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A semiclassical theory of proton magnetic-resonance absorption of the NH4+ ion in solids is presented. In this

theory, the lattice variables are treated as classical functions of time„while the nuclear spins are treated
quantum mechanically. No effects of the exclusion principle are considered. Theoretical spectra are calculated
in the limit of fast motion, when the NH4+ ion is either rotating uniformly or undergoing random
reorientations about a single, fixed symmetry axis. If the ion is assumed to reorient rapidly about a single C,
axis, a satisfactory agreement between theoretical and experimental spectra is obtained for NH4VO, at 77 K.
The theoretical line shape also agrees quite well with the experimental line shape of NH4I at 4 K, if the
NH4+ ion is considered to be rotating around a fixed C4 axis with a single frequency equal to 1.5 times the

NH, dipolar frequency. It is shown that this "classical" frequency, which causes satellites to appear in the
absorption spectrum, is a measure of the torsional ground-state splitting of the NH4+ ion in the crystal field.

I. INTRODUCTION

The low-temperature NMR absorption line shape
of a tetrahedrally coordinated four-proton spin
group has been studied by a number of authors.
Bersohn et al.' calculated the line shape for a
system of four protons, the so-called four-spin-&
system, in an ammonium ion NH4' in order to ex-
plain the proton absorption line shape in a single
crystal of NH, C1 at 77 K. Their work explained
well the "rigid"-lattice proton absorption spectrum
of a strongly hindered NH4 group in which the pro-
tons are distinguishable during the characteristic
time of the experiment. In an experimental study
of a number of ammonium compounds, Richards
et al.' found that in some lattices the proton line
shape of the NH4 group did not become a rigid-
lattice spectrum even at 20 K. It was concluded
that in these solids, thermal reorientation was
still effective in narrowing the proton absorption
line at this temperature. It was shown later that
this interpretation is not satisfactory in all cases
reported.

To explain the narrow absorption line observed
in solid methane (CH, ) at 1.3 K, Tomita, ' consid-
ered that the total spin of the four methane pro-
tons was a good quantum number (nuclear spin
isomerism). Since the methane molecule and
ammonium ion are structurally very similar, it
was thought that the spin isomerism might be re-
sponsible for the relatively narrow proton absorp-
tion line observed in some ammonium salts at
low temperatures. A study of the proton line
shapes at 4.2 K was undertaken4 on several ammo-
nium compounds to investigate the possiblility of
nuclear spin isomerism in the ammonium ions. It

was pointed out that the four-spin-2 and nuclear-
spin-isomeric pictures are just two limiting cases
of proton distinguishability. The four-spin- —, pic-
ture is valid when the protons are completely dis-
tinguishable during the characteristic time of the
experiment, which is of the order of the inverse
absorption linewidth (-2 && 10~ sec), while the
concept of nuclear spin isomerism is valid when
the protons are completely indistinguishable dur-
ing this time. Since some of the measured absorp-
tion spectra showed distinct differences from the
theoretical line shapes predicted for the spin-isom-
erism model, it was concluded that a theoretical
study of the intermediate case of particle indis-
tinguishability was necessary.

A great deal of attention was given to the experi-
mental line shape of NH, I at 4.2 K."' This absorp-
tion spectrum showed pronounced structure in the
wings which could not be explained by any theo-
retical model available. To explain this line shape
Dunn et al.' calculated the proton magnetic reso-
nance line shapes of an ammonium ion undergoing
quantum- mechanical tunneling through the potential
barriers of different heights and symmetries. It
was assumed that at 4.2 K, tunneling is appreciable
only about the four threefold symmetry axes of the
NH, tetrahedron. They chose the characteristic
tunneling frequency (d ~ as 8 G, and the interionic
absorption line broadening as 4 G', and obtained
good agreement with the experimental line shape
of NH, I. A similar calculation was performed by
Watton et al.' who based their calculation on the
assumption that tunneling is possible about twofold
and threefold symmetry axes simultaneously. The
theoretical results compared well with the experi-
mental line shapes at 4.2 K, when co~ was 9.8 G
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and the interionic broadening was 3.5 G'.
However, the experimental results obtained in

this laboratory show that the proton absorption
spectrum of NH4I is independent of temperature '

from 1.4 to 45 K. Since the interactions of the
NH, + ion with the rest of the lattice become impor-
tant at such high temperatures (45K) the experi-
mental line shape should be reproducible also
without using the concept of coherent tunneling.
The following approach is used. The dynamic be-
havior of the "NH4'-ion-lattice" system is approx-
imated by assigning a certain time dependence to
the orbital part of the dipolar Hamiltonian. The
lattice variables are considered to be classical
functions of time. At first the simplest case of
the NH4' ion rotating around a fixed symmetry
axis is dealt with. The dipolar Hamiltonian is
separated into a static part and a time-dependent
part and the absorption spectrum is calculated
using the time-dependent perturbation theory.
Even in this simple model, good agreement be-
tween theoretical results and the experimental
line shape of NH4I is obtained if it is assumed that
the NH4 ion is rotating about a single C4 axis with
a frequency corresponding to 9G and that the inter-
ionic broadening is 3.2G . It is clear that in this
model, the frequency of the classical rotation
corresponds to co~ in the quantum-mechanincal
model.

At higher temperatures, more and more dynamic
modes of the lattice are excited. It is then appro-
priate to treat the lattice variables in the dipolar
Hamiltonian as random functions of time. The
motionally narrowed absorption spectra are cal-
culated in the case when the NH4' ion is reorient-
ing rapidly about a specified axis of rotation. The
theoretical spectra are compared with the exper-
imental absorption line shape of NH, VO, in which
the ammonium ion is strongly hindered. If in a
lattice the NH, ion is weakly hindered, the sym-
metry considerations have to be introduced; i.e.,
the semicla. ssical approach becomes inappropriate.

II. FORMULATION OF THE PROBLEM

The total Hamiltonian of the system, including
the rf field interaction term, is considered to be

K(t) = KL+ Xe+ Xon+ X„(t).

K~ is the energy operator of the lattice degrees of
freedom. X~ is the Zeeman energy operator of the
four-spin-& system in the external dc magnetic
field Hp and is given by

K, =-yIH, ~ r,
where

r= gl,.

(3a)

where

Vt =Pal' -,'(I+'.I—'—+I'I+')]

&' —= - (—"v}' 'l"(&, (t), ) = l —3 cos'|)
(3b)

and Kn =- y'}t '(/) ',. In the above, i;(8, P) are nor-
malized spherical harmonics, rp is the length of
the vector r,-,. from the jth to the ith nucleus, and

~,-,. and Q;,. are the polar angles specifying the
direction of r, , K,t(t) represents the interaction
between proton magnetic moments and the rf field
H, (t), applied along the x axis of the space-fixed
coordinate system (x, y, z). It has the form

X„(t)=-h(u, I„(e' '+e '"'), (4)

where co, =yH„u is the frequency of the oscil-
lating magnetic field, and I„is the x component
of the total spin operator.

The time-independent Schrodinger equation cor-
responding to Eq. (l) is

tn „=X(f)y(t}.
s(t(f)

(5)

In the interaction picture representation

yt(f) ( t/ h))tL tq(f)

the equation for P'(I) reads

N = [Xe+Xo~(t)+ X„(t)]('(t},st'(f)

(6)

where XOD(t) is given by

X (t) = e( /h)ZLtX0 e ( )tx/)(tL
D D

At this point the following approximations are
introduced:

(i) K~(t) is considered as a classical function
of time in lattice coordinates and as a quantum-
mechanical operator in spin coordinates. That
is Xon(t) = K OD(q(t), a'}, where q stands for lattice
coordinates and 0 for spin coordinates.

(ii) Since the evolution in time of P(t) which is
due to XL was transformed away, (t)'(t) is approx-
imated by a state vector in a 16-dimensional spin
space of the four-spin--„-' system under consider-
ation. ())'(I) is replaced by (I),(t), where the sub-
script o denotes the dependence on spin variables

is the total spin operator and y is the gyromagnetic
ratio for proton. KD is the time-independent
(secular) pa, rt' of the dipole-dipole interaction
among the protons of the NH, group. This Ham-
iltonian may be written
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only. The final form of the Schrodinger equation
relevant to the present problem is

aq,N ' = [Ki+ Ko~(q(t), o)+3C„(t)]y,.

The time dependence of XD is introduced in the
following way. In the body-fixed coordinate sys-
tem (x', y', z'), in which the z' axis lies along
either the C, or C, symmetry axis of the tetra-
hedron and which is rotated through the Euler
angles" n, g,y with respect to the space-fixed
coordinates (x,y, z), U&'& can be expressed in the
form

U]~ ———— F', 9~]., 0 F2'* p, y e~ '~'4. 1.0
mm 2

The asterisk is the complex-conjugate symbol.
The Euler angles a, P are identical to the polar
angles Q, 8 of the z' axis with respect to the co-
ordinate system (x, y, z). If the system is rotating
or reorienting around the z' axis, the only quantity
that is changing with time is P&&=P&&(t). The word
rotation is to be understood in the usual sense of
classical mechanics, while reorientation means
a random jumping from one orientation of the sys-
tem to another with characteristic frequency of
jumping. By reorientation around the C, axis we
mean jumps by 90' around the C, axis, while the
reorientation around the C, axis means 120' jumps
around this axis. Consequently we can write

where

(U,',) = —, wI,(8 (—~,0)Y 2(p, 0)

V'(t) =K
Q E,~(t)V;~

The next step is to solve the eigenvalue equation

K,
~
nM) =ttE(a, M)

~
oM), (18)

where K, —=K, + (Ko~). M is the total magnetic
quantum number and n characterizes the dipolar
correction to the Zeeman energy. The matrix
elements (nM

~ p,(t)) for transitions induced by the
time-dependent perturbation

V(t) = V'(t)+3C„(t)

are calculated using the perturbation expansion
of the time evolution operator U(t, t,),"where

(20)

Finally, the derived absorption spectra are ob-
tained using the calculated transition probabilities
per unit time for the various spectral lines.

It should be mentioned that no effects of the
exclusion principle are included, even though
the symmetry adapted spin states are used in
Secs. III-IX. These states are used merely be-
cause of the simplifications in calculating the
matrix elements. The effects of the lattice dy-
namics on the NMR line shape are introduced
only through the prescribed time dependence
of the dipole-dipole interaction.

P (t) PttP(8t 0)Vtll g(P . ) elm'dig'. (t)
0

It should be noted that Eq. (12) is applicable when
the ammonium ion rotates around C2 or C, sym-
metry axes, or if it reorients around C3 or Cg
axes. When the ion is undergoing jumps of 180
around a C, axis, the m' = s2 terms in (13) are
time independent; i.e.,

+i2g! .(t) yi2+! .{t)

which adds an extra term to {U,'z). Consequently
{U~z) becomes

(U,'q) = ——', w[F;(8'„., 0)I",(P, 0)

+ 21'2(8',~, 0)1",(P, 0) cos2(P'„.-y)]. (14)

Using the above results, the truncated dipolar
Hamiltonian can be written

3Con(t) = (KD) + V'(t),

III. EIGENFUNCTIONS AND EIGENVALUES OF
THE TIME INDEPENDENT PART K() OF

THE TOTAL HAMILTONIAN

Equation (18) can be rewritten introducing the
Larmor frequency u0=yH0, which gives

E (aM) = vPf+ &eon(nM-),

and consequently

(K n) i
oM) = tt&oon(eM)

i
oM),

(21)

When we insert the above expansion into the Eq.

where it&on(nM) represents the dipolar shift of the
corresponding Zeeman energy. We shall expand

~
nM) in terms of the symmetry adapted spin

states ~„x";)as given by Tomita. ' The symbol

„X, represents the basis state belonging to the
ith rom of the Rth irreducible representation of
the point group T, and M is the eigenvalue of I0.
Therefore
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(22) and use the orthonormality property of the
basis vectors,

&a X» IMX'&=5M, M5a, »»5;, *-

we obtain immediately the secular determinant
which gives the values for dipolar shifts of the
Zeeman energy levels

I & x»'1«a&lax»&- @~'n(nM)5 a,a». '1=0. (24)

The constants C'„'",.' are determined from equations

Ca, »
'[ X»:1«n&MX'*.&- )»~D(nM)5a, a&;,e]=0.

f$

xV(vd)U(o)(r', f,). (31)

The interaction Hamiltonian V(t} was defined in
Eq. (19).

When the NH4' ion rotates around the z' axis
with ur„, we have

U(o)t, t, ) = exp[- (»/h)X, (t, f )],
iU" '(t, t)=,(

—— dt U"'(t, )V( )U"'(,t), (,)0)
t0

Ue'(t, t, )=
(
——

(

dt' d 'U"'(t, )V( )Ut't( ')
+f0 t

The matrix elements in Eqs. (24) and (25) are

&MX»: 1
&30'n& IMX» &=Kog&U a && X»: I &&; IMX'&.

(25)
Q'»»(f) = P'»&+ (dV t (32}

When the spherical harmonics in Eq. (13) are
written explicitly (london-Shortley phase), Eq.
(17) becomes

(28)

IV. TRANSITION AMPLITUDES AND TRANSITION
PROBABILITIES PER UNIT TIME FOR THE SYSTEM

ROTATING UNIFORMLY AROUND A FIXED
SYMMETRY AXIS

w,.„,. - )
=1&a'M- IIU(f f.) lnM&l' (27}

Suppose that at the initial time t0 the system is
in an eigenstate

I
nM) of K,. The probability for

transition to eigenstate
I
n'M —1), is

Vd(f) K g V e»dt'(d»
m'4 0

where

and

fft f
VDm'= A]~ V ]J

1&g

A" = (A ')* = ——,
'

sin2»»»» sin2pe" d"»'» "'

A" =(A ')*=--,' sin'»»' sin'pe~'~'»~» "'.

(33a.)

(33b)

(34a)

(34b)

where

&n'M —11U(t, tU) I
nM)

Consequently the interaction V(t) becomes

V(t)=Kn Vn~e' "v' —R(t),I„(e "'+e»"')
00

= &n'M —11U"'(f, tU)+ U'"(f, tU)+ ' ' '
I
a'M) (28)

and

The first-order transition amplitude is found,
using the preceding expressions, to be

(35}

(e'M —1 '((UV1')(VM= (- d e " (-dd )(i,r, si(n[E( 'nM —1) —E(nM) —(t)]T)

where P is equal to E(n'M —1)+E(nM). With more algebra" one arrives at the following expression for
the second-order amplitude in the limit of large T:

(e'M —((U (V—T)( t Mt)= (-dU)e '
, (-dtt, ) 2 (-U)(e'M-(I((. , V , )( M)

s in[[E (n 'M —1)—E (nM ) —(t) + m'(d) „]T)
E(a'M —1)—E(nM) —(d+ m'a)„

In the course of deriving this result the following assumptions and approximations were made: (a) The part
of the rf interaction which is proportional to e'"' and is responsible for the absorption of energy from the
spin system was neglected; (b) E(n'M —1)—E(aM) = (t)0»»()„; (c) h»0„»Ka; (d) limr „[sin(md(d„T)/m'(t)„]=0
for m'(d„w 0, or in other words sin(m'(t)„T)/(md»0„) is very small for»0„»1/T (conservation of energy);
(e) The terms in the second-order transition amplitude which cause the absorption of the rf energy at the
same frequency as the first-order transition amplitude were neglected.

By using Eqs. (27) and (28), the transition probability becomes
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Wj ~i ~ gg i) 47fQPi
I (a M 1 II&l M&

I
5{0(aM&n M 1) (0)

2

+ ~ .; I
&a'M- Ill:f. &.~ llaM& I'6(&(aM, n'M- I)+~'~, —~»,m'h(o„ (36)

where 0 is introduced as

n(aM, n'M 1) =—Z(a'M 1)—Z(aM), (3V)

reason, only a finite portion of the absorption
spectrum around v, is observed. Therefore if
(K~/t&o„)'«1, we can write

which is in the neighborhood of the Larmor fre-
quency ~,. The probability of transition per unit
time is

P {aN)~ {af'N-I ) {nN)~ {a'kl-I)
{O.N) {e'9-I) dg T

EQQatlon (36) predicts an absorption spectrum
consisting of a central line at the Larmor fre-
quency a„and satellites at {d,a w„and coo+ 2'„
whose amplitudes are reduced by factors of (Ko/
Kv,)' and (Ko/31ur„)', respectively. As the per-
turbation calculation is extended to higher order,
further satellites are predicted, in agreement with
the classical calculation" which predicts an in-
finite series of satellites on each side of the cen-
tral peak, centered at frequencies e= eo+m{d„,
where m is an integer. The intensity of the satel-
lites becomes smaller with increasing m. For this

I

{oN) {e'hf-I)

=4v&l&n'M- llf. lnM&l'6(fl(nM n'M-»- ~»

(38)

which gives the familiar motionally narrowed
"Gutowsky- Pake" spectrum. '~

V. TRANSITION AMPLITUDES AND TRANSlTION
PROBABILITIES FOR SYSTEM REORIENTING

RANDOMLY AROUND FIXED SYMMETRY AXIS

If V'(f) is a random function of time, the ensem-
ble average of S&' »„, .„»denoted as 8'&», ,„»
is observed in an experiment. It is easy to see
that if the NH4 ion undergoes xandom reorienta-
tions around a certain symmetry axis, V'(f) =0.
Theref ore

lV...-,.'.,&=4&
I
&a'M- 1 If.lnM& I' („( M ', ,M, „.)

+(1&n'M -1I&"'(»-» laM&l')., (39)
t

In the limit of large T, the first-order term of Eg. (39) is identical to that of Eg. (36). The ty'pical term
for the second-order transition probability per unit time has the form

2 K~~ &a'M —1IV'„In''M 1&&a''M —1lf, lnM) '
~C

a2 [A(nM, n"M —1)—&oj
~

«~ 1+ [Q(nM, n'M —1)—uj v'~ '

where the autocorrelation function of the random
function F,~, see Eq. (23), is defined as

g(v) =P'gg(r)F. f (o)) =Gag(o)e "'"
and &, is the so-called correlation time. Its ef-
fect is to generate sidebands or wings at
eaQ(nM, n'M —1), whose relative intensity is
given approximately by

K~ 7,'

5'(n &o)' 1+(«o)'v', ' (41)

«o=Q(nM, n'M —1)- &o=Q(nM, n"M-1) —&o.

This approximation breaks down when W{d is of
the order of KD or smaller. On the other hand,
the expression (41) becomes negligible when
n &o» I/r, . Therefore, the absorption spectrum

consists of a strong central peak primarily due
to the first-order transitions plus weaker "wings"
generated by the second-order transitions extend-
ing out to the frequencies of the order of &u, +1/v, .

VI. NUCLEAR-MAGNETIC-RESONANCE ABSORPTION
SPECTRUM IN THE LMIT OF FAST MOTION

It has been shown in previous sections that the
satellites cannot be observed if (Ko/K&o„)' «1.
Similarly, in the case of random motion, the in-
tensity of the wings in the limit of fast motion
&~LY,«1, becomes negligible. Here &uRL is
the rigid-lattice value of the linewidth of the pro-
ton absorption spectrum. In the limit of fast mo-
tion only the first-order term in the expression
for the transition probability per unit time needs
to be considered; i.e.,
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J
(n'M —1 fr„[oM&/', (42)

, IO

.I5

The formula for the transition probability per
unit time assumes that the system was with cer-
tainty in state ~&M) before scattering with the rf
field occurred. If the spin system is in thermal
equilibrium with the lattice, all energy eigenstates
will be occupied to some extent. In this case the
right-hand side of the Etl. {42) should be multiplied

by the appropriate Boltzmann factor. However,
since K(o,/kT = 10 in the field of 10' 6 at room
temperature, the Boltzmann factors are approxi-
mately 1 over the whole temperature range of the
experiment. The quantities in Eg. (42) were eval-
uated" using I oM} in the symmetry adapted basis.

For a powder sample the calculated spectrum is
an isotropic average over all orientations of H, .
The dimensionless off-field parameter k is defined
RS

0.0 0.40 0.80 l.20 I.60 2 OO 2 40

h t y'h tr' j

FIG. 1. Proton magnetic resonance absorption spec-
trum of the NH4+ ion undergoing rapid C2 reorientations.
The broadening parameter is in units of yf/~~& ~

Ho —4) y
yk/~,' (42) .IO

where Ho is the applied fieM and e is 2g times the
rf frequency used in the experiment. If the center
of the 1th component line occurs at h, =h, (P,y), then
the probability of finding the absorption line be-
tween h and A+&h in a powder sample is

cs

W, (h)&h = — P, (p, y)d(cosp) dy
4 fF

The integration is performed over the region B
where

and P,(p, )yis the intensity of the I th component
line. Inverting the solution for h, (P, y) to give

y =g, (p, h), the following result is obtained:

0.00 l, 50

h[yh/to j

2.00

II', (h) =
4 J 'sh' P(p, g, (p, h)) d(cosa),
1 &gg{p,h)

(45)

where Sg, /Sh is the Zacobian of the mapping (P,y)- {P,h). If h, = kg(P) and Pg =P,(P), Eq. (45) re-
duces to the familiar Pake's spectxum'6

W, (h) =P,(p) "{'„'„'p'

%henever the PRke formulR wRS not RpplicRble R

numerical solution of Eq. (45) was used.
The resulting powder spectra for the three mo-

tions of the NH~ ion Rre given by

(4V)

0.00 0.50 I.OO l.50 2.00 2.50 3.00

h ted%/'r~]

FIG. 2. Proton magnetic resonance absorption spec-
trom of the NH4+ ion undergoing rapid. C& reorientations.
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= O. iQ

= 0 i5

= 0.30

The number of terms is detex'mined by the num-

ber of possible lines in EIl. (42). The effect of
inter ionic broadening is introduced by convoluting

W(h) with a Gaussian function

(4a)

where N is a normalization factor, and 4 is an
adjustable parameter measuring the strength of
the intex ionic dipole-dipole interaction. The final
line 8hRpes Rx'e given by

E(II) = W(i)')8(II —II') dII'. (49)

E(II) has been plotted for various values of the
broadening parameter & in Figs. 1-3 for C„C„
and C4 motions.

The 8econd moments of these spectl'R Rre

I

0.00 0.20 Q.4Q Q.6Q Q.SQ i.QQ I.P0 i.4Q i.fjQ

h [))sr.&]

FIG. 3. Px'oton Magnetic resonance absorption spec-
trum of the NH4+ ion undergoing rapid C 4 reorientations.

0,0
0.00

J
i 00 1.50 2.00

h [yh/ro I

FIG. 4. I,ine shape of the satellite No. 1 in the case of
the NH4+ ion rotating about a singl. e C 4 azis.

where Vn is defined in Eq. (33}. A satellite will
be called satellite No. 1 if it is generated by the
VI)l 'tel'Ill of V (f) Rlld SRtellite No 2 If lt ls gell-
erated by V». The calculation, while lengthy, is
analogous to that of See. VI. The broadened line
shapes of the satellites pertaining to uniform ro-
tation Rbout the C@ Rxes Rx'e given I Figs ~ 4 Rnd 5 ~

Finally, to obtain the complete line shape the
results of Sec. VI and the above are combined.
EReh SRtelllte ls weighted by its x'elRtlve intensity
(ÃD/mb&0, )'. The resulting spectra for C, rotation
are shown in Fig. 6 for two values of the bxoadening
parameter 4. The corresponding spectra for C~
rotation are shown in Fig. V. The parameter
d = h&o„/En was taken to be -', to give optimal agree-
ment with the experimental spectrum of powdexed
NH, I. It should be noted that this choice of par-
Rnle'tel' 18 )lot co)leis'teIl't with Resumption (c) 111

See. IV.

where M, i,s the intx'aionic contx'ibution to M, and
S ls the U1terionic broadening parameter. Intro
ducing Z~ =y'll'/I'„ the values of M,' for rapid
C„C, and C motions, respectively, are —", , 3',
and ~~ in E~ units. In G~ the second moments be-
come 24, 12, and 8, respectively.

= Q. IQ

= Q. i5

6 = 030

VII. ABSORPTION LINE SHAPE KITH SATELLITES FOR
THE FOUR-SPIN TETRAHEDRON ROTATING

UNIFORMLY ABOUT A SPECIFIED
SYMMETRY AXIS

In order to calculate the shape of a satellite,
only the following quantities need to be considered:

A I& Ir))„( ~ )
=

/
(a'M —l

i [I„,V ~] i
nM) i, (51)

00
0.00 0.50 h00 h50 2.00

s [zh/rQ ]

FIG. 5. Line shape of the satellite No. 2 in the case of
the NH4+ ion rotating about a single C 4 axis.
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= O.IO

NH4VO~

77 K

6500 G

MOD I G

IO G

FIG. 8. Experimental proton magnetic resonance ab-
sorption spectrum (derivative) of the polycrystalline
NH4VO3 at 77 K.

00 IO 20 30 4.0

FIG. 6. Proton magnetic resonance absorption spec-
trum of the NH4' ion rotating around a single C3 axis,
@Gdy is 2K@.

g = 0.10

VIII. COMPARISON OF THEORETICAL AND

EXPERIMENTAL SPECTRA

A. Spectra in fast-motion limit

It was established by analysis of proton spin-re-
la;~ation data" that at 77 K, the NH4' ion in NH4VO,
can be considered (for the purpose of the proton
linewidth) to be reorienting a,round a single C,
symmetry axis. The C, reorientations are effec-
tively "frozen"; i.e., v~ -1 sec while r~ -2 &10 '
sec. For this reason, NH, VO, represents at 77K
a model system for the (Ron)c case. The calcu-
lated and experimental proton absorption spectra
are shown in Figs. 2 and 8, respectively. If the
proton-proton distance is taken to be 1.68 A, the

constant yh/r03 assumes the value of 5.9 G. The
calculated linewidth is then 7.6 +0.3 G, while the
experimental linewidth is 8.8 +0.6 G. It should be
noted that the small discrepancy between the two
may be due to an incorrect estimate of the proton-
proton distance. When the two line shapes in Figs.
2 and 8 are compared, one may estimate the inter-
ionic broadening parameter & as 0.23+0.02. Ac-
cordingly, the second moment becomes (M.)c
= (M,')c + (5.9&)' = 13.8 + 0.4 G', in good agreement
with the experimental 15+1 G2. In conclusion, in
this solid in which the C, reorientations are hin-
dered strongly (E„=2550 K), and the C, re-
orientations are hindered moderately (E„=950 K),
the agreement between the semiclassical theory
and the experimental result is satisfactory. We
were unable to find any solid in which NH, ' ion
reorients rapidly about a single C, or C4 axis,
for the purpose of testing the (30'D)c, and (K'n)c
cases.

B. Spectra in which satellites are observed

This group includes NH~I and (NH, ),SO, . In both
lattices, the NH4' ion reorientations are moder-
ately hindered, and both display satellites in their
proton magnetic resonance absorption spectra,
Pigs. 9—12. In NH4I the NH, ' ion experiences a

NH4 I

45K
7020 G

MOD = I.5 G

h [yh/r3]

I

IO G

0.0 I.O 20 3.0 4.0

FIG. 7. Proton magnetic resonance absorption spec-
trum of the NH4+ ion rotating around a singl. e C 4 axis,
BG)~ ls 2K)).

FIG. 9. Experimental proton magnetic resonance ab-
sorption spectrum of polycrystal. line NH4I at 45 K
(twenty recordings) .



14 SEMICLASSICAL ANALYSIS OF THE NUCLEAR-MAGNETIC-. . 1871

NH4I, 42 K

C3, 6 = 0.20, hu = Qy2h 2/ro3

(NHg ) SOp

42K
8550 G

MOD = 6G

IO G

FIG. 12. Experimental proton magnetic resonance ab-
sorption spectrum (derivative) of polycrystalline
(NH4), SO, at 4.2 K.

0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50

FIG. 10. Proton magnetic resonance absorption spec-
trum of NH4I at 4.2 K. and 35 MHz (solid curve) is corn-
pared to the calculated absorption spectrum (dashed
curve) for the NH& tetrahedron rotating about a singl. e
C& axis.

tetrahedral crystal field of moderate strength
(Z, =1200 K}." It was found that the proton ab-
sorption spectrum is independent of temperature
in the range from 1.4 to 45 K. The spectrum at
4 K is unaffected by a change in the Larmor fre-
quency from 35 to 3 MHz. In ammonium sulfate,
which has a hexagonal crystal field, there are two
nonequivalent NH, ' lattice sites." In one site, the
NH, reorientations are strongly hindered (E',
=1950K}, and in the other, moderately hindered
(EP =1350K). It is easy to extrapolate that in
(NH, ),SO, the satellites belong to the type-II ion.
which represents one-half of all NH, ions.

Since the proton line shape of NH4I remains
practica, lly unchanged to 45 K, it was thought that

a "classical" rotation could account for the satel-
lites. Both the single C, axis rotation as well as
the single C, axis rotation, including the first two
satellites, were evaluated with leo„= &KD and com-
pared with the experiment, Figs. 10 and 11. The
agreement is quite good in both cases, although it
is better for the case of the classical rotations
a,round a single C4 axis. The frequency of cia.s-
sical rotation is 3.8 ~10' sec ', which corresponds
to 9G.

C. Extremely narrowed spectra

In NH, SnC1, and (NH, ),SnC1 the NH, reorienta-
tions are weakly hindered, E,-600 K. To as-

10—

8
CV

C3

Z
4J

NH4 I, 4.2'K

C4, b =030, h(u~= 2 y h lro
3 a a

O
Z0
O
4J 4

20 40 60 80
0.00 0.50 l.00 l.50 2.00 250 3.00 3.50 4.00 4.50

FIG. 11. Proton magnetic resonance absorption spec-
trum of NH4I at 4 ~ 2 K and 35 Mhz (solid curve) is com-
pared to the calculated absorption spectrum (dashed
curve) for the NH4 tetrahedron rotating about a single
C 4 axis.

T (K)
FIG. 13. Temperature dependence of the second mo-

ment of the proton magnetic resonance absorption
spectrum of polycrystalline NH4SnC13 and (NH4) 2SnCI. 6.
The line shapes of these two materials are almost
identical. at 15 K (see Ref. 4c).
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certain whether the C, or C~ reorientation is re-
sponsible for narrowing the absorption line, the
second moment of the proton line was measured
as a function of temperature from 80 to 1.4 K,
Fig. 13. It is observed in NH, SnCl, that 1lf, reaches
a plateau value of about V G~ in the temperature
interval between 15 and 25 K. This observation
does not suggest a single C, axis reorientation
for which (M, )c, &12 G', nor a single C, axis re-
orientation for which (M,)c, &8 O'. In addition,
the experimental linewidth" of 2.2 6 is much
smaller than any calculated value. A similar
discussion applies to (NH, ),SnCI, . Therefore it
is concluded that symmetry effects must be con-
sidered in order to explain the extreme narrowing
of these absorption lines.

IX. DISCUSSION

From the measured temperature dependence of
the spin-lattice relaxation time in NH4I, " it was
possible to conclude that the thermally activated
random reorientations of the NH,

' ion are effec-
tively frozen out at -» K. Therefore, they cannot
be responsible for the deviations of the observed
NH4I proton absorption spectrum, Fig. 9, from
the line shape expected for a so-called "rigid lat-
tice."' Calculations based on tunneling of the
NH4' ion'8 accounted to some extent for the ex-
perimental spectrum of NH, I at 4 K. In these cal-
culatlonsq lt was assumed that eacl1 NH4 Ron in the
crystal moves independently of its neighbors in a
crystal field of definite symmetry, which removes
partially the degeneracy of the ground state. The
energy eigenfunctions were classified according to
the irreducible representations of the group T,
taking into account also the effects of the exclusion
principle. However, it was pointed out' that for a
complete theory, one must also take into account
the dynamical behavior of the NH~' ion.

In the present calculation, the motion of the ions
is represented by a specific time dependence of the
lattice variables in the dipolar Hamiltonian. In
addition, the effects of the exclusion principle are
ignored, a simplification which seems to be rea-
sonable, as long as h~„ is comparable to the di-
polar coupling constant K~, a condition which is
certainly fulfilled in NB~I. In other words, Tomi-
ta's truncation of the secular part of the dipole-
dipole interaction does not apply in this approxi-
mation, because the shifted absorption lines are
within the observable region of the NMR absorp-
tion spectrum. The spectrum of NH, I was repro-
duced quite well by assuming that the NH4' tetra-
hedron is rotating with a classical frequency
u„=1.5Ka/b around a. specified C, or C4 axis. It
will now be demonstrated that this "classical" fre-

Es(A) =a+Sb+Bc,

E (F) =a —b,

E„(E)= a + 3b —4c .
(52)

In the above equations, it was assumed that the
overlap integral

&gs(0)[gs(0')& «I for 040',
and it was therefore neglected. The energies c, b,
and c are as follows:

a = &@,(E)l&,14,(E)&,

b = &4s(C,)l&sl4's(E)&,

c = &@.(C,)l&.le. (E)) = &e.(C:)l&.i@.(E)&.

(53)

E C2 C3 C3 are the symmetry elements of the
point group T.

If it is further assumed that the crystal field is
such that at the lowest temperature, the tunneling
is appreciable only around the four C, symmetry
axes, then b«a, c. Thus, neglecting b in Eq. (52),
we obtain

4x2E
il

l
/ I

IZ -FOLD

~I4x IA

/
/

/

/
/

/
/

/

I x2E

cd T2

I x IA

T2

5 x3F

T
I

I xIA

FIG. 14. (a) Infinite crystal field; Q) trigonal distor-
tion or tunneling around a single Cs axis; (c) tetrahedral
fieM, tunneling around C& axes only; (d) tetrahedral
field.

quency can be identified with the tunneling frequen-
cy of the NH4' ion.

In an infinite crystal field, the ground state of
the NH4' ion is represented by a set of 12 real ro-
tational wave functions, $„(0), where 0 stands
for a symmetry element of the point group T. This
set is derived by the application of twelve sym-
metry operations I'0 on the initial state PR,

4(0) =P.0„
and can be reduced with respect to the symmetry
point group to the irreducible members A +F. +3I'.
In a crystal field of tetrahedral symmetry, the
fully degenerate ground state manifold splits into
three states, Fig. 14(c). According to Nagamiya, 2O

the energy eigenvalues in this crystal field are
given by
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ZE(A) =a+8c,

Z„(Z) =a,

ZE(Z) =a —4c.
(54)

This case, illustrated in Fig. 14(c), gives rise to
the very simple relation

~{f} e- «/» &IEE&A&+EE&E»t/I

&i ([Cie" r' + (C + C )e ' "r' ] 4&

+[Cte" rt~+(ec, +~*C,)e ' rt~]y,

+[ Ci 8" r'/'+ (c *C, + e C )e "tr+t] q,)
(58)

If we denote the initial condition

To restrict the motion even more, we assume
that the tunneling is possible around a single C,
axis only. Under this condition the twelvefold
degenerate ground state splits into 48+48 in a
manner identical to the CH, case." The energy
eigenvalues are then given by

ZE(/1) =a'+2c', ZE(Z) =a' —c',

where a' and c' are in general different from a and

c, Eqs. (53). This level scheme is illustrated in

Fig. 14(b).
I et us consider the case of the single C, axis

in more detail. A particular member of the rota-
tional manifold for the infinite crystal potential is
denoted by $E(1,2,3,4}—= &l&„where the numbers
1-4 refer to the proton positions. If the NH, tetra-
hedron i8 rotRted by +37 around the C3 Bxi8 pRssing
through the proton four, hvo other vrave functions
belonging to the tmelvefold degenerate set are
&I&E(2,3,1,4) = p, and &l&E{3,1,2,4) = p, . For the purpose
of this discussion only these three states will be
considered.

Allowing now for the tunneling around a chosen
C, axis, the set tII)„$2, g, mill split into one A state
and 2E states. The corresponding eigenfunctions
Rre

&(g[& e+i&dzt/I + (5 & )e-&&rt/2] y
r=I

(59)

where s in g(t), characterizes the initial condition.
If the measurement of the orientation of the NH4'
ion is performed at the time v, then the proba-
bility P„,(r) that the NH,

' is found in the state
with definite orlentRtlon gr is

p„.(r) = I(&),l 0(r).}I'.
Assuming a small overlap; i.e, , l(g, l&I&„}l«1,
where t'sr', Eqs. (59) and (60) give

(60)

p, ,(7) =6„,(-,'+-', cos&ur r)+—,'(1 —cos&d„r). (61)

From Eq. (13), it follows that the classical corre-
latloll fuflc'tloll G(v) = F~/F~~(7') corresponding to
(61) is proportional to

G(r}~+I'„,(r)et @te'
r, s

(62)

where m', m" =+1, +2 and (It„, (t), =0, +—', m or —,'m, —', n

+ —,n. In any case

G(r) «:/1 +8 cos&dr r,

where s =1,2,3, then the expression (58}simplifies
to

g(f)
-E« /t&&&IEE&A+&EE&E&&t

S

4E(/1)=& (0, +0, +0,),
&)& (Z, ) =/&/E(g, + A/2+ a*&I&,),
4, (E.) =&E(0, + ~*&1.+ «)', ),

and the energy eigenvalues are given by Eqs. (55).
N„ is the appropriate normalization factor and
e = e"'~'. An arbitrary state within this three-
dimensional subspace describing the NH4' ion tun-
neling around this single C, axis can be written,
neglecting normalization,

y(f) C e- (l/&&&EE(A&t
y (A) + C e- &i/&&&EE(E&t

g (E )
(t/t&EE&E&t

q (E ) (5V)

where the C, 's are arbitrary complex numbers.
Introducing r«ur EE(E) —EE=(A), Eq. (57) becomes.
in terms of g„g„and g,.

where A and B are constants. Neglecting the con-
stant term A, the Fourier transform of G(T) is

Z((u) ~6{&o+&ur)+6((u —(ur}, (64)

where 6(x} is the Dirac 6 function. With this spec-
trum, the transition probability per unit time, Eq.
(40) becomes proportional to

t& =4&et&(KI&/If&dr)I[6(Q (nM, n'M —1)—u) + (or)

+6(Q(nM, n'M —1) —(u —(ur)].

Comparing this I'es&llt with tile Eq. (36}we observe
that it is identical with the terms having m = +1
in the second part of Eq. (36), provided we choose

Therefore, the frequency of rotation (d„
used in the semiclassical calculation of the absorp-
tion spectrum is to be interpreted as the tunneling
frequency of the NH4' ion. It should be noted that
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classical rotation also generates satellites at
~o + 2'„. This is due to the terms e'"~, where P
varies continuously as Q = cu„t, which appear in the
expression for F,&(t), Eq. (13).

The analogy is even closer if we consider the
tunneling of the NH,

' ion around a single fourfold
axis. We choose a four-dimensional subspace
y, =4(E), y, =y, (C,), y, =y„(C2), and y, =y„(C,')
of the 24-fold degenerate ground state in an infinite
potential. Introducing

d = &0,(E)l&,l', (E)&,

e = «s(E))&„[&„(C,) &
= (&s(E)[&s(&„(C,') &,

and assuming that

(66}

d —E e

e d —E

e d —E e
=0 (ss}

e d-E

which yields

E„(A)=d —2e,

E„(B)=d+2e,

Es(E) =d.
(69)

It was assumed again that &gs(0)~gs(0')& «I for
Ow0'. A, E, and B are the irreducible representa-
tions of the point group C, ." The level scheme is
shown in Fig. 15(b). This corresponds closely to
the semiclassical situation with ~„and 2'„appear-
ing in the time-dependent part of the dipole-dipole
interaction.

The expression (61}is correct only for tunneling
of the NH4' ion in a static potential; that is, we
are assuming a lattice with exactly defined posi-

&ys(E)l&sl4(C. ) &
= &y, (E)l&"I ps(C42) & «d, e,

(67}

we then have to solve the following secular equa-
tion:

4- FOLD
2(u

Ti)
Ji

tdT
1~

I xlB

I x 2E

I x IA

(b)

FIG. 15~ (a) Infinite crystal field; (b) tunneling around
a single C4 axles.

tion and zero momentum. In a real lattice this
coherent tunneling motion will be interrupted by
collision processes, and consequently the expres-
sion P', (r) should be modified; i.e. , the tunneling
frequency ~~ is broadened into a frequency band

co~ —6 & m~ & m~+ 4 .
On the basis of the preceding discussion, it is

not surprising that the line shape of NH4I can be
reasonably approximated by assuming that the NH4'
ion rotates with a certain classical frequency
about a specified axis, since this frequency is a
measure of the tunneling frequency (or frequencies)
CO&.

It may be concluded that strongly to moderately
hindered NH~' ions display proton spectra in solids
which can be adequately described by the semi-
classical theory. A single C, axis reorientation
of the NH4' ion was observed in solid NH4VO, . The
theoretical spectrum and the observed spectrum
agree well. Single C4 axis and single C, axis spec-
tra were also calculated, but no lattice is known
to us in which these excitations of the NH4' ion
occur. In some solids in which the NH4 ion was
moderately hindered, satellites appear in the
proton absorption spectrum. This was observed
in NH4I and (NH~), SO~. A semiclassical theory is
still adequate in this case, if the tunneling splitting
is represented by a classical rotation. The ab-
sorption line shape was calculated for NH4I, and it
was observed to agree quite well with the experi-
ment.
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