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A theoretical and experimental study is presented of ac losses in the mixed state of type-II superconductors
when viscous damping dominates flux line motion. The theory describes the ac response of a cylindrical
superconductor in the mixed state in a dc magnetic field H and a superposed parallel ac field of arbitrary
frequency. The complex ac permeability is found to be related to the flux-flow resistivity pgB)the ,differential
permeability ILL'(8) = dB/dH, the frequency, and the sample radius. Measurements were made of the ac
permeability in the frequency range 4S-1000 Hz of two NbTa alloys which were prepared to minimize bulk-
pinning and surface losses. Values of pals) and p, '(8) derived from the measurements agree qualitatively
with the model, but pgB) shows a weak frequency dependence that may arise from the presence of remnant
nonviscous losses.

I. INTRODUCTION

The flux-flow resistivity of superconductors in
the mixed state has been a subject of continued
experimental and theoretical interest" since the
early work of Kim and co-workers. Experimental
measurements have been carried out by passing
a current through a sample and measuring the
voltage drop across it or by measuring the micro-
wave surface impedance. Measurement of the ac
susceptibility has been used for some time as a
contactless method of determining resistivity in
normal metals. ' However, measurements of the
ac susceptibility or permeability of superconduc-
tors have been used only to investigate flux pinning
because flux-pinning effects ordinarily dominate
the response of superconductors to a low-frequen-
cy ac magnetic field. ' By carefully annealing
our samples and thermally oxidizing their sur-
faces, we have been able to reduce flux pinning
sufficiently so that viscous dampi11g dominates
flux-line motion and ac response.

In this article we discuss the electrodynamics
of an infinite cylinder of a superconductor in the
mixed state in a large axial dc magnetic field and
a parallel small-amplitude ac field. The only
limitations on the frequency are that it must be
low enough so that displacement-current and en-
ergy-gap effects can be neglected. The response
of a superconductor to an ac magnetic field arises
from the motion of flux lines and can be quantita-
tively studied by measurements of the complex ac
magnetic permeability. This ac response is de-
pendent on the combined influence of bulk and sur-
face pinning of fluxoids as well as viscous drag
effects. Solutions to the general problem are ex-
tremely diff lcult to obta. n;; but ln the case of an

ideal defect-free type-II superconductor (i.e., in
the absence of bulk and surface pinning), the
equations can be linearized and a solution obtained
for a sufficiently low-amplitude ac field. The so-
lution relates the complex ac permeability p. = p,

'
+i@." to the flux-flow resistivity pz, the static dif-
ferential magnetic permeability y, '(B) = dB/dH,
the frequency v, and the sample radius a.

%e report here measurements of the ac per-
meability of two nearly ideal NbTa alloys as a
function of dc magnetic field, frequency, and ac
field amplitude at 4.2 K. %e find that reasonable
values of dB/dH and pf can be deduced from the
complex permeability throughout the mixed-state
region except for applied fields close to 0„, where
the experimental conditions do not satisfy the re-
quirements of the analysis. The values of p& and
dB/dH derived from these measurements agree
qualitatively with the expected results, but p&
shows a weak frequency dependence that may re-
Qect the approximate nature of our simple phe-
nomenological model.

II. THEORY

A. General remarks

The ac magnetic permeability of type-II super-
conductors is associated with the energy dissipa-
tion produced by the motion of quantized vortex
lines. Such dissipation can be thought of as aris-
ing from local Joule heating in the vortex core,
where the time-varying local flux density produces
a local electric field, which in turn drives local
normal currents through the core. The rate of
energy dissipation per unit length of vortex can
be written as" qv'„, which can be interpreted as
the rate at which work is done by the viscous drag
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force per unit length of vortex line, -gv„, where

g is called the viscous drag coefficient and v, is
the component of the vortex line velocity parallel
to the local driving force. When the driving forces
on a vortex array are generated by the time-de-
pendent component of an applied magnetic field,
varying sinusoidally with angular frequency ur,

the velocity v„ in the absence of Qux pinning, is
proportional to (d, and the total energy dissipa-
tion per cycle is frequency dependent, as in the
case of eddy-current losses in normal conductors.
On the other hand, whenever flux motion is dom-
inated by flux pinning in the superconductor, ei-
ther in the bulk or at the surface, a vortex, dur-
ing its trajectory through the specimen, moves
with a highly irregular velocity and, in particular,
moves very rapidly and irreversibly in the vicinity
of pinning sites. According to the theory of dy-
namic pinning, the vortex then dissipates an es-
sentially fixed amount of energy each time it
travels past a pinning site. The total energy dis-
sipation per cycle in such a case may be shown
to be independent of frequency.

The details of the low-frequency ac magnetic
permeability of type-II superconductors are de-
termined by the relative contributions of three
possible modes of energy dissipation: viscous
losses, bulk-pinning losses, and surface losses.
By viscous losses we refer to the dissipation that
would occur even in the absence of flux pinning;
such losses are analogous to eddy-current losses
in normal conductors. By bulk-pinning losses
we refer to dissipation at bulk-pinning sites dis-
tributed throughout the specimen interior; such
losses are describable in terms of the critical-
state model. ' By su/ace losses we refer to the
dissipation occurring at the specimen surface:
below H„, via surface-pinning sites" or a sur-
face barrier, "'"and between H„and H~, via the
superconducting surface sheath. "

Although the low-frequency ac magnetic per-
meability of heavily pinned hard superconductors
is usually dominated by bulk-pinning losses and
surface-pinning losses, viscous losses can play
an important role in weakly pinned type-II super-
conductors, especially when the skin depth is
roughly of the order of the specimen radius. For
the specimens described later in this paper, we
believe that viscous losses in fact play the dom-
inant role. Consequently, we shall next summar-
ize the electrodynamic description of type-II su-
perconductors at low frequencies for ideal speci-
mens in which bulk and surface pinning are negli-
gible. This formalism will then be used to cal-
culate the ac magnetic permeability for cylindrical
ideal type-II superconductors. At the end of this
section, we discuss the possible effects of bulk

and surface pinning on measurements of the ac
permeability, and we describe several tests that
can be experimentally performed to test the valid-
ity of neglecting pinning.

v x H = (4 v/c) J. (2)

London" called this the "coarse-grained current
density, " and Campbell and Evetts" call it the
"transport current density. " From a thermody-
namic analysis, one may show that when B varies
spatially such that J does not vanish, the vortex
array is not in over-all thermodynamic equilib-
rium and will move with velocity v (perpendicular
to B) in such a way as to minimize the free ener-
gy. The corresponding force per unit volume
driving the vortex array towards equilibrium is
then"

F= Jx B/c.

As a result of the motion, an electric field

E=B xv/c (4)

is generated, which varies on the same length
scale as B and v.

In the absence of flux pinning, the flux-flow
velocity v and the electric field E are determined
by a balance between the viscous drag force gv

B. ac magnetic permeability of an ideal type-II superconducting

cylinder

Let us consider an isotropic ideal type-II super-
conducting specimen of dimensions large by com-
parison with the penetration depth X. We consider
its isothermal response to electromagnetic dis-
turbances of sufficiently low frequency that the
displacement current can be neglected. Let us
assume that the specimen contains an inhomogene-
ously distributed array of interacting quantized
vortices (or fluxoids or fluxons), but that the in-
homogeneities, or electromagnetic disturbances,
vary spatially on a scale of length much larger
than the intervortex spacing. These assumptions
permit us to average the magnetic flux density
over many vortices, and to apply thermodynamic
arguments.

In this situation, the free energy density F of
the vortex array can be expressed as a scalar
function of B (B = ~B ~) and thus varies on the
same length scale as B. Since we are considering
only isothermal processes, we suppress the de-
pendence of F upon the absolute temperature T.
The magnetic field H is obtained from F via"

BE (B)
8B

We define a current density J via
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3nd the force F. Then E is proportional to J. In-
troducing the flux-flow resistivity' p&, which de-
pends upon 8 and T, we eanwrite

E= pfJ.
Since the materials discussed in this paper are
alloys, in which the electron mean free path is
much smaller than the cyclotron radius at H„,
we neglect the Hall field.

%e now specialize to the ease of an infinite
ideal type-II supereonducting cylinder of radius
a in the presence of a longitudinal time-dependent
applied field H, (t). It is convenient to regard the
cylinder as centered on the z axis and to use cy-
lindrical coordinates p= (x'+y')' ', p= tan '(y/x),
and z with unit vectors p=xeosg+y sing, (t)

=y cos&f&-xsinp, and z, such that H, =H,z. We
assume that B, H, J, v, and E depend only upon
p. Then we obtain B=8,z, H=H~, and J=J~P,
where, from Eq. (2), we obtain

(5)

BH, 4g
gp

From Eqs. (4} and (5) we obtain E=E~p, where

(6)

Faraday's law becomes

., 9(pE ),&8,
(8)

H —H +H„

0+

J~=J~,

(10)

(11)

(12)

(13}

The above equations, subject to the boundary
conditions H, (a, t) =H, (t}, describe a well-defined
problem in electrodynamics. If H, makes large
excursions that are appreciable fractions of the
fields H„and H~ eharaeteristic of the supercon-
ductor, the solution is very difficult to obtain, be-
cause the 8 dependence of H and pz makes the
field equations nonlinear. However, if

H, (t) =H, +h, cos~t,

where h «H„ the above equations can be linear-
ized and a solution easily obtained.

If A, =0, the steady-state solutions in the super-
conductor are H, =H„8,=80=8„(H,), where
8~(H} is the equilibrium value of 8 for a given
value of H=4vSE /88 inside the superconductor,
and E =J=0. %e denote these as zero-order so-
lutions.

If 0 & k, «H„all quantities may be expanded in
powers of h, /H, . Retaining only the zero- and
first-order terms, we obtain

where the quantities with the subscript "1"are
dependent upon p and t and are proportional to h0.
Substituting these quantities into Eqs. (6)-(8), ex-
panding all quantities in powers of h„and re-
taining only first-order terms, we obtain

~l g Pf0 ~l& (15)

(16)

which is a diffusion equation for perturbations of
the magnetic field H and is to be solved subject
to the boundary condition that H, (a, t) = h, cosset.
The diffusion is governed by the flux-flow mag-
netic diffusivity

Dto
——Dt(80) = c pro/4v p.o,

which depends strongly upon the magnetic flux
density 80. For small $0, where p««p„and
p,0» 1, we obtain D««D„, where D„ is the nor-
mal-stete magnetic diffusivity

D„=c'p„/4w (2o)

D» increases with increasing 80 up to the value

Dt(H„) = c'p„/4v p'(H„), (2

where pt(H~) = p„and p.'(H„) & 1. The magnetic
diffusivity has a discontinuity at 80 =H~, since
Dt(H„) is smaller than the value D„ in the normal
state just above H,2.

Equation (18) is easily solved by writing the
sinusoidally varying part of the applied field as
Reh e '"' and by writing H, (p, t)=Reh, e '"', where
Re denotes the real part, and h, (p), a complex
quantity, obeys the boundary condition h, (a) = h, .
Equation (18) then becomes

, d(pdh, /dp)
(22}

dp

which is Bessel's equation of order zero with the
solution

h, (p) = h, d, (kp)/J, (ka)

Here, J0 is the Bessel function of oldel zelo,
k= (1+i)/6&„and 6t, is the f I ux ftoa skin depth, -
defined by

where pt, = pt(8, ), and

dB~(HO) dHs, (Bo)

0 0

Combining Eqs. (14)-(16), we obtain as the funda-
mental equation in the superconductor

BH~ ~ s(p&H, /6 p)1 D pj. 1
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6fo = 2Dto/(0 = c pro/2v(d jlo.

Note that as BQ increases from zero to H„, 5&~

increases from zero to a value a little less than
the normal-state skin depth, defined by

6'„=2D„/&u = c'p„/2 var.

Thus, the first-oxder time-dependent flux density
1S

0.6

T~ f

B,(p, t)= goRe[h, e' 'do(kp)/Z, (ka)] (26)
0.1 0.2 0.5 1 50 )00

p/po' = 2Z, (ka)/(ka)do(ka). (29)

The result also may be expressed in terms of the
modulus M„and phase H„of the Kelvin functions":

&/&o = foe (30)

fo(x) = 2M, (x)/xMo(x),

p(x) = 8,(x) —8, (x)+ —,'v,

x=av2/6t, .

(»)
(32)

(33)

p /po=fi=focosp)

p "/po= fo = fo sfnp~

(34)

(36)

p "/p, ' = tanp. (36)

Plots of fo, f„ fo, and tanp are shown in Fig. l.
The form of Eels. (30)-(36) suggests a method

for determining the values of pQ' and p&Q from ex-
perimental values of p,

' and p, ", provided the an-
gular frequency e and the specimen radius a are
known. By inverting Eq. (36), the appropriate
value of x can be obtained. Since f„f„fo, and P
then are known, po can be obtained from Eq. (34)
or (35). Finally, pro can be obtained from Egs.
(24) and (33). We expect the precision of the
method to be optimized when p'/po is close to
its maximum value near x= 2.5, which occurs
when the flux-flow skin depth 5& is roughly equal
to the specimen radius a. This method is closely

and the average flux density contained in the cyl-
inder is

B,(t) = —. dppB, (p, t)
2

a Q

= p' R[eh, e'"'2J' (ka)/(ka)J'o(ka)]. (27)

The complex permeability p. = p. '+ ip.
" is def ined

via

B,(t)= Re( pa, e'"')-
= p, cocos(dt+ p, ho sin(a)t,

FIG. 1. Auxiliary functions used in the analysis, f 0,

f &,f 2, and tanP =f &jf &, defined by Eqs. (30)-(36), vs
x = av2t/&fo, where a is the specimen radius and 4&0 is the
flux-fl. ow skin depth.

related to that px'oposed by Chambers and Parks
for the determination of the normal-state resis-
tivity. Our results, in fact, reduce to theirs if
we znake the replacements ]L(Q'-1, p»-p„, and

C. Limits of applicability of the model

The ac magnetic permeability of a long type-II
superconducting cylinder is dependent not only on
viscous losses but can be influenced by bulk and
surface pinning. As mentioned in Sec. IIA, the
loss per cycle due to pinning is independent of
frequency and in addition depends on ac field am-
plitude hQ in a nonlinear way. 4' '3 In order to
minimize tile effects of pinning the ac field am-
plitude shouM be sufficiently large that the induced
current density greatly exceeds the pinning critical
current density over most of the sample during a
large portion of the cycle. On the other hand, the
method we propose to interpret the data requires
a small ac field amplitude. Our proposed method
probes p'(B) = dB/dH and p&(B) over a range of
flux densities centered on 8 =BQ with a resolution
width 2po'A . Structure in p'(B) and pz(B) can be
resolved only if its width is larger than the reso-
lution width. Furthermore, if the ac field ampli-
tude is too large, structure in p'(B) and pt(B) may
give rise to nonlinear xesponse and an amplitude-
dependent ac permeability. To determine whether
our proposed method is working properly in a
given experimental situation and whether our basic
assumptions, that viscous damping is dominant
and that the ac field amplitude is small compared
to structure in p, '(B) and pz(B), are correct, the
following experimental tests can be made.

f. Dependence ujon amplitude Q. As discussed
above, if the method is working propexly, there
should be no dependence of p' and p,

" upon the
amplitude AQ. An amplitude dependence indicates
either structure in pQ and p» at the limits of reso-
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lution or contributions from bulk and surface pin-
ning.

Z. Dependence upon H0 above H,z. If surface pin-
ning is negligible, there should be no dependence of p,

'
and p upon H, above H&2 An Ho dependence indi-
cates surface losses, which probably persist and
are even larger below H„.

3. Dependence upon co. If surface and bulk pin-
ning are negligible, there should be a strong depen-
dence of p. ' and p.

" upon ~ through the frequency
dependence of the flux-flow skin depth 0». Fur-
thermore, the values of p,o and p&0 calculated
using the proposed method, should be frequency
independent. Surface- and bulk- pinning contribu-
tions to p,

' and p. introduce apparent errors,
which propagate into the calculated values of x,
p,', and p«, leading to a spurious frequency de-
pendence of both p,,' and pz, . If surface- and bulk-
pinning losses greatly exceed viscous damping
losses, as is the case for very low frequency ~,
the resulting experimental values of p. 'and p, are
frequency independent.

4. Dependence upon magnetic

history.

If surface
and bulk pinning are negligible, there should be
no dependence of p,

' and p, upon the history of
H„since flux is then swept in and out of the spec-
imen over its entire cross section during each
cycle. Differences in p,

' and p,
' observed in in-

creasing and decreasing fields Ho indicate trapped
flux, which is not swept in and out during each
cycle. The existence of this trapped flux implies
that surface- and bulk-pinning contributions to p,

'
and p,

"are not negligible. With hysteresis, there
is a 8~aller amount of flux threading the middle
of the specimen in a given applied field H, when
the field was increased to that value than when it
was decreased. Those segments of the trapped
vortices that are pinned near the center of the
specimen dissipate no energy and thus make no
contribution to p,

" or p. '. However, since the re-
maining segments of these vortices do move in
response to the strong currents that flow where
the vortices intersect the specimen surface, they
dissipate energy and therefore contribute to p.

"
and p. '. The difference in the density of these
moving segments in the field-increasing and field-
decreasing cases thus accounts for the differences
in p, and p.

' in the two cases.

III. EXPERIMENT

A. Sample preparation

The NbTa alloys were prepared from Nb and
Ta powders by arc melting on a water-cooled cop-
per hearth. The molten metals were then drop
cast into rods approximately 1 cm in diameter.
A rod of each alloy was swaged to 3.2 mm diam-

B. Measurement technique

We measured the ac permeability by using a
Hartshorn mutual-inductance bridge that was pre-
viously used in this laboratory for measuring
critical current densities. ' We balanced the
bridge with the sample in place in zero dc applied
field. In this situation (i.e., the Meissner state),
the ac field is excluded from the interior of the
sample so that the permeability is zero. Then,
when the ac permeability is nonzero, the signal
across the secondary of the bridge is proportional
to the time derivative of the average magnetic in-
duction in the sample. A lock-in amplifier with a
two-phase accessory produced dc output voltages
in proportion to the real and imaginary parts of
the ac permeability, p,

' and p. . The phase setting
of the lock-in and the output voltage corresponding
to a permeability of unity were determined by re-
moving the sample from the secondary of the
bridge.

For each measurement, we ramped the dc field

TABLE I. Characteristics of the two sampl. es dis-
cussed in the text.

Sample 1 Sample 2

Composition
(at.% tantalum)

Major diameter (cm)

Minor diameter (cm)

Demagnetization factor

H~2 at 4.2 K (kOe)

p (p~ cm)

x„(45 Hz)

x„(88 Hz)

x„(350 Hz)

x„(1000Hz)

0.5%

2 ' 5

0.27

0.025

2.87

0.115

0.699

0.977

1.949

2.5

0.27

0.025

4.42

1.83

0.489

0.826

eter, double-pass zone refined, and then spark
machined to a prolate spheroid. Each sample was
chemically polished and annealed for 5 h at 2360'C
in a vacuum of 5x10~ Torr. Finally, the samples
were heated to 400'C for 2 min in 1 atm of pure
oxygen. This last step has been shown to reduce
the magnetic hysteresis of single-crystal niobium
samples without altering the purity or crystalline
structure of the bulk of the sample. "'

We determined the composition of the samples
by chemical ana, lysis of adjacent sections of the
rod from which each sample was machined. The
dimensions of the samples are given in Table I.
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at a constant rate (5.3 Oe/sec t'» sample i and
V.6 Oe/sec for sample 2) from zero field to above
H~ and then back to zero. %'e graphed the output
voltages proportional to p,

' and p.
" versus the cur-

rent through the dc-field coil directly by using a
two-pen X-F recorder. To facilitate subsequent
data analysis, these three quantities were also
recorded digitally on paper tape at 10-sec inter-
vals. In order to obtain reliable values for the
normal-state resistivity, we measured the ac per-
meability at the highest field attainable with our
dc magnet, about 10 koe. This field was about
2H„ for sample 2 and 3.5II„ for sample 1.

C. Results

The surface oxidation treatment substantially
reduced the hysteresis in the dc magnetization
curves, as shown in Fig. 2. In addition, the re-
sults of our ac permeability measurements pass
the tests discussed in Sec. QC quite well, indi-
catlIlg the domlnallce of viscous damping. Some
discrepancies, however, suggest that remnant
nonviscous losses may be influencing our mea-
surements. In Sec. IV, we discuss the degree to
which our experimental results satisfy the re-
quirements of the four tests mentioned previously.

We measured p,
' and p,

" as functions of the ap-
plied dc field Ho, the amplitude h, of the applied ac
field, and the frequency v. In order to use the
theory described in Sec. II, it was necessary to

0.8

Ha = 2.59 kGe
7=42 K

SAMPLE ) (0, 5 7o To) 45 Hz

SAMPLE I (0.5 /o Ta) 88 Hz

SAMPLE & (0.5 'K Ta) 350 Hz

SAMPLE 2 ()1 'L Ta) 350 Hz

SAMPLE 2 ()( /o Ta) &OOOHz

l 4

90 320 150

FIG. 3. Measurements of the real part of the ac per-
meability p.

' plotted vs the amplitude of the applied. ac
field.

assume that our prolate spheroids approximated
infinite cylinders. The value for the sample ra-
dius used in the analysis was deduced by compar-
ing the p, '=1 signals for the prolate spheroids with
those of a superconducting cylinder of similar
dimensions. This value was 8/0 smaller than the
minor radius of the prolate spheroids.

The values of p„given in Table I are averages
of values obtained from measurements of p,

' and

1.2

0.8

l

0 0.4 0.8

SAMPLE f {0.5 /o Ta) 45 Hz

o SAMPLE ) (0.5' To) 88 Hz

SAMPLE t (0.5&o To) 350Hz
~ SAMPLE 2 {)3 /o To) 350 Hz

SAMPLE 2 (&f Vo Ta) &000Hz

0.6 MPLE 2
To

4. 2 K

NEALED

YGEN TREATED

0 ~

+a= 2. 59 kOe

7 =4.2 K

2.4
e (koe)

ha (Ge)

90 (50

FIG. 2. Measurements of the dc magnetization before
and after the thermal. oxidation treatment. The magneti-
zation is plotted vs the effective field Hz =Ho -4m',
%here q = 0.025 for these samples.

FIG. 4. Measurements of the imaginary part of the ac
permeability p,

"plotted vs the amplitude of the applied ac
field.
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Itt,
" at 10 kOe and at several frequencies and am-

plitudes. The scatter of the individual detexmina-
tions of p„appears to be random and shows an
rms deviation of 2%. The values of p,,' that we
derived from the measurements at 10 kOe axe
all within 0.5% of unity.

In Figs. 3 and 4 are shown values of p,
' and p,

plotted against the ac field amplitude k, for both
samples in the mixed state. Both components of
the ac permeability are amplitude dependent at
low amplitudes, but are nearly constant for ho

greater than about 50 Oe. As one would expect,
the largest amplitude dependence is associated
with the lowest frequency (45 Hz), which gives the
smallest values of p."/y, ,'.

Our measurements of p,
' and p,

" are graphed as
functions of H, in Figs. 5 and 6. Both components
of the permeability depend strongly on the fre-
quency at all fields (Ho&H„) and on the applied
field in the mixed-state region (H„&H, &H~)
The differential paramagnetic effect (yo& l) is
cleRx'ly evident 1n the lower-frequency p' cux'ves.
The discontinuity in p,o at H„shows up clearly in
all the curves. Also shown in these figures is
the value of 2h, /H~, the reduced field resolution
width. Note that details in p,

' and p.
" vs Ho near

H„and H~ are smeared out over this width. The
curves shown were measured in increasing field.
No hysteresis was observable, except for Ho be-
tween H„—h, and H„+h, .

Our xesults for p Rnd po are plotted in Figs.
7 and 8 as functions of the dc magnetic induction
B, The valu.e of 2h /H„shown in these figures

1,6
I

SAMPLE 2
11 /o Ta

h =72 Qe
ho /Hc2

T'o4. 2 K

H z$000 Hz

550 Hz

0.6

~, 100Q Hz

550 Hz"

0.4 0.6
"a/+ca

0.8 3.0

1s Rn approximate measure of the x'esolut1on' the
reduced flux density resolution width is actually
2p,'h /H~, which depends upon Bo The flu. x-flow
resistivity is normalized by the (average) normal-
state resistivity of Table I, and Bo is normalized
by the upper critical field H~.

For comparison, we also have plotted in Figs.
7 and 8 p, o as derived from the dc magnetization
measurements and the empirical rule, p«/p„

FIG. 6. Measurements of the real and imaginary parts
of the ac permeability plotted as a function of dc applied
fie M IIo for sample 2.

1.2
SAMPLE
0.5'/o Ta
ho=144 Qe--

-- 08 -=- ——p. --

0.6

2h/H2

I

FRQM dc
6NE T I Z AT)ON r

88 Hz

350 Hz ~ ~ 45 Hz
r

2h/H~ .'

SAMPLE 1

0.5 lo Ta
h =144 Qe

7 =4.2 X

0.2
~~88 Hz

I~
0

0 0.2

&f0l&.= sa/"crt T'=oj

0.4 0.6
8,/e, z

0.2 Q 4 0,6
e //v'c2

0.8 1.0

FIG. 5. Measurements of the real and imaginary parts
of the ac permeability plotted as a function of dc applied
field Ho for sample 1.

FIG. 7. Flux-flow resistivity p~o, normalized to the
normal-state value p„, and the differential permeability
p, o derived from the ac permeability measurements,
plotted as a function of the dc magnetic induction Bo, for
sample 1. Included for comparison are plots of po de-
rived from the dc magnetization measurements and of
the empirical rule for p~o /p„ from Ref. l.
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=Bo/H„(T=O), deduced by Kim, Hempstead, and
Strnad, from their dc flux-flow-resistivity mea-
surements. ' It should be pointed out that the data,
presented in Ref. 1 for intermediate temperatures
(near our temperature of 4.2 K) obey the empirical
rule accurately only for B, less than approximate-
ly 0.6H~. For larger B„Kim et al. and other in-
vestigators have found p«/p„& B,/H~(T = 0).

In order to interpolate the dc magnetization data,
to obtain B as a function of H and po as a function
of B, we fitted an expression of the form suggest-
ed by Kes et al." to the experimental data. This
expression fit the data to within 0.1% H~ for H
greater than 1.3H„. In these calculations, we
took account of the demagnetization coefficients
of each sample.

IV. CONCLUSIONS

A. Tests for applicability of the model

In this section we apply the tests of Sec. IIC to
our experimental results in order to determine
the applicability of the theoretical model.

1. Dependence upon amplitude ho. The data
presented in Figs. 3 and 4 indicate that, while
some residual pinning of flux lines remains in
these samples, it is possible to apply a sufficient-
ly high amplitude ac field that amplitude depen-
dence becomes negligible and still have good ex-
perimental resolution. Additional data (not pre-
sented here) taken over the whole range of applied

FIG. 8. Flux-flow resistivity pfo, normal. ized to the
normal-state value p„, and the differential permeability
po', derived from the ac permeability measurements,
plotted as a function of the dc magnetic induction Bo, for
sample 2. Included for comparison are plots of po' de-
rived from the dc magnetization measurements and of the
empirical rule for pfo/p„ from Ref. 1.

fields, H„+ h &Ho&1.2H~, show the same qualita-
tive behavior as shown in Figs. 3 and 4.

2. Dependence upon H0 abave H,z. Both p.
' and

p,
" depend slightly upon the applied field in the

range H„+ho&HO&1.2H„, although this is not ap-
parent from Figs. 5 and 6. The resulting resis-
tivities for these fields lie slightly below the nor-
mal-state resistivity (measured at H, = 10 kOe).
(See Figs. 7 and 8.) As was found for the ampli-
tude dependence, the largest deviation from the
ideal behavior occurs for the 45-Hz data. Resis-
tivities measured at the higher frequencies at
1.2H„ lie within 2/o of the true normal-state re-
sistivities. We conclude that a surface barrier
or surface pinning is present; its influence upon
the results is small above H„, except at 45 Hz,
but unknown below H„.

3. Dependence upon co. As expected, p.
' and p,

"
(Figs. 4 and 5) show a strong frequency depen-
dence, which is indicative of viscous drag effects.
However, the flux-flow resistivities that we de-
duce show a weak frequency dependence. More-
over, the over-all shape of the resistivity curves
of Figs. 7 and 8 deviate significantly from pre-
vious data, ." Although the lowest-frequency
curve for each sample most closely matches pre-
vious results, it is the lowest-frequency data that
flux pinning appears to influence most.

4. Dependence upon magnetic history. As noted
above, except for applied fields H, within h, of
H„ there was no observable hysteresis in the mea-
sured values of p,

' and p. . The limit of resolu-
tion of this observation is the hysteresis, about
10 Oe, of our superconducting dc magnet.

B. End effects

Since our samples are not truly long compared
with the dimensions of our pickup coil (in fact,
they are of comparable size), end effects may in-
troduce systematic errors. One can easily show,
for example, that the normal-state resistivity ob-
tained from measurements on a spherical sample
and the equations for an infinite cylinder would
show a spurious dependence in the same direction
as the frequency dependence we found.

We performed three experimental tests to deter-
mine the importance of end effects to our mea-
surements. From the results of these tests, we
conclude that end effects cannot account for the ob-
served frequency dependence of pf. First, if end
effects were responsible for the apparent fre-
quency dependence in p«, one would expect p„ to
be frequency dependent (but probably less so be-
cause end effects should be most important when
x is large). We could observe no systematic fre-
quency dependence in p„. A second test of the sig-
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nificance of end effects is to measure the effect on

p, „', p. '„', and p„of moving the sample with respect
to the pickup coil. Moving sample 1 (x„=1.94 at
350 Hz) by 3 mm changed p„', p, „, and p„by less
than 1%. Moving a pure niobium sample of similar
dimensions (x„=3.12 at 47 Hz) by 3 mm changed

p, '„, p, „', and p„by less than 1.3/p. A third test of
the significance of end effects is to repeat the
measurements with coils of different sizes. Mea-
surements made with two sets of pickup coils &

and 4 in. long showed no systematic differences.

C. Summary

We have presented here a theory for the ac per-
meability of a type-II superconductor whose ac
losses are dominated by viscous damping. Quali-
tatively, the theory describes the ac response of
our NbTa samples quite well. However, some
quantitative discrepancies remain. The weak
field dependence of p,

' and p" above H~ implies
the presence of surface pinning or a surface bar-
rier. The amplitude dependence at small ampli-
tudes in the mixed state also implies the presence
of nonviscous losses. Although it would appear
that using an ac field of sufficiently high ampli-

tude should make flux-pinning effects negligible,
our experimental results for the flux-flow resis-
tivity show significant deviations from those we
would expect. We believe the explanation for
these deviations is that remnant flux pinning in-
troduces significant errors into the interpretation
of our results. Unfortunately, the influence of
flux pinning on ac permeability measurements is
sufficiently complex that we cannot make quanti-
tative estimates of its importance; therefore, we
cannot provide a solid explanation for the devia-
tions observed. We are currently investigating
ac response at low frequencies when both flux-
pinning and viscous-drag effects are important.
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