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The thermal expansion of superfluid 'He under the saturated vapor pressure has been measured in the
temperature range 0.1-0.62 K. The expansion was found by filling a superconducting resonant cavity with

the liquid and measuring the resonant frequency as a function of temperature. The density was related to the
dielectric constant through the Clausius-Mossotti relation. Sensitivity to changes in fractional density of
4g 10 was achieved. The thermal-expansion data were used to obtain quantitative information about the
dispersion relation for thermal phonons. In addition to the thermal-expansion measurements, tests of the
validity of the Clausius-Mossotti relation were made.

I. INTRODUCTION

In the last few years there has been much dis-
cussion and controversy concerning the dispersion
relation for phonons in liquid ~He. The interest
in this subject occurs because transport processes
involving phonons depend in a very sensitive way
upon the deviations of the phonon dispersion rela-
tion from linearity. ' It was originally assumed
that for small phonon momentum p the energy e
was given by a power series of the form'

e = cPo(1 +n2P2/k2+n4P'/h4+ ~ ~ ~ ),
where co is the phonon velocity in the limit of very
small momentum, and is equal to the velocity of
sound. The parameter Q. 2 was believed to be neg-
ative but it is now known from the analysis of
several experiments' ' that e2 must actually be
positive. This results in a complicated dependence
of the phonon phase velocity

c(P) =e/P-
on momentum. For very small momentum c(P)
is equal to co. The velocity increases with in-
creasing p and reaches a maximum value (proba-
bly at around 0.3 A ') and then decreases rapidly
for larger P. The increase i.~ the velocity for
small momentum is referred to as anomalous

dzsper saon.
Although the qualitative features of the dispersion

are well established, quantitative information is
still lacking. In this paper we att:empt to obtain
information about the dispersion relation by study-
ing the thermal expansion of the liquid in the
temperature range 0.1-0.6 K. The basic idea
behind this work is as follows. If the dispersion
curve were exactly linear, the thermal expansion
mould vary with temperature exactly as T'. De-
viations of the dispersion relation from linearity
give rise to deviations of the thermal expansion

from T' behavior. Hence, at least in principle,
a measurement of the thermal expansion can be
used to study the phonon dispersion. In practice
the main problem is that very accurate measure-
ments of the thermal expansion are required.
Measurements have to be made below about 0.6 K
so that the roton contribution to the thermal ex-
pansion remains small. At 0.6 K the magnitude
of the T' term in the thermal expansion is only
2x10 K '. To study the deviations from T' be-
havior' one therefore needs to be able to measure
a thermal-expansion coefficient of this magnitude
to an accuracy of at least 1%. In our experiments
we have measured the thermal expansion by filling
a niobium superconducting microwave cavity with
liquid helium. As the temperature ls increased,
the liquid expands and flows out of the cavity. The
dielectric constant of the liquid in the cavity is
reduced and this causes a shift in the resonant
frequency of the cavity. By measuring the fre-
quency shift we have been able to detect fractional
changes in density of 4x10 '. In addition, we have
been able to use the same cavity to measure the
density of 'He vapor in equilibrium with bulk liquid.
In this way it is possible to use the cavity as a
very accurate thermometer in the temperature
range 0.25-0.6 K.

II. EXPERIMENTAL METHOD

A. Microwave cavity

The cavity used in these experiments was a
cylindrical cavity fabricated from electron-beam-
melted high-purity niobium. It was operated in
the TED» mode, and resonated at 9.467 0Hz when
empty. As shown schematically in Fig. 1, the
cavity consisted of three separate pieces (two end
plates and a tube). These were held together by
screws. In the TE», mode of oscillation there is
no current flow across the joints between the tube
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that mas obtained in these expex'iments was 2.7
~10', and this was essentially independent of
temperature below 1 K. This Q is considerably
lower than the highest previously reported Q for
niobium cavities, '2 but as will be discussed later
is quite adequate for the present experiments.

The cavity mas coupled to the maveguide by an
iris of diameter 0.345 cm ln a wall of thickness
0.254 cm. This gave a loaded Q of 1.7@10' at low
temperatures and a coupling constant P of 0.6.

8. Qryogenies

CAV IT Y

~MODE TRAP

FIG. 1. Sehematie diag''am of the sample chamber and

cavity.

and the end plates. This is a considerable advan-
tage since it is not necessary to have good elec-
trical contact at these joints in order to have a high
Q. The TE,» mode also has the property that the
electric field (both normal and tangential compo-
nents) vanishes at all points on the cavity walls.
Thus there is no dielectric loss or shift in reso-
nant frequency due to a thin layer of adsorbed gas
or dirt on the surfaces. For a perfect cylinder the
TE,» mode is degenerate with the TM», mode,
and thus for a cylinder in mhich the geometry is
nearly pex feet one expects considerable coupling
between the two modes. To reduce this coupling
the geometry was intentionally altered by cutting
a "mode-trap" groove as shown in Fig. 1.

To obtain a high Q it is essential that the niobium
surface be smooth and undamaged. The cavity
pieces were machined on a lathe using Freon TF
as a coolant, "and were then mechanically polished
with silicon carbide of varying degrees of coarse-
ness, ending with No. 600 grit. Next, the surfaces
were electropolished by an oscillating eleetx"olysis
method similar to that developed at Siemens. "
Finally, the niobium was anodized" in a (10-15)%-
volume NH, solution for about 20 min. The current
density was roughly 2 mA/cm'. The effect of ano-
dizing is to produce a layer of Nb, O, on the sur-
face. It is believed that this displaces the cavity
surface from the position of the original niobium
surface to a deeper level where the niobium is less
likely to be contaminated. The highest unloaded Q

The sample chamber (Fig. 1) consisted of a cop-
per top plate attached to the mixing chamber of a
dilution refrigerator, and a thick-walled brass
can. The cavity was supported by means of a
waveguide section (including a vacuum window)
mhich extended through the top plate. The can was
sealed to the top plate by a screw-clamped indium
9-ring seal that remained super-leak-tight up to
pressures of at least 25 atm. At the upper end of
the maveguide section mas a waveguide to coaxial
convertor. Coaxial cable mas used from this point
up the cryostat to room temperature.

The effect of a hydrostatic pressure head is quite
serious in accurate thermal-expansion measure-
ments. As discussed in Sec. III, we mere able to
measure the cavity resonant frequency with an
accuracy such that fractional changes in liquid-
helium density of 4&10 ~ could be resolved. A
density change of this magnitude can also be in-
duced by a hydrostatic pressure of 0.25 dyn/cm',
which corresponds to a column height of helium
of only 18 p. m. Thus it was essential to keep a
fairly constant helium level in the sample cham-
ber dur1Dg the thermal-expansion measul ernent.
This mas achieved by having low-temperature
valves on the fill and vent lines (see Fig. 1) and
closing them during the experiment. The valves
were similar to those described by Roach et aE. ,"
but used a mechanical instead of a hydraulic drive.
Kith the valves closed the helium level still changes
by a small amount due to evaporation of the liquid
as the temperature is increased. In addition, the
density of the liquid changes slightly because of
compression by the vapor pressure. Homever,
below 0.6 K both of these effects give density
changes which are at least three orders of mag-
nitude less than those due to thex mal expansion.

The 4He liquid used in these experiments was
condensed from gas from natural gas wells, and
had not been especially purified to reduce the 'He
content. Other impurities were condensed out by
passing the gas through two traps at 77 K, one of
which mas filled with molecular sieve material.
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C. Electf'ofllcs

A simplified block diagram of the electronics
that was used to measure the cavity resonance is
shown in Fig. 2. The problem of generating very
stable fx'equency signals at X band was handled
as follows. A x'ubidium fx'equency standard"
produced a 5-MHz signal with short-term stability
better than 5X10 "

x ms averaged over 1 sec. A
eohex'ent microwave synchx'onlzer wRS then used
to lock an X-band klystron to a high harmonic of
the frequency standard. In this way it was possi-
ble to lock the klystron at discrete frequencies
10 MHz apart in the X-band region. To obtain a
stable frequency near the resonant frequency (d,
of the cavity the klystron output (frequency ILI,)
wRs Illlxed with Rll 1Iltel'llledlRte fl'eqlleIlcy' (Id I )
from a continuously tunable frequency synthesizer"
QSIng a sxngle-sxdeband modulator. " The i.f. sig-
nal was in the range 35-70 MHz.

For convenience in taking data it was decided
to lock electronically the frequency &d,(-=~, —cu;. , )
to the center of the cavity resonance. The method
used is similar to that developed by Pound and
modified by Trela and Fairbank. " Stein and
Turneaure' have locked Gunn oscillators to super-
eonduetlng CRvitles in this wRy. In OQx' scheme
the synthesizer frequency u, f was frequency mod-
ulated at frequency ILI (about 4.7 kHz) with a mod-
ulRtlon excursjton of 2 kHZ. The modulating voltage
was taken from the refex ence output of a lock-in
amplifier. The output from the single-sideband
modulator then becomes a carrier at frequency

dc ERROR VOLTAGE

~, and two principal side bands at ~,~~ . The
entire signal is fed to the cavity through a circu-
lator as shown in Fig. 2. When (do is within the
bandwidth of the resonant cavity the carrier is
phase shifted upon reflection by an amount which
depends upon u, —uo. The sidebands have fre-
quencies outside the range of the cavity resonance,
and so the phase of the reflected sidebands does
not depend in a sensitive way upon ~, —~,. The
returning signal can thus be approximated by

y = y I"Z»~t"0»+&~+ y &&&&O+~~~» y e»&~o-~~&»
r 0 j. 1

where I" and g are the magnitude of the reflection
coefficient and the phase shift for the carrier, re-
spectively, both of which depend on ur, —~,. The
signal given by Eq. (3) is then fed into one input
of a balanced mixer. A suitable amount of the
klystron output of amplitude V~ Rnd frequency (d~

is fed into the other arm, i.e., a voltage

yI P' @»((dy»+@) (4)

where p is a possible phase shift. The output of
the mixer is the product of these inputs and is
pRssed thl ough Rn Rmpllfiex' which hRS a bRndwldth
greater than 2& . The output of this amplifier is
square-law detected, and then fed into the lock-in
amplifier from which the modulating voltage at
frequency u is taken. It can be shown using Eqs.
(3) and (4) that the signal detected by the lock-in
is proportional to I' sing. The detected dc output
of the lock-in is then used to electronically tune
the frequency synthesizer, and thus to shift (d,.
For ~mall &, -~o, I" is constant and
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FIG. 2. BIock diagraxn of the GIectrorjica.

Thus by an appropriate choice of the amplification
levels in the i.f. amplifier and the lock-in it is
possxble to lock the frequency uo to the center of
the cavity resonance. Small changes of cv, can then
be measured by monitoring the output frequency
co; f of the synthesizer with a counter. We have
used a counter whose time base is controlled by
tile rubldlum stRIldR1d(see F'lg 2). .

The stability of the locking system was such that
under normal conditions with the cavity at constant
temperature the frequency was constant to +I Hz
when measured with a IO-see counting time. There
was some evidence that the stability may have been
limited by mechanical vlbl Rtlons. For example Rt
night when the laboratory was very quiet the fluc-
tuations were reduced to +0.1 Hz.

In addition to these fairly short term fluctuations,
a drift in the resonant frequency of about l Hz/h
was observed. This drift was definitely coxrelated
with the level of liquid nitrogen in the outer Dewar.



14 INVESTIGATION OF THE PHONON DISPERSION RELATION. . 1905

One effect of the nitrogen level is to change the
electrical length of the coaxial cable' from the
circulator to the waveguide section above the
cavity. However, this adds the same phase shift
to each of the three components in the returning
signal from the cavity [see Eq. (3)] and it is easy
to show that this leads to no change in the correct-
ing voltage coming out of the lock-in. Hence a
simple change in the length of the cryostat cannot
explain the drift that was observed. In fact this
insensitivity to electrical length is a major ad-
vantage of the Pound- Trela- Fairbank locking
scheme. However, in a more realistic analysis
of the experiment one should include in V„con-
tributions from other reflected waves in addition
to those reflected at the cavity. Some of these
waves (e.g. , those coming from reflections at the
coaxial connector at the top of the cryostat) will
not have passed along the section of coaxial line
in which the temperature variation due to the ni-
trogen level occurs. It can be shown ' that inter-
ference between the waves which suffer no tem-
perature-dependent phase shift and the three waves
included in Eq. (3) can give rise to a spurious cor-
recting voltage from the lock-in, and hence to a
frequency shift depending on the nitrogen level.
We believe that it is this effect which produces
the observed drift.

good accuracy by Kerr and Sherman. Inserting
their value gives

z v = -1.177x10'—1—, P B(T)P
+ ~ ~ ~

T RT

where P is in Torr and T is in K. The 'He tem-
perature scale provides a relation between the
saturated vapor pressure of 'He and the absolute
temperature. Thus, if the virial coefficients are
known with sufficient accuracy a measurement of
the cavity frequency shift when it contains satura-
ted 'He vapor can be used to determine the tem-
perature.

Figure 3 shows the expected Av as a function of
T on the basis of the ideal-gas term alone, to-
gether with the temperature dependence of the
uncertainty in n. T/T arising from a +1-Hz uncer-
tainty in a measurement of b v. The uncertainty
in b T decreases very rapidly as the temperature
increases. However, above 0.6 K the virial cor-
rection becomes significant. The coefficient B(T)
has been measured by Grimsrud and Werntz ' be-
tween 1.2 and 3.6 K and by Keller'4 between 1.5
and 3.0 K. We have used Keller's data as reana-
lyzed by Roberts, Sherman, and Sydoriak, ' and
have extrapolated it to our temperature range.
The value of B is

B(T) = 5 —(271/T) cm'/mole.

D. Thermometry

e —1 = 4 u/vV (5)

where n is the molar polarizability and V is the
molar volume. Thus the fractional shift in fre-
quency of the cavity when 'He gas with molar vol-
ume V is introduced should be

hv/v = —2m@/V (8)

The temperature was measured by a germanium
resistance thermometer. The resistance was
monitored using an ac bridge. A calibration of
the thermometer was performed using the super-
conducting cavity to measure the the density of
'He vapor in equilibrium with a small amount of
bulk liquid condensed in the sample chamber below
the resonant cavity. The dielectric constant e of
a low-density gas is given by

-10

h, v -10

(Hz)

2-10

0.1-

0.01—

0

I

I.

0.4 0.8

For a nearly ideal gas the molar volume can be
related to the pressure through the virial expan-
sion

P V„ /8 T = 1+B(T)/V + * ~ ~ .

Thus

(7)

O v/v = —(2vnP/R T}[1—B(T)P/R T + ~ ] . (8)

The molar polarizability a has been measured with

TEMPERATURE (K )
FIG. 3. Behavior of the cavity as a vapor-density ther-

mometer. Solid curve show expected frequency shift
when the sample chamber contains saturated 3He vapor.
The vapor is assumed to behave as an ideal gas. Dashed
curve shows percent uncertainty in temperature resulting
from a +1-Hz uncertainty in the cavity resonant frequency.
Dotted curve shows correction to temperature from the
second virial coefficient.
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In our temperature determination this leads to a
correction of the magnitude shown in Fig. 3. As
a check on the validity of the extrapolation of the
virial coefficients we performed simultaneous
measurements of hv and vapor pressure P (mea-
sured at room temperature) at temperatures in the
range 0.6-1.0 K. Corrections for the thermomo-
lecular pressure effect were applied using the data
of Roberts and Sydoriak. 28 In this temperature
range the discrepancy between the temperature
obtained through the use of 6v [i.e. , through Eg.
(9)] and through the vapor pressure was no more
than 0.3%.

A correction was also applied to allow for the
0.8'/ro 4He contamination of the SHe gas used. 2' This
eorreetion was 0.15/0 at 1 K, but only 0.04/~ at
0.4 K. The final accuracy of the calibration in the
temperature range 0.25-0.6 K was in fact limited
mainly by the sensitivity of the germanium re-
sistance thermometer and by the curve-fitting
procedures. We estimate the accuracy as +0.2%.
In addition, there is an uncertainty associated
with the 'He vapox -pressure scale itself. "

Below 0.25 K the aceuraey becomes increasingly
limited by the +1-Hz resolution in n, v (see Fig. 3).
In this range of temperature the germanium ther-
Inometer was calibrated against cerium magnesium
nitrate (CMN). The uncertainty was no worse than

+1% down to 0.1 K.

III. RESULTS AND DISCUSSION

A. Dielectric constant measurements

The dielectric constant eo of liquid helium at zero
temperature (T&0.1 K) was measured by finding
the resonant frequency of the cavity empty and
filled with liquid. Then

Five separate measurements were made and the
result was

(e —1)/(a+2) =—', v(np/M), (14)

where o. is the molar polarizability and M is the
molecular weight. We can check the CM x'elation

as follows. Kerr and Taylor" have measured the
molar vol me at zero pressure. The~r results
give a density at 1.2 K of 0.145094 g/cm' with an

absolute accuracy of+0.02%. This gives a value
for the density p, at T =0 K of 0.145119g/cm'.
Combining this with our result (12) for the dielec-
tric constant leads to a molax polarizability

of 1.057258+0.000020 and 1.057242+0.000010.
These results are thus in reasonable agreement
with our value.

The dielectric constant was also measured at
the fxeezing px essure. A complication that oc-
curs is the compression of the cavity. This
changes all linear dimensions by a fraction

1
3+~Nb y

where P is the pressure and ~„b is the compres-
sibility of niobium. The compressibility of poly-
crystalline niobium depends to some extent on
metallurgical details, ~ but is probably in the
range (6+0.2) X10 "cm'/dyn. Thus a pressure
of 25 atm causes an increase in the resonant fre-
quency of the cavity by 5.1+0.2 ppm, which must
be subtracted before calculating the dielectric
constant. In addition to this problem it was found
that after pressurizing to 25 atm and returning
to zero pressure the resonant frequency was re-
duced by 20 kHz from its original value. This
was presumably caused by some form of mech-
anical shock. If a +10-kHz uncertainty is included
in the frequency shift, the result for the dielectric
constant at freezing is

&y
= 1.068 385+0.000002.

The Ineasurement of the thermal expansion re-
lies on the use of the Clausius-Mossotti (CM) re-
lation

&o = 1.057278 4+0.000000 5. o =0.123363~0.000025 cm'/mole. (15)

The accuracy is limited by two effects. Opening
or closing the low-temperature valves causes a
mechanical shock which eaxi shift the x'esonant
frequency of the cavity by as much as 1 kHz. The
second problem is that it was necessary to fill the
sample chamber until the cavity was completely
immersed. The height of the liquid above the cav-
ity was not known, and thus the hydxostatie pres-
sure inside the cavity varied from run to run and
was somewhat uncertain.

The dielectric constant has been measured pre-
viously by Harris-Lowe and Smee" at tempera-
tures of 1.072 and 1.018 K. If their results are
corrected to zero temyerature29 one finds values

This can now be used with e~ from (13) to calculate
the density at freezing via (14). The result is

pz
= 0.172 61+0.000 03 g/cm' . (16)

This result lies between the values 0.172 93 and
0.172 46 g-cm' obtained by Grilly" and by Abraham
et al. ,

33 x'espectively, using methods which do not
rely on the CM relation.

In our experiment it is also important that there
are no tempex'ature-dependent corrections to the
Claussius-Mossotti relation. To look for these we
filled the sample chamber with liquid under pres-
suxe and closed both of the low-temperature valves.
It was then possible to vary the temperature while
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keeping the volume and density of the liquid nearly
constant. The results are shown in Fig. 4 for 0.4
and -25 atm. It is possible to explain most of the
observed shift in terms of the expansion of the
sample chamber caused by the increase of the
helium pressure as the temperature is raised. A
calculation of the elasticity of the sample chamber
gave for the fractional change in volume caused
by an internal pressure AP

s V/ V=2.8 xl 0 "n.P, (17)

where n.P is in dyn/cm'. This result may be un-
certain by as much as +50%, because of the com-
plicated geometry of the can. Using (17) we can
calculate the change in helium density as a func-
tion of temperature, and can then find the expec-
ted frequency shift from the CM relation. The
result is the dashed curves in Fig. 4. The shifts
have a similar temperature dependence to the ex-
perimental result but are smaller by -30% at
0.4 atm and nearly 50%%uo at 25 atm. If it is as-
sumed that the volume change of the can is actually

give a contribution to the dielectric constant which
is less than 10 ' for T &0.45 K.

B. Thermal-expansion measurements

The liquid density was measured in the tempera-
ture range 0.091-0.620 K. At 0.091 K (the lowest
temperature attainable) there was still a measur-
able thermal expansion, and so it was necessary
to make an extrapolation to find the density p, at
T =0. In doing this it was adequate to assume that
the thermal expansion n was proportional to T'.
We estimate that the uncertainty in p, due to the
extrapolation is no more than 5 parts in 10'. Re-
sults for (p, -p r)/p, T' are shown in Fig. 5. The
error bars represent the combined effect of un-
certainties in pr (*4X10 ), in p„and in the tem-
perature (see Sec. II). The data at the lowest tem-
peratures, which are primarily of value in deter-
mining p„have not been included in Fig. 4. In the
temperature range above 0.3 K our results are in
reasonable agreement with the unpublished data
of Van Degrift. '4

6 V/V=4. 2&(10 "AP, (18)

the 0.4-atm data are fit well and the 25-atm data
all lie within 1 Hz of the expected shift (solid
line in Fig. 4). Thus our data provide no positive
indication of a temperature-dependent correction
to the CM relation and show that any effect must

10

(H zj

1. Roton contribution

At temperatures close to 0.6 K there is a sig-
nificant contribution to the thermal expansion a„
from rotons. We have estimated this using the
expression for n„given by Atkins and Edwards. "
Roton parameters were taken from Deitrich et al."
The density change due to rotons is only 1.2% of
the total density change at 0.62 K and is completely
negligible below 0.55 K.

2. Analysis of the low-temperature data

In the limit of low temperature only very-low-
energy phonons are excited in the liquid. For
these phonons one can assume linear dispersion

3.0

0
0 0.02 0.04 0.06

2.8-

4
Q 0
CL

2.6-

FIG. 4. Results of a search for temperature-dependent
corrections to the Clausius-Mossotti relation. Solid cir-
cles and solid squares are data at pressures of 0.4 and- 25 atm. The dashed and the solid lines are calculations
of the frequency shifts expected due to the extension of
the sample chamber caused by the increase in the helium
pressure with increasing temperature (see text for de-
tails).

0.2 0.4

T2 ( K2)

FIG. 5. Experimental results for the thermal expansion
compared with calculated values based upon dispersion
curves withe 2=1.5, 1.7, and 1.9A. . The remaining pa-
rameters of the dispersion curves are given in the text.
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6 =cpp ~

Then

(po pr-)/po =A4 T,

(19)

(20)

o.'~ = —v Uo/24poco,

where Up is related to the long-range part of the
van der Waais potential V(R) between two helium
atoms by

with V(R) = —Uo (Ro/R)6. (28)
A, = (2v'ks'/15K'p, c,') (u, +-', ),

where up is the Gruneisen constant defined as

8 lncp
8 lnpp

(22)

Bp is the mean spacing of atoms in the liquid and
is defined by p,R0 =M (M is the mass of helium
atom). Using the value of U, calculated by Davi-
son~' one obtains

3. Relation of density change to phonon dispersion

In the case of a general dispersion relation e(p)
it can be shown that

pp-pz 4r 8 in& 1 8 inc

pp ppcp A 8 lnpp 3 8 lllp

&& en{a)P'dP .
For fairly small momentum we can write e as

e =c,p(I + o.,p/h+ n,p'/I'+ ~ ~ ) .

(25)

(28)

Then. for a given set of parameters $o.,) and (Ba, /
BP0] the thermal expansion can be calculated
numerically and compared with the data. As a
means of determining the (u, ) this procedure is
limited because of the large number of variables
involved. Fortunately other experiments and
theory provide the following constraints:

(i) It is known from ultrasonic measurements"
that n, =0, and this is presumably true regardless
of density. Thus Bo,/BP, =O.

(ii) Kemoklidze and pitaevskii and Feenberg"
have independently derived the following result
for Q3.'

Using the values" c, = (2.383+0.001)X10' cm/sec
and" I =2 84+0.01 we fmd

A, =(2.90+0.01)x10 ' K '.
The data give a slightly higher value of A, as can
be seen from Fig. 5. A weighted least-squares
fit of the form

(Po —Pr)/po =Ay T +A 6 T +A 8 T (24)

using allof the datagave A~ =2.932&10 'K . A simi-
lar fit but with a T' term instead of T' gave A4
=2.955~10 ' K 4. Possible origins of the discrep-
ancy are (i) the uncertainty in the data, (ii) the
choice of polynomials like Eq. (24) is inappropriate,
(iii) the uncertainty in u, is slightly larger than
stated above, or (iv) our temperature calibration
is too low by approximately 0.2/0. %e mention
possibility (iv) because there have been previous
proposals" that the 'He scale itself may be too
low by about 0.2%.

a, = —3.34 A',

8 in&3
4 68

8 lnpp

(iii) There is much evidence from thermodynamic
data and from transport measurements' ' that n,
is negative. It is also known that when the liquid
is compressed o., decreases and changes sign
around 20 atm. ~ This imposes some constraints
on "reasonable" values of Blnn, /B lnp, . For ex-
ample, if it is assumed that n, varies linearly with

PPB

8 in@&

8 lnpp

Qn the other hand, if it is assumed that cy2 varies
linearly with I',

in+2 —4.1 .
8 lnpp

Using these results we are left with a„and the
higher coefficients n~, n„etc. , and their density
derivatives as free parameters. For u„and cp
we have assumed the values measured in Refs. 37
and 38. In Fig. 5 we show the density change cal-
culated from Eq. (25) with o.,=1.5, 1.7, and 1.9 A',
and n4 and all higher coefficients zero. Blna, /
8ln p, has been set equal to —5. The best fit to the
experimental results is with a, = 1.7, but a, = 1.6
or 1.8 A' are only marginally inconsistent with
the data. If sino. , /Blnp, is changed from —5 to
—8 the best fit is obtained with n2 = 1.5 A2. If a
nonzero value of e~ is assumed it is still possible
to obtain a reasonable fit, provided that a, is not
too large. Reasonable fits are obtained for com-
binations from +2=1.4 A~ and +~=6 A4 to e2
=1.9 A2 and +4=-6 A~. These are shown in Fig.
6. Similarly it is also possible to obtain agreement
for a range of values of sinn, /Bln p, if small ad-
justments are made in e,.

%e may summarize the results of the attempts
at fitting the data as follows. There exist uncer-
tainties in a2 of +0.1, +0.2, and +0.25 A2 arising
from scatter in the data, uncertainty in Bina2/
81npp, and uncertainty in n4, respectively. By
combining these errors we obtain a final value for
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FIG. 6. Experimental results for the thermal, expan-
sion compared with calculated values. Solid curve:
+2=1.9 A2, +4=-6 A.4. Dashed curve: 0;2=1.5 A2,

A 4= 6 A . Dotted curve ls calculated from the theory of
Al.drich (Ref. 43).

~2 of 1.7+0.34 A .
It 18 vel-y difficult to coxnpare this VRlue of A,

with earlier determinations because different
workers have used different parametrizations of
the dispersion curve. In particular, the Kemo-
klidze-Pitaevskii-Feenberg term has always been
omitted. Ke feel that it is important to include
this in the analysis because it is the only term in

the power series (26) whose coefficient can be
evaluated with confidence from first principles.
Dynes and Narayanamurti' have used tunnel junctions
to detex mine the energy &, above which phonons
are stable against unharmonic decay. They have
also measured the group velocity v, of these pho-
nons. To relate theix results to phonon dispersion
they assumed that the dispersion relation was of the
form of Eq. (l), and that corrections beyond o,p'/
g'were negligible. At the saturated vapor pres-
sure they obtained n, = 0.12 A' and 0.,= 0.36 A4.

Their value of n, is thus an order of magnitude less
than oux' result, and is definitely not consistent with

our experimental results. However, the reason
for this discrepancy is almost certainly that the bvo

experiments measure different parts of the disper-
sion curve. Our experiment is mostly sensitive to
phonons of energy below 2 or 3 K, and we believe
that in this energy range it is not too bad an ap-
proximation to use R powex'-sex'168 Rppx'oxlmRtlon

to the dispersion relation. However the ultrasonic
measurements of Dynes a d Na aya amurt1 de-

termine properties of the phonon spectrum at much

higher energy, approximately 10 K, corresponding
to a momentum of about 0.6A '. lt is very un-
likely that a power series of the form of Eq. (l)
or (26) is a reasonable approximation to the dis-
persion curve up to such R high momentum.

From an analysis of the viscosity measurements
of VVhitworth, Maris' found the "most likely value"
of e, to be in the range 0.9-1.3 A~. The difference
between this VRlue Rnd the pl esent x'esult of 1.7 A
is again presumable because higher-energy phonons
were involved in the viscosity experiment and be-
cause a different parametrization of the dispersion
was made. Similar comments apply to attempts
to determine n, from analyses of ultrasonic attenu-
ation and velocity data (see Ref. 6).

The results can be compared with two recent mi-
croscopic calcuations of the phonon dispersion x'e-

lation. Aldrich" used polarization potential theory
to calculate the dispersion curve and its pressure
dependence. The results of a calculation of the
thermal expansion based on Aldrich's dispersion
curve are included in Pig. 6. It is clear that
Aldrich's theory underestimates the dispersion.
However, the agreement is perhaps suprisingly
good consldex'1ng thRt th18 18 R microscopic theo1'y.
The other microscopic theory is by Bhatt and

McMillan, "who obtain the results e, = 0.055A',
which is much too small a dispersion to be con-
sistent with our experimental results.

IV. CONCLUSIONS

The dielectric constant & of liquid ~He has been
measured in the temperature range 0.1-0.6 K. An

accurate value for & in the limit of low tempera-
ture was obtained. No evidence was found for
deviations from the Clausius-Mossotti relation.
The thermal expansion of the liquid was calculated
from the temperature dependence of the dielec-
tric constant and the expansion was related to
the dispersion curve for thermal phonons. The data
indicate that the dispersion of phonons is anomalous
Rnd quantitative information about the dispersion
was obtained.

Measurements of the low-temperature expansion
of dilute solutions of 'He in 'He are in progress Rnd

should give useful information about the dispersion
relation for 'He quasiparticles.
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