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Equilibrium vacancy concentration measurements in solid argon*
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The direct tec'hnique of simultaneously measuring bulk and lattice expansion, to determine equilibrium

vacancy concentrations, has been applied to solid argon. The results indicate that thermal vacancy

concentrations do not exceed 0.02S% even at the highest temperatures. Although the data obtained were not

suAiciently precise to allow unique values to be determined for the formation parameters, it would appear
from semiempirical considerations that both these results and previous ones, from a similar investigation of
solid krypton, cannot be explained consistently within the context of presently existing theory.

I. INTRODUCTION

Interest in noble-gas solids arose originally
when it was realized that their properties could be
effectively described by models employing only
two-body interatomic potentials. In time, how-

ever, there was gradually accumulating evidence
for the existence of nonpairwise contributions to
the crystal potential in addition to these two-body
forces. Many-body effects were seen in third
virial coefficient, elastic constant, ' stacking-
fault density, as well as other liquid and solid-
state data, for instance. Although it is now gen-
erally agreed that many-body interactions of a
long-range nature can be fairly well described by
terms in the perturbation expansion of atomic mul-
tipole moment interactions (such as, for example,
the Axilrod-Teller-Muto triple-dipole term), the
extent ot short-range overlap (Jansen) type con-
tributions has been a subject of considerable con-
troversy. With regard to this problem, there has
been some interest in vacancy concentration data
since they yield formation energy values which
are known to be sensitive to such many-body in-
teractions.

In recent years, an abundance of experimental
data has been collected and compared with theo-
retical predictions. The results of a number of
these investigations have been sufficiently accu-
rate and precise that vacancy contributions are
within the limits of experimental resolution. It
is well known, for instance, that the thermal ex-
pansivity, heat capacity, and isothermal corn-
pressibility are affected in rather mell-defined
ways by generation of lattice vacancies in suf-
ficiently dilute concentrations, These correction
terms generally involve values for the formation
energy and entropy, E& and s&, respectively, both
of which are in principle readily deduced from
vacancy concentration data, along with the forma-
tion volume v& which it may be possible to deter-
mine independently of these measurements. '

There are, of course, other interesting phenomena

which can influence the behaviors of these ther-
modynamic quantities in similar ways. As an ex-
ample, the effects due to the explicit anharmon-
icities of the lattice vibrations are not entirely
understood at the present time. " It is, therefore,
desirable to have independently determined the
effects of vacancies so that the extent of other in-
fluences can be deduced.

In addition, vacancy data could provide rather
fundamental information about such processes as
self-diffusion or possibly even the melting phase
transition. In the noble-gas solids, as well as in

other close-packed substances, bulk self-diffusion
is generally thought to proceed predominantly via
a monovacancy mechanism', however, with the ex-
perimental results of Losee and Simmons' at his
disposal, Burton has presented rather plausible
arguments for a significant if not dominant di-
vacancy diffusion mechanism in solid krypton.
Also there have been quite a number of attempts
to explain the melting phenomenon of these ma-
terials. Some of the proposed theories have in-
volved vacancy production or interaction mecha-
nisms' of various sorts so that it is at least con-
ceivable that the present experimental results
could eventually be useful to test the accuracy of
some of these melting theories.

The desire for this sort of information has al-
ready motivated several attempts to measure va-
cancies in the noble-gas solids. The results of
these investigations are presented in Table I. The
earliest mere semiempirical determinations from
accurate specific-heat data by Flubacher and co-
workers' for argon and by Beaumont and co-work-
ers' for krypton. At high temperatures, they ob-
served what they thought to be an anomalous in-
crease in their measured C& values and attributed
this rise to the formation of thermal vacancies.
By extrapolating their specific-heat data from low
temperatures where vacancy effects are known to
be negligible and by assuming that this extrapolated
function adequately represented the lattice specific
heat, they attempted to deduce values for vacancy
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TABLE I. Previous determinations of vacancy concentrations n/N and esti-
mates of their activation parameters, && and s&, the formation energy and en-
tropy, respectively. In the cases labeled semiempirical, triple-point vacancy
concentrations were calculated from the quoted formation parameters to allow
fox convenient comparison. with the empirical results.

Authors

Semiempirical

Beaumont and co-workers (Ref. 16)

Morrison (Ref. 18)

10 (n/N) &~ (meV)

137

44

55. 5+5.6 3.4 (+0.5, —1.1)

Foreman and Lidiard (Ref. 17)
for sy= y sg
for e~= e~

Kuebler and Tosi (Ref. 19)

Hillier and VValkley (Ref. 20)

112
270

110

68. 5
75. 9

69.4 5. 1

Empir ical

Peterson and co-workers (Ref. 22)

Smith and Chapman (Ref. 24)

Bronsfeld and co-workers (Ref. 26)

Van Witzenberg (Ref. 25)

Pritchard and Gugan (Ref. 27)

&20

&10

concentrations and the respective activation param-
eters. Vacancy results derived in this manner
are, however, known to be rather uncertain be-
cause of the arbitrary nature of the extrapolation
procedure,

Evidently the specific heat is quite sensitive to
anharmonic effects and it was thought by some
that more reliable vacancy estimates could be de-
rived by comparing these experimental data in
various forms with thermodynamic quantities pre-
dicted by theoretical models of the idealized per-
fect erysta. l. ' Unfortuna, tely, a,ll of these
semiempirical approaches ultimately appear to be
rather futile since a realistic crystal potential
function has yet to be determined with sufficient
accuracy. McGla. shan, ' for instance, was able
to fit the Flubacher specific-heat curve at the
highest temperatures by assuming a comparatively
simple specific form for the potential and includ-
ing no vacancy effects whatsoever.

In addition to these techniques, there have also
been experiments performed in which attempts
were made to determine vacancy concentrations
by more direct means. In the earliest of
these, Peterson and eo-workers compared the
densities which they derived from their x-ray lat-
tice-parameter measurements with the compara-
tively crude macroscopic bulk density data exist-
ing at that time; however, these results were
found to be only sufficiently accurate to allow an
upper limit to be established. Subsequently, more

careful measurements of macroscopic density ~4 ~6

were used in similar estimates, but even these
later data failed to be much more conclusive.

In principle, at least, density comparisons of
this sort constitute a very direct method for de-
termining vacancy concentrations; however, there
are a number of difficulties involved with their ap-
plication. Among these are problems with tem-
perature scale mismatching if the measurements
are performed on different specimens. Also the
presence of macroscopic cracks or vapor voids,
which in general cannot be annealed out of the
specimen, introduce error in the bulk density
data. Even uncertainties in Avogadro's number
can limit the accuracy with which x-ray lattice
parameters are converted to x-ray density values.

II. APPARATUS AND PROCEDURE

The present experimental procedure is similar
to that used several years ago in experiments
first with aluminum and the noble metals and
then later with solid krypton and neon. The
thermal expansion of these substances is due part-
ly to anharmonic effects in which the distances be-
tween the lattice planes increase and partly to the
addition of substitutional atomic sites upon crea-
tion of vacancies within the crystal. Along with
the bulk volume change and quite independently of
these measurements, the lattice parameter a and
its changes with temperature can be measured di-
rectly by x-ray diffraction. If some linear di-
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dex, than they were for argon. This becomes ap-
parent when the real scatter in the data from the
two experiments is compared.

After the length measurements were made, the
crystal was cooled to helium temperature so that
its orientation could be determined from a Laue
x-ray photograph. Finally, lattice-parameter
measurements were taken with the large, orient-
able, rotating, Bragg-back-reflection x-ray cam-
era described by Batchelder and Simmons. The
results of three data runs are described in Sec.
III.

III. RESULTS AND DISCUSSION

The data from three separate argon vacancy
runs are plotted together in Fig. 2. It is immedi-
ately apparent that a large effect, similar to the
one observed by Losee and Simmons in krypton,
is certainly not present in argon. In the tempera-
ture range between 70 and 79 K most of the data
are from crystal No. 2. Their strange behavior
in the neighborhood of 74 K and below was not con-
sidered to be real but rather the result of some
feature on the surface of the crystal which shifted
the apparent position of one of the marker beads.
For temperatures below 70 K, precise length
measurements were generally not possible because
of such surface irregularities.

The small high-temperature rise, on the other
hand, was thought to be due to the formation of
vacancies although in the following analysis this
interpretation is viewed with some caution. One
reason for this is that even though the surface of
the crystal was observed to remain comparatively
regular for temperatures above about 76 K, if the

FIG. 2. Comparison of the argon length and lattice
parameter measurements (Al/lp —ga/ap) as a function of
temperature; lp and ap refer to those measured or extrap-
olated values at 70 K. The observed effect is actually
quite small. For instance to T=83 K, it was seen that
gl/lp = Qa/ap =—83&&10 whereas their difference, indi-
cated on the graph, is only about 1% of this value.

fIa/a = [cos (p- 28)/2 tan8] fix/D, (2)

where 0 is the Bragg angle and D is the specimen
to film distance. The spot position was measured
typically to the nearest 5x= 0. 05 mm; this intro-
duced an error no greater than 5a/a= 0. 9x10 '.
It was found that the average absolute deviation of
the measured-lattice parameter values from the
smooth curve is about 0. 5x10 . On the basis of
this discussion, scatter of this magnitude is not
unreasonable. The error bar 4=+1.7x10 shown
in Fig. 2 graphically represents the square root
of the sum of the squares of these uncertainties.

Errors of a systematic nature are more difficult
to anticipate and analyze. It has already been
pointed out' that some of these, such as the tem-
perature scale mismatch problem or possible er-
rors introduced by varying concentrations of sam-

anomalous offset of the data from crystal No. 2
below 74 K is the result of some systematic error
in the length measurement as described above,
then one should probably not entirely rule out the
possibility of some similar difficulty at high tem-
peratures. Another is that the data from crystal
No. 1 did not extend below 78. 5 K so that their
reference parameter l, had to be chosen somewhat
arbitrarily. This means that within their tem-
perature range, they can only indicate changes of
vacancy concentrations rather than their absolute
values. With this in mind, it is interesting to note
that the slight rise indicated by these data is con-
sistent with that shown by the measurements from
crystal No. 3.

Because of the scatter in the present data, a few
words should be said concerning the statistical un-
certainties. The largest of these were introduced
from the length measurements. It was thought
that the change in the macroscopic length of the
crystal with temperature could be determined to
the nearest micron; that is, that the position of
each bead could be measured to the nearest 0. 5
p, m. This uncertainty corresponds approximately
to a wavelength of visible light and therefore, rep-
resents a limit to the precision attainable by the
present optical microscope technique. Since typi-
cal distances between the upper and lower sets of
marker beads were -75 mm, this leads to an un-
certainty of 5(Al/lo) = 1.3x10

Temperature measurements for both length and
lattice-parameter data were precise, within a
common scale, to about 5 mK; the uncertainty in-
volved in each case is I)(&l/lo) = fi(&a/ao) = a&T
= 0. 3 ~ 10 ', where n is the coefficient of linear
thermal expansion. Finally, from the Bragg equa-
tion and considerations of camera geometry, the
error in the lattice parameter resulting from the
uncertainty 5x in the measured x-ray spot position
on the film is given by



1726 L. A. SCHWALBE 14

pie impurities, for instance, were automatically
avoided by the technique of measuring lengths and
lattice parameters simultaneously, that is, on the
same specimen and in the same apparatus. Sig-
nificant systematic deviations resulting from a
peculiar crystal orientation or grain boundary
structure can probably be ruled out since rnea-
surements were carried out on several different
samples. Also errors arising from creep or pos-
sibly a nonisotropic distribution of vacancy sources
and sinks are seen to be negligible owing to the
reproducibility of the effect in both cooling and

warming runs with the same specimen.
Recall that the quantity actually measured in

this experiment, &N/N, is defined to be the extra
relative number of thermally generated atomic
sites. It will be assumed in the following analysis
that 4N = n, where n is the concentration of mono-
vacancies although, in general, divacaneies, in-
terstitials, and higher-order clusters of these
point defects also contribute to &N. Some theo-
retical justification of this assumption can be
given, however. A very crude estimate of the di-
vacancy binding energy E~~ can be made if only
nearest-neighbor interactions are considered in

the absence of lattice and electronic relaxations.
The binding energy in this case is just that due to
the "missing bond" and it follows that E~ is ap-
proximately, 2 of the monovacancy formation en-
ergy (- 6. 5 meV).

A more reliable estimate of this quantity has
been made by Burton' whose model included ef-
fects of lattice relaxations, zero-point atomic vi-
brational energy, and three-body interactions.
His results have shown the divacancy binding en-
ergy in argon to be about 8. 7 meV which is roughly
the same as the crude estimate above. In a later
publication, Burton calculated the binding entropy
and found it to be probably small and negative.
If for the purpose of establishing an upper limit for
divacancy effects it is assumed that s ~~= 0, then it
may be shown that the divacancy contribution to
4N at the highest temperatures is only about 2% of
that due to monovacancies.

At the present time, no theoretical numbers
exist for trivacancy formation parameters; how-
ever, crude estimates similar to the "broken-
bond" approximation described above indicate that
contributions due to these and other higher-order
clusters are also negligible. Cotterill and Doy-
ama have calculated formation energies for both
vacancy and interstitial type defects in krypton
and xenon using a Morse pair potential and a static
lattice model. These results indicate that the
relative concentrations of interstitials in argon
can probably be neglected also.

In view of all of this, therefore, the data appear
to indicate that the equilibrium concentration of

ln(n/N ) -—e&/k T+ s&/k, (4)

which follows directly from Eq. (3). These ranges
are displayed graphically in Fig. 3; according to
Eq. (4), (e&, s&) coordinates located in the half-
plane indicated by the arrows are those which are
consistent with the present vacancy results. Al-
though this plot probably represents all of the in-
formation which ma, y be rigorously derived from
the present data, further conclusions of a semi-
empirical nature will be discussed in Sec. V.

IV. THEORETICAL RELATIONSHIPS

A. Energy of formation

It may be shown by using arguments simila, r to
those presented originally by Burton' that the va-
cancy formation energy E& can be written

e~
—— E~~ +Q —(n —2) E„+&E„,q~+ &E„,b, (5)

73=3

where E~ is the static lattice energy of the crystal,
E„ is the contribution to E~ due to purely n-body
interactions, &E„,~ represents the energy con-
tributions resulting from lattice and possible elec-
tronic relaxations about the vacant site, and,
finally, &E„b is the change in the vibrational en-
ergy of the crystal associated with the creation of
a single monovacancy.

An approximate value for the static lattice en-
ergy may be inferred from the measured subli-
mation energy' which is just the enthalpy differ-

thermal vacancies in argon does not exceed 2. 5

x10 even at the highest temperatures. If the
hypothesis is made that vacancy concentrations of
this order of magnitude are sufficiently small that
their mutual interactions may be neglected, then
from elementary statistical mechanical considera-
tions, their atomic fraction at any given tempera-
ture and pressure is

n/N= exp(- g&/kT), g&= e& —Ts&+Pv»

where g&, E&, s&, and v& are, respectively, the
molar Gibbs free energy, energy, entropy, and
volume of formation. A more instructive form
for this expression at low pressures is

inn/N= —e&/k T+ s&/k,

since then it can be seen that the formation energy
and entropy values are easily determined directly
from an Arrhenius plot of the data.

It is apparent that narrow limits cannot be de-
termined for both &f and s& simultaneously from
this equation as Losee and Simmons were able to
do. Nevertheless, one can determine ranges of
these values which are compatible with the upper
limit (n/N)~ established above from the relation-
ship
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ence between the solid and vapor phases

L= H„-Hs .
If third- and higher-order virial coefficients can
be ignored, the enthalpy of the vapor is simply

H„= 2RT-RT P (7)

where Bp is the second pressure virial coefficient.
The enthalpy of the solid is

Hs = E&+ E„b+Pvs y

where E„,b is the vibrational energy and v, is the
molar volume. Then by combining these equa-
tions, one finds that

E =-, RT-RT P —L —E,b
—Pvp dBp

p 2 dT vib s '

With the exception of the vibrational energy
term, all of the quantities in this expression for

g f
= VACANCY FORMATION ENERGY (ITIBV)

FIG. 3. Activation parameter plane —(&~, sy) coo«i-
nates located within the region indicated by the arrows
represent vacancy formation energy and entropy values
which are consistent with the present data. Plot also
includes various theoretical estimates forcomparison.
The abbreviation B-A represents a Bennett and Alder cal-
culationfor the indicated hard sphere density. Calculations
by Burton made for the two-body-interaction model both
with and without zero-point effects are labeled 2BZ and

2B, respectively. Those incorporating three-body po-
tentials and zero-point energies are denoted by 3BZ;
"+JANSEN" indicates the inclusion of superexchange.

the static lattice energy can be measured directly.
An estimate for E„,„can be made from the quasi-
harmonic model in the high-temperature limit

E„=3R—T[1+*(8 /T) ], (10)

(n —2)E„-
8=3

defines the explicit dependence of the vacancy for-
mation energy on many body interactions. Evi-
dently the static lattice energy contribution arising
from all strictly n-body potentials E„contributes
n —2 times to e&, and it is because of this compara-
tively sensitive dependence that formation ener-
gies have been thought to be rather effective probes
of higher-order interactions.

The extended nature of the charge distribution
of these neutral atoms gives rise to their long-
range multipole moment interactions. For these
type potentials, the first term in Eq. (12), Es, is
often represented by the Axilrod-Teller-Muto"
triple-dipole interaction alone. Although other
higher-order, long-range, three-body potentials
have been calculated, these have generally been
found to be negligible. An exception is the dipole-
dipole-quadrupole interaction which yields a small
but significant contribution to E, ; however, it is
known that the three-body, fourth-order dipole
energy is nearly equal to it in magnitude and op-
posite in sign so that these terms effectively can-
cel each other. shell and Zucker, among others,
have performed the appropriate lattice sums for
fcc crystals; their resulting expression yields the
following high-temperature triple-dipole ener-
gies: E, (83 K) = 4. 55 meV and E, (115 K) = 7. 62
meV for argon and krypton, respectively.

where for argon the Debye temperature eD = 83. 5

K is used. With this relationship, the static
lattice energy value for argon at its triple point is
found to be E~ = —85. 7 + 0. 3 meV.

Equation (10) yields only approximate values
for E„b, however, since the quasiharmonic model
does not properly account for the dependence of
the vibrational energy on the explicit anharmonicity
of the crystal potential. These effects are often
described by the leading anharmonic coefficient A
in an expansion of the vibrational free energy

F=F +F =F "+ 3R[-~ AT +8+ 0(T )] .
Although a precise value for this parameter has
not been determined experimentaIly for argon, '9'

order-of-magnitude estimates typically range
from —10 to —10 K ' so that the resulting effect
upon E„,b could be as large as 4% at the highest
temperatures. With these considerations, the
above E~ value could, therefore, be 0. 9 meV too
large.

The second term in Eq. (5)
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If the dominant three-body or triplet potential
is then given by the dipole-dipole interaction in
the third-order perturbation term, it should not
be unreasonable to assume that the dominant four-
body or quadruplet potential is given by the same
interaction in fourth order. Bade used a Drude
model to show that only a small fraction (- 2. 5%)
of this fourth-order energy actually arises from
quadruplet interactions, however. If the equation
which he derived is used to calculate the second
term in the sum (12), it is found that 2E~= 0.05
meV for argon and 2E4= 0. 11 meV for krypton.
Contributions from n-body interactions where n&4
become increasingly more difficult to evaluate;
however, the relative magnitudes of the triplet and

quadruplet energies indicate that the sum converges
very rapidly in spite of the (n —2) factor in each
term so that long-range many-body contributions
to af other than the triple-dipole potential are
thought to be relatively insignificant.

Druger calculated formation energies for a
model in which dipole-dipole interactions were as-
sumed for a collection of Lorentz oscillators.
Although relaxation and vibrational effects were
neglected explicitly, his method did allow for the
summation of all orders of nonpairwise contribu-
tions to the interaction energy of a substitutional
impurity in the monatomic crystal. From this in-
teraction energy relationship, he derived an equa-
tion for the energy required to remove an atom
from the lattice by letting the oscillator frequency
of the impurity approach infinity. However, he
demonstrated that this expression could be obtained
alternatively by using Burton's' general argu-
ments if the nth order perturbation term of the
total energy were identified with the n-body con-
tribution. Since, as Bade has pointed out, this
identification is not strictly valid, Druger's ap-
proach may, therefore, not be entirely correct.

Jansen has suggested that higher-order, short-
range interactions can occur from multiple elec-
tron overlap exchange among the outer shells of
neighboring atoms. His original investigations '

of such effects were in connection with cohesive
energy calculations and the relative stability of
the fcc phase for these substances, but they also
demonstrated that the short-range three-body en-
ergies might significantly affect predicted vacancy
formation energies as well. Jansen's atomic
model consisted of single effective electron Gauss-
ian wave functions characterized by width param-
eters which were determined from long-range be-
havior. For argon and xenon he calculated three-
body energies of E3= —0. 24 Ep and E3: 0 58 Ep,
respectively.

There has been considerable disagreement
about the assumptions and details of Jansen's
work. ' Swenberg has pointed out that Jansen's

wave functions yield nearest-neighbor overlaps
more nearly descriptive of metals than insulators
and that negligible three-body effects result if
realistic Gaussian width parameters are used.
Recently Tremblay and Glyde estimated short-
ranged many-body potential contributions to E&

by applying the extended Huckel theory to 12- and
13-argon-atom cluster models. They found that
these contributions increased the vacancy forma-
tion energy by only about l. 2% (i. e. , - 0. 9 meV)
and, furthermore, that these many-body forces
induced little additional lattice relaxation about the
vacant site. In addition, they felt that such ef-
fects were unlikely to explain the 25% discrepancy
between observed and predicted e& values in kryp-
ton.

Accurate quantitative information about these
interesting many-body effects can be deduced,
however, only if sufficiently reliable estimates
are available for the remaining terms in Eq. (5).
So far, it has not been possible to determine values
for relaxation or vibrational energy change con-
tributions by experimental techniques; it is, there-
fore, necessary to rely upon estimates derived
from theor etical considerations.

There have been a number of lattice relaxation
energy calculations made, ' that is, estimates of
the energies associated with the changes in the
equilibrium positions of the atoms neighboring the
vacant site. These calculated values are all found
to be rather small, typically on the order of 2% of
the crystal static lattice energy (- l. 7 and -2. 2

meV for argon and krypton, respectively).
Along with these effects, one may also be con-

cerned with electron cloud relaxations or energy
contributions associated with possible induced
polarizations of the neighboring atoms. It is
clear that some net polarization effects due to
electron cloud distortions will result from overlap
repulsions between a given atom and its neighbors
and that these energies are already accounted for
to some extent in the estimated lattice relaxation
contribution to the &E„,~ term. The only existing
calculation of such effects is that by Doniach and

Huggins who considered a shell model for solid
argon with parameters determined from refrac-
tive index and exciton absorption data. Their re-
sults indicated an electronic relaxation energy of
about 10% of the binding energy per atom or
&E

g y
= 17. 1 meV for argon. Although their

calculation did not include a similar estimate for
krypton, the same prescription would yield a value
of &E

y y
23 4 meV for this substance. In

view of these apparently rather large contribu-
tions, it would seem that both relaxation energies
should properly be solved for in some self-con-
sistent fashion though such a calculation has not
yet been made. One may hesitate to accept the
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Doniach-Huggins result because of the approxi-
mate nature of the model which they used; how-

ever, there is presently no existing evidence to
indicate that such effects can be safely ignored.

Another possibly significant contribution to &&

arises from the energy changes of the lattice vi-
brations which result when the equilibrium posi-
tions and force constants of the neighboring atoms
are perturbed. Here again there are, unfortu-
nately, few and only inadequate theoretical treat-
ments of such effects so that it is only possible to
present rather crude arguments concerning them.
As an example, for the simple harmonic model in
the high-temperature limit, the equipartition
theorem could be applied to show that ~E„,~= O.

However, it was shown earlier that the strict high-
temperature limit approximation is not a valid one
for argon; that is, the vibrational energy is more
nearly represented by an expression similar to
Eq. (10). In a crude but clever calculation,
Glyde used the analogous expression for an Ein-
stein model solid. He was able to relate the Ein-
stein frequency shifts of the relaxed neighboring
atoms to the vibrational energy change, and for
temperatures near the triple point he estimated
that 4E„,„=0.7 meV. This is, however, still es-
sentially an harmonic approximation, and it was
observed earlier that vibrational energies could
be quite sensitive to anharmonicities. It is,
therefore, reasonable to assume that the anhar-
monicities associated with the crystal potential
function for atoms in the relaxed configuration
could significantly affect &E„,» but without de-
tailed knowledge of these potentials, reliable esti-
mates are difficult to establish.

B. Entropy of formation

The monovacancy formation entropy sz is a
parameter which describes the local disorder in-
troduced to the lattice (without including mixing
entropy contributions). A few theoretical calcula-
tions of this quantity have been made -most have
involved an approximation whereby this term
arises as a result of the vacancy interacting with
the lattice vibrations causing a frequency shift of
the normal modes. It is found that nearly all cal-
culations of sf seem to give approximately the
same values regardless of the model considered
and that these numbers all tend to lie in the range
1.5k-4. 5k. Previous vacancy measurements
have not produced sufficiently precise formation
entropy values to allow definite conclusions to be
drawn concerning these specific models, however.

Fortunately, many of the available theoretical
estimates of vacancy formation parameters have
made for argon. Some of these calculated pre-
dictions ' "are included in Table II and are plotted

along with the present experimental results in
Fig. 3 for convenient comparison.

U. COMPARISON

To conclude the discussion, it is of interest to
compare the available argon and krypton vacancy
results. In order to do this, it is illustrative to
reconsider Eq. (5) in its following slightly trans-
posed form.'

e& —~E~~ =-P (n —2)E„+&E„,b+bE„, , (13)

so that the empirically determined quantities placed
on the left-hand side can be compared directly
with the theoretically inferred values on the right-
hand side.

The krypton static lattice energy may be esti-
mated according to the procedure described in
Sec. IV, that is, from Eq. (9) and the measured
calorimetric quantities of Beaumont and co-work-
ers. ' If a Debye temperature OD = 65 K is as-
sumed' and the explicit anharmonic contribution
to t'ie vibrational energy is included with A. = —5
x10 4 K ', ' then it is found that E~ (115 K) = —116.9
s 1. 1 meV for this substance. The indicated 1%
error arises predominantly from the uncertainty
in t,ie value chosen for A. With Losee's forma-
tion energy value 7'7, 1+8.6 meV, it is found that
&~ —

I E~ I
= —39.8 + 9. 7 me V.

Unfortunately, the corresponding quantity for
argon cannot be inferred as directly because of
the uncertainty in the vacancy results; however, a
semiempirical estimate can be made in the follow-
ing way. It was observed earlier that theoretical
estimates of formation entropy values typically
range from 1.50 to 4. 5k. If it is now assumed
that such entropy values are reasonable for solid
argon, then from Eq. (4), a lower bound for the
vacancy formation energy can be inferred:

e&
~ —kT„[ln(n/N)~ —s& „]= 70. 8 meV

for argon, where T,~ denotes the triple-point tem-
perature, so that

—15.4 meV .
According to Eq. (13) these differences are to be
compared to the sums of the various contributions
on the right-hand side of the expression; these
number s are presented, together with those dis-
cussed in Sec. III, in Table III.

The conclusions to be drawn are fairly straight-
forward. The present argon results appear to be
entirely consistent with estimated lattice relaxa-
tion, long-range (multipole) and short-range
(Huckel) many-body contributions. However, un-
less there is some large, positive vibrational en-
ergy shift, they are not compatible with substantial
electronic relaxation effects or short-range (Jan-
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TABLE II. Some theoretical estimates of monovacancy formation energies &&

and entropies s& for solid argon. Older work is cited in these references.

Authors

Glyde (Bef. 48)

Glyde and Venables
(Bef. 51)

Burton» (Bef. 13)

82. 2 4. 0

3.21

Two-body model; see Bef.
12 for comments

Two-body, 12-6 potential
model

Zero-temperature, two-
body model with lattice
relaxation

2. 05 Including zero-point
vibration.

Bennett and Alder (Bef. 55)

l. 5

2.4

Also including triple-
dipole three-body effects

Also includes Jansen
forces; s~ represents
probable lower limit

Molecular dynamics of
hard- sphere system; these
numbers correspond to
melting density V/V0=1. 36

Squire and Hoover (Bef. 54) 4. 6+ 1.8 Two-body potential Monte
Carlo

Mukherjee (Bef. 52)

Burton and Jura (Bef. 53)

Druger (Bef. 40) 75. 5

4. 78 Quasithermodynamic
approximation for triple-
point values

Static lattice
relaxation.

Includes all orders of
long-range nonpairwise
interactions, no relaxa-
tion or vibrational effects

'These authors apparently used inconsistent assumptions concerning temperature
dependences of ~~ and s~ to calculate "effective values" whereas, in fact, actual &&

values are obtained from local. slopes of the experimentally determined Arrhenius
plot.

"The author is grateful to Dr. J. J. Burton for privately communicating the cor-
responding entropy values.

sen) three-body overlap energies, at least of the
magnitudes presently estimated in the literature.
The krypton data, on the other hand, would seem
to require sizable contributions from either or
both of these effects. The argon and krypton
vacancy results, therefore, cannot be explained
consistently within the context of the presently ex-
isting theory.

lt is of course, possible that they may ultimately
be reconciled by some additional theoretical stud-
ies. Rather than to speculate on these, however,
it is of greater interest to briefly discuss the
credibility of the existing experimental work. With
regard to argon it was already apparent from the
earlier density comparison work that large vacancy
concentrations, comparable to those in krypton,

mere not present. The much more accurate re-
sults of the present work confirm this conclusion
within narrow limits. Moreover the conclusions
reached here, concerning the limited extent of
short-range interactions in these crystals, have
been recently suggested by others.

Although so far there have been no attempts to
reproduce the direct vacancy measurements on
krypton, presently available experimental evidence
does not contradict these results. The problem
involved with semiempirical approaches have al-
ready been discussed; the agreement between the
quoted formation energy value of Beaumont and
co-workers' for krypton and the later one re-
ported by Losee and Simmons is probably fortu-
itous. Gavrilko and eo-morkers measured bulk
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TABLE III. Tabulated values for many-body, relaxa-
tion, and vibrational energy contributions to the vacancy
formation energy &~. The sum of these quantities should
equal &&- I E& 1, where E& is the static lattice energy.
Energies are written in units of meV.

Energy contribution

I Eq I

&g —IEp I

~vt«
~lattfce relax

~elec. relax
-E3 (triple dipole)
-E3 (Jansen superexchange)

Argon

85. 3+ 0. 9
) —15.4

~ 0
—1.7

—17.1
—4. 55

—20. 5

Krypton

116.9+1.1
—39. 8+ 9.7

0«

2 ~ 3
—23. 4
—7. 62

(-47. 9)'

thermal expansion on solid krypton at high tem-
peratures by using a capacitative transducer tech-
nique to determine macroscopic volume changes
of their sample with temperature. These num-
bers, as they later appeared in their corrected
form, ' agreed within the quoted experimental er-
ror of + 5% with the bulk expansion coefficient val-
ues determined by Losee. Schoknecht has com-
bined the smoothed expansivity measurements of
Gavrilko and co-workers with Losee's x-ray data
and has obtained a monovacancy formation energy
of E&=78. 7+8. 7 meV.

Also, Coufal and co-workers employed an op-10

tical interferometric technique to measure krypton
bulk expansivities and similarly compared their
results with Losee's to find that e& = 86. 1 a 8. 7
meV and s&=2. 8(+0.8, —0. 9)k. These estimates
both appear to be in rather impressive agreement
with Losee-Simmons results; however, it should

Static lattice energy values were calculated with an
assumed value A = —5 && 10 K 1 for the leading anharmonic
coefficient of the vibrational free energy.

«According to the discussion, the vibrational effects
are rather uncertain —the assumption that they are small
is, therefore, somewhat arbitrary.

'This value was derived by interpolating Jansen's re-
sults (Refs. 43 and 41) for argon and xenon.

be mentioned that they are not entirely distinct
since they both involve the latter's x-ray lattice
parameter values which have not as yet been re-
produced independently. Moreover, they are also
subject to whatever systematic uncertainties there
are introduced by comparing nonsimultaneous
measurements in this way.

Coufal and co-workers' also measured macro-
scopic isothermal compressibilities in krypton by
their technique. These results were later used
by Kupperman who compared them with the lat-
tice compressibility values which he deduced from
his pulse-echo polycrystalline sound velocity mea-
surements. Then with the assumption that the
formation volume is one atomic volume, he con-
cluded that the vacancy formation energy in krypton
was at least as low as the value reported by Losee.
Further ultrasonic measurements by Bezuglyi and
co-workers were in agreement with those of
Kupperman, that is, within their quoted experi-
mental error of about 6%. In a similar way, they
estimated from their results that a& = 63.2+ 8. 6
meV. At about the same time, Korpiun and co-
workers made similar measurements on poly-
crystalline krypton samples and found a lattice
isothermal compressibility which was in substan-
tial agreement with the macroscopic value. How-
ever, the limits of error stated in this paper
(a 12/p) were comparatively large and the signifi-
cance of this result is, therefore difficult to judge.
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