Eq. (6) should be written pz= p„H/H„(0) and we
have fi/p&=H„(0)/H (for H»H„). In the case
of Nb-26-at. % Hf, we have a situation where

H,*,(0), calculated from the slope dH„/dT near 7'„
is smaller then H„(0) (= 74.5 kOe). This result
seems to suggest that the flow resistivity should
be written using H„(0). On the other hand we ob-
tain better agreement between theory and experi-
ment using H,*,(0) in the calculation of n, /a„The.
use of H„(0)= 74.5 kOe would increase the calcu-
lated n, /n„by -10% for high frequencies and lead
to a slight discrepancy between theory and ex-
periment. We add, finally, that we obtain similar
good agreement between the calculated and mea-
sured values for a,/a„not only at H= 45 kOe, but
for all values of H above 25 kOe (below 25 kOe the
uncertainity in the measured value of n, is too
large for a meaningful comparison).

For lower frequencies we note that e,/a„ is
somewhat more sensitive to the value of &, used
to calculate this quantity. However, the scatter in
the experimental points of Fig. 7 makes it dif-
ficult to decide whether &o, or &uo/2 is more suit-
able in the calculation of o.,/a„.

In Fig. 6 we show o.',/a„obtained using longitu-
dinal waves. The agreement between the experi-
mental points and the theoretical curve calculated

with v,/2 is somewhat better than that calculated
th
Generally speaking we have observed an excellent

qualitative agreement between our data and the
model of SN. Although the theoretical curves for
age„are rather insensitive to the exact values
of &uo (especially compared with the uncertainties
in the experimental determination of a/a„), the
best quantitative fit to our data is obtained using
v,/2, where ru, (H) is the set of values determined
from t, using Eq. (7).. In any case, our data are
not inconsistent with a single choice of to, (H) for
both longitudinal and shear waves.

A careful examination of Eq. (10) shows that, for
a fixed frequency, the quantity a,/o.'„depends only
weakly upon r= &u,/~ when p is very large. Since
p-1/V', (where V is the zero-field sound velocity)
the value of P (in Nb-26-at. % Hf) for shear waves
is about 5 times larger than that for longitudinal
waves of the same frequency It is. natural to ex-
pect, therefore, that o.,/a„, for shear waves, de-
pends more weakly upon r (and, therefore, upon
tu, ) than for longitudinal waves of the same fre-
quency. This explains, for example, why the min-
imum in the attenuation associated with the peak
effect is still visible for longitudinal waves with

f= 45.3 MHz and, on the other hand, is not ob
served using shear waves with f= 34.6 MHz (see
Ref. 26). Previously, SN had suggested the ex-
istence of two characteristic frequencies ~0, one
for shear waves and the other for longitudinal
waves. We see, however, that this is unnecessary
in the present case and that a single characteristic
frequency is probably sufficient to explain all data
for both shear and longitudinal waves.

2 —Nb-26 at. /o Hf

q J H T=4 I4K

H=45 k08

f (MHz)
40

FIG. 8. Comparison of the frequency dependence of
o,,/u„ for longitudinal waves (full circles are experimen-
tal points) arith the predictions of Eq. (10). The solid
curve (denoted by &p) was obtained by using the value
fp (H =45 kOe) from Fig. 2. The dashed curve (denoted
by ~p/2) eras obtained by dividing fp (H =45 kOe) by 2.

C. Comparison with the modified model

In this section we wish to compare our data with
a modification of the model of SN which gives a
better description of a,/a„ for high frequencies
and for magnetic fields close to H„. The necessity
of this modification is clear once we note that the
model of SN predicts a discontinuity in the attenua;
tion for H & H„, which is, in turn, the result of
an apparent discontinuity in the resistivity of the
material for fields in the vicinity of H„. As we
mentioned previously, however, Eq. (6) is not
valid for fields in the vicinity of H„."""There-
fore, the use of Eq. (6) for the flux-flow resistivity
in the model of SN may lead to inaccurate results
near H„.

A more rigorous expression for the flux-flow re-
sistivity was obtained by Thompson. " Thompson's
result, which should be valid for fields in the
vicinity of H„and for frequencies such that the
pinning forces may be neglected, was used in Sec.
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FIG. 9. Comparison of the measured H dependence of
of, /~„ for 100-MHz shear waves with theory of SN
[Eq. (10)] and revised theory [Eq. (18)].

IIB as an effective resistivity in the AH theory.
There, we obtained an expression for n, /a„given
by Eq. (18). Since the frequencies fo(H) character-
istic of the pinning forces are in the range 10-15
MHz for our Nb-26-at. k Hf sample at T=4.14 K,
it seems reasonable that, for higher frequencies,
such as 60-140 MHz, the pinning forces mill not
be important and Eq. (18) should give a good de-
scription of the mixed-state attenuation.

In order to compare our experimental deter-
minations of a,/a„with Eq. (18), it is necessary
to determine the parameter y given by Eq. (16).
To calculate y me took N= —,

' for our approximately
cubical sample and used our previous estimate
z, = 7.4. Since L~(t) varies smoothly between the
values 1 and 2, we made the approximation I n(f)
=1.5 for T=4.14 K. Then using the values of p„,
l, and e~ of Sec. III, me obtained y -—0.5. Since
D= 3vzE-n '~ -vz '~', it is probable that y should
be somewhat smaller than this estimate.

Finally, in Fig. 9, we compare n, /n„, deter-
mined experimentally for shear waves with f= 100
MHz, with the same quantity calculated using Eq.
(10) (curve designated SN) and also using Eq. (18)
(curve designated revised theory). As we note in
Fig. 9, the model of SN [Eq. (10)] fails near H,2

since this equation predicts a discontinuity in o.,/
a„ for H=H„which is not observed experimentally.
This prediction cannot be modified by varying co,
since for high frequencies, a,/a„, calculated
from Eq. (10) is independent of &u,. As we men-
tioned previously, this discontinuity is connected
with the apparent discontinuity in p& suggested by
Eq. (6). We note also that Eqs. (15) and (19) in-
dicate that a,/o. „may be determined directly from
the flux-flow resistivity. However, as we men-

tioned previously in Sec. III, we were unable to
measure the flux-flow resistivity near H„be-
cause of heating at currents above the critical cur-
rent.

Also in Fig. 9, we have calculated n, /a„using
Eq. (18) with y=3.2 and H„=51.9 kOe. This value
of y reproduces the slope of the experimental curve
but is larger than our previous a priori estimate
of this quantity. Concerning this discrepancy in
the value of y, it should be noted that there are
difficulties involved in estimating the mean free
path and the Fermi velocity, which enter into our
estimate of y. Thus, it is not surprising that
agreement of this estimate with that obtained ex-
perimentally is only an order of magnitude agree-
ment.

We notice also that plotting the theoretical curve
with H„(T=4.14 K) =51.9 kOe results in its being
offset slightly from the experimental curve. Qn

the other hand, using H„(4.14 K) = 53.4 kOe, the
theoretical and experimental curve coincide. The
value 51.9 kQe was determined experimentally
from our resistivity measurements using a some-
what arbitrary criterion for H„. Since the width

of the resistive transition at 4.14 K is about 1.5
kGe, a value of 53.4 kQe for H„ is also consistent
with our experimental determination of H ~.

We note also that our experimental curves of o.,/
a„, obtained with shear waves with f= 61 MHz

and f= 140 MHz, are also in good agreement with

Eq. (19) when we use the same value for y, namely,
y=3.2, and H„=51.9 kDe. Thus the slope of o., /
n„seems to be independent of the ultrasonic fre-
quency, as Eqs. (19) and (16) suggest. To see to
what extent our modification of the SN theory is
useful we have compared Eq. (19) to a curve of

n, /o. „obtained with shear waves with f=25.1 MHz.

Although pinning forces are clearly important in
this frequency range, a reasonableagreement was
obtained between experiment and theory using y
=2.6. Thus it appears that the revised theory can
give a reasonable account of the data into the fre-
quency range where ~ is comparable to &0 The
modified theory was not compared with longitu-
dinal-wave attenuation because the effects of pin-
ning forces were always present for the frequen-
cies studied and P was always small.

V. CONCLUSIONS

We have compared our attenuation data with the
microscopic theories of HM and CH for the mixed-
state attenuation. These theories predict that
&o./n„ is always positive and is independent of
frequency for qE&1. Qur data contradict these
theories in these two respects and would also be in

contradiction to other theories, such as that of
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McClean and Houghton which was constructed for
very impure superconductors but which neglected
magnetohydrodynamic effects. The necessity of
considering these effects is one of the important
results of this work.

On the other hand, our data are in good agree-
ment with the phenomenological model of SN where
magnetohydrodynamic effects are taken into ac-
count. We have studied the predictions of this
model with respect to the dependence of the at-
tenuation of magnetic field and frequency. In qual-
itative terms, the agreement between the model
and our data is excellent, with the model pre-
dicting all of the characteristics of the experi-
mental curves. Our measurements are consistent
with an interpretation in terms of a single char-
acteristic frequency &, for both longitudinal and
shear waves. In fact, a careful examination of
Eq. (10) shows that the dependence of the attenua-
tion on v, is different for shear and longitudinal
waves of the same frequency. It is not, therefore,
necessary to have recourse to two characteristic
frequencies co„one for shear waves and the other
for longitudinal waves, as previously suggested by
SN.

Our modification of the model of SN consists in

using Thompson's expression for the flux-flow
resistivity"" as an effective resistivity in the AR
theory. Our modification which should be valid for
H-H„and for high frequencies such that the pin-
ning forces may be neglected, eliminates the dis-
continuity in n,/a„at H„which wa, s predicted by

the model of SN. Also, the observed linear be-
havior of n, /n„with (H„-H) near H„ is a natural
consequence of our modification. Our a priori
estimate of the slope y is lower than the value nec-
essary to fit our experimental data. However, this
difficulty seems understandable, given the dif-
ficulties in estimating v~, I, and z, for Nb-26-at. %
Hf. We note that y should depend rather strongly
upon temperature. This is especially true if we
are correct in assuming that Thompson's expres-
sion for the flux-flow resistivity may be used in
the AR theory. Work is currently under way to
test this aspect of the model.

Note added in Proof We .have recently mea-
sured the attenuation of 50-MHz shear waves (with

qllII) in V-42-at. % Ti at several temperatures
1.5 & T&4.2 K. The object of these measurements
was to determine the temperature dependence of
the parameter y which describes the behavior of
the attenuation near H„[see Eq. (19)]. The in-
equalities P» 1 and cu» co„assumed in deriving
Eq. (19) were satisfied in these experiments. ' We
found that y increases with decreasing T in dis-
agreement with Eq. (16). It thus appears that fur-
ther theoretical work is necessary for a detailed
understanding of the attenuation near H„.
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